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1 PABOYAS ITPOI'PAMMA
1.1 EJIM 1 3AJJAYHU OCBOEHUSA JTUCHUITJIMHBI

Jucuumiuna "JlononHuTeNbHBIE T1aBbl MaTEMaTHUECKON (U3MKHU" MOCBAILIEHA W3YYEHHIO
MaTeMaTUYECKUX MOJIEJel €CTeCTBEHHOHAY4YHbIX SBJICHHM, KOTOpble MPUBOAAT K 3ajadyaM Jyis
nuddepeHnnanbHbIX YpaBHEHUI ¢ YaCTHBIMU IPOU3BOJHBIMU BTOPOTO MOPSIIKA.

Llenbto OUCHUIUIMHBI SIBJISIETCS 3HAKOMCTBO C METOJAMHM IOCTPOCHHS MaTeMaTHYeCKUX
MoJleJiell pa3iMyYHBIX IPOLIECCOB M SIBJICHUM €CTECTBO3HAHUS, HM3yYE€HHE OCHOBHBIX METOJIOB
UCCIIEIOBAHUSI BO3HUKAIOIIUX IPU 3TOM MaTEeMAaTUYECKUX 3aJady M HMX pEIICHUE, BBISICHEHHE
(U3UYECKOT0 CMBICIIA ITOJIyYEHHOTO PELICHNUS.

1.2 MECTO JUCHUMIIJIUHBI B CTPYKTYPE OOII BI1O
Huctunnuna «J{omoTHUTENbHBIC TJIaBbl MATEMATHUECKOW (DU3UKW» SBIACTCS AUCITUTUTMHOMN
10 BBIOOPY BapHaTHUBHOM YacTH 00IIEHAayYHOTO 1MKJIA, HHAEKC quciuminael M1.B.JIB.2.2.
JlucuuninuHa u3naraeTcss Ha 0a3e MaTeMaTHYeCKOro aHalini3a, ajlreOpbl M aHATUTHYECKOU
reomeTpur, U epeHInanTbHbIX YpaBHEHUN, UHTETPAJIbHBIX MPE0oOpa30OBaHUil B TECHOW CBSI3U C
Teopuei QYHKIUNA KOMIUIEKCHOTO IEPEMEHHOTO ¥ C OCHOBAMH BapHAIITMOHHOTO UCUHCIICHUSI.

1.3 KOMIIETEHIIMM OBYYAIOHIEI'OCsl, ®OPMUPYEMBIE B PE3YJIbTATE
OCBOEHMSA JUCIHUIIVIMHBI (MOAYJIS)

Huctunnuna "JlonmoJHUTENbHBIE TJaBbl MaTEeMaTHYECKOW (U3UKU BBIpA0ATHIBACT Y
CTYJCHTOB HaBBbIKM MOCTPOEHMS] MaTEMaTUYECKUX MOJEJIeH MmpocTeHmux (GU3NUecKux sSBJICHUN U
pelieHrs (aHAIUTUYECKOTO M YHMCIIEHHOT0) IOJIy4YaloLIUXCs MPH 3TOM MaTeMaTHYECKUX 3ajad.
CryneHT noJKeH CBOOOAHO OPUEHTUPOBATHCSA B OCHOBHBIX pa3zieflax AUCLUUILIUHBL, YTO BKIIOYAET:
yYpaBHEHUsS TUIEpOOJIMYECKOro  THUIA, ypaBHEHUS NapabOJMYecKoro THIIA, YpPaBHEHHsS
JUIANITHYECKOTO THUIIA, CBOWCTBA U METO/IbI PEIIEHUI 3TUX YPABHEHUM.

B mpouecce ocBoeHHS NaHHOW AMCHUUIUIMHBI CTYIEHT (GOPMHUPYET U JAEMOHCTPHUPYET
cienyromme oomenpodeccuoHaIbHbIe KOMIETEHITUH:

Oowexynomypusie komnemenyuu (OK):

Komnemenyus kpeamusrnocmu: ciocoOOHOCTb CTaBUTh, (GOpMaIU30BaTh U peuIaTh 3a/ayH,
YMETh CHUCTEMHO aHaJIM3UpPOBaTh Hay4yHbIe MPOOJIEMBbl, T€HEPUPOBATh HOBBIE HJIEM U CO3/aBaTh
HoBoe 3HaHue (OK-2);

Komnemenyuss camoobpazoeanus u npogheccuonanvhoti mooOunbHocmu: CHOCOOHOCTh
CaMOCTOSITENIbHO PUOOpETaTh U UCIIOJIb30BATh B MPAKTUYECKOM J1eATEIbHOCTH 3HAHUS U YMEHUS, B
TOM yucie B HOBBIX oOmacTsax (OK-3).

Ilpogpeccuonanvuvie komnemenyuu (I1K):

Komnemenyus npogeccuonanvnoii nayunoii oesmenvHocmu: ClIOCOOHOCTh CTaBUTh 3a/lauH
TEOPETUYECKUX U (MJIM) SKCHEPUMEHTAJIbHBIX HAYyYHBIX MCCIIEJOBAHUN W pelIaTh UX C IOMOIIbIO
COOTBETCTBYIOILIETO  (PU3UKO-MAaTEMAaTUYECKOTO  amnmapara, COBPEMEHHOM  ammapaTypbl U
nHpopmannoHHbIX TexHojoruit (I11K-2);

Komnemenyuss  npogeccuonanvnozco enadenusi uH@OpMayuoHHO-KOMMYHUKAYUOHHBIMU
MEexXHOoN02UAMU: CIOCOOHOCTh NPUMEHSATh COBPEMEHHBbIE METOJIbl aHalIMu3a, IPEACTaBICHUS WU
nepenayd WH(oOpMaIMK, UCIOIB30BaTh MAKEThl MPUKIIAJHBIX IPOTPAMM I10 MPOQPHIIIO0 MOATOTOBKH
(TTK-4);

Komnemenyusi  nnanuposanus u opeanusayuu npogeccuonanvHou  0esmenbHOCmu.
CIOCOOHOCTh MPUMEHSTHh METO/IbI MJIAHUPOBAHUS U MPOBEJIEHUS UCCIEIOBAHUM U SKCIIEPUMEHTOB
P BBITIOJIHEHUH MTPOEKTOB U 3aJIaHUi B M30paHHOU npeameTHoi oomactu (I1TK-8);

Komnemenyuss mamemamuuecko2o u ¢uzuuecko2o mooenuposanus A61eHUl U NPoyeccos:
CIOCOOHOCTh CAMOCTOSITENIbHO W (MJIM) B COCTAaBE HCCIIENOBATENbCKONW TpYNIbl pa3paldaThiBaTh,
HCCIIEIOBAaTh U IPUMEHATh MaTeMaTUYecKue U GU3NYECKUe MOJEINN /JIsl KAUeCTBEHHOTO ONUCAHUs
SIBJICHU U MPOIIECCOB U (WJIM) pa3paboTKu HOBBIX TexHHuecKkux cpeacTs (I1K-9).

"



1.4 CTPYKTYPA U COAEP)KAHUE JUCHUIIVIMHBI « 1IOITIOJTHUTEJIBHBIE I'/TABBI

MATEMATHUYECKOM ®U3UKN»

OO01mast TpyJI0eMKOCTh JUCIUIUIMHBI COCTABIISIET 3 3aueTHbIe equHuIIbl, 108 yacos.

o Buner yue6HOM paboThI, @OpMBI TEKYILIETO
e BKJIIOUast KOHTPOJIS
Pasnen o § CaMOCTOSITENIbHYIO padOTy | yCIIEBa€MOCTH (1O
No 3 ) CTYJCHTOB HeoenaM cemecmpa)
n/n (Moysts) 2 = U TPYAOEMKOCTb (B Hacax) dopma
JHCHHILITHHBL © 3 MPOMEKYTOUHO U
=
= | Jlexu. | Ipak. | Camocr. aTTeCTALMU (10
cemecmpam)

1 | YpaBHeHus 3 1-2 2 4 2 KontponbHas
rUnepooIMYecKoro paboTa, yCTHBIN
TUTIA OIpoc

2 | YpaBHeHHs 3 3-6 4 4 2 KontponbHas
mapaboJIMIECKOro paboTa, yCTHBIN
THUITIA OIIPOC, PEUTHHTOBAst

OIICHKA,
WH/IMBHTyaTbHOE
3aJlaHue

3 | YpaBHeHus 3 | 7-10 4 4 2 KouTtponsHas
AITUITHYECKOTO paboTta, yCTHBIN
THUITIA OIIPOC, PEUTHHTOBAst

OIICHKA,
WH/IMBHTyaTbHOE
3aJlaHue

4 | IlpumeHenue 3 | 11-12 2 6 4 KontponbHas
MTOBEPXHOCTHBIX paboTa, yCTHBIN
MOTEHIIMAJIOB K orpoc,

PELICHUIO 33/1a4 UHIUBUIYaIbHOE
MaTeMaTH4eCKO1 3a7laHue
buzuku

5 | Meron 3 | 13-14 2 6 4 YCTHBIN OIPOC,
WHTETPATBHBIX JIOMalllHee 3a/1aHne
npeobpazoBaHuil

6 | Chepuueckue 3 | 15-16 2 6 2 YCTHBIH OIpoC,
GYHKIIUU 1 UX JOMAIIHEe 3aJaHue
MIPHIIOKEHUSI K
PEIICHUIO KPaeBbIX
3aj1a4

7 | llpumenenue 3 | 17-18 2 6 2 YCTHBIN OIPOC,
¢byukuuit beccens JIOMAITHEE 3aJaHue
JUIS pEIIeHUs
KpaeBbIX 3aja4
MaTeMaTU4YECKON
bu3uKu

IloaroroBka K 3K3aMeHy 36
Htoro 18 | 36 54




1.5 COAEP/KAHME PA3JAEJIOB U TEM JUCIMIIJINHBI

1.5.1 Jlekuuu

Pazoen 1. Ypasnenusn czunepoonuueckozo muna

[Ipocreiimue 3amaun, NpUBOAAIIME K ypaBHEHUSM rurnepodoindeckoro tumna. [loctaHoBka
KpaeBbIX 3a7ay. YpaBHEHUE MalbIX IONEPEYHbIX KOJIEOAHUH CTpYyHBI. YpaBHEHHUE IPOJIOJIbHBIX
KojeOaHui CcTepKHEH U CTpyH. OHeprusi KojeOaHus CTPyHbl. YpaBHEHUE OHIEKTPUUYECKHUX
kojeOanuil B mpoBojaax. [lonepeunsie koaedanus MeMOpaHsbl. [ paHUYHbIE U HAYAJIbHBIE YCIOBUSL.

Pazoen 2. Ypasnuenus napadonuueckozo muna

[Ipocreiiimue 3amaun, NpUBOJAIIME K ypaBHEHUsM mapabonudeckoro tumna. [locranoBka
KpaeBbIX 3adad. JIuHeliHas 3amada O pacnpoCTpaHEHHWHM Tema. PacnpocTpaHeHue Ttemia B
MIPOCTPAHCTBE.

Pazoen 3. Ypasnenusn snnunmuueckozo muna

3ajauu, MpUBOIAIINE K ypaBHEeHHIO Jlaruiaca.

CranmnonapHoe TersioBoe mnojie. YpaBuenus Jlaruaca u Ilyaccona. IlocTaHOBKa OCHOBHBIX
KpaeBbIX 3aJa4. YpaBHeHue Jlamiaca B KpUBOJIMHEWHON CHCTEME KOOPAMHAT.

Pazoen 4. Ilpumenenue noBepXHOCMHBIX NOMEHUUANO08 K PpeUeHUl) 3a0ay
Mamemamuyeckoul Quzuxu

O6bemubIil noTeHuuan. Ilorenuman mnpoctoro cnos. [loTeHuman JBOWHOrO  CIloOSl.
MynbTUIONIBHOE pa3lio’KeHHWE TNoTeHuuana. Pacder mosist 3JIeKTpOCTaTHYECKOro —IOJBeEca.
DNEeKTPUYECKOE T0JIE B TUIa3MeE.

Pazoen 5. Memoo unmeczpanvhvlx npeoodpazosanuil

WnrerpansHoe mnpeoOpazoBanue @Dypbe. llpuMeHeHue HHTErpansbHOro mnpeoOpa3oBaHUs
®dypbe K pemeHuto 3anad. MHrerpansHoe npeodpasosanue Jlamnaca. [IpuMeHeHre HHTETpaabHOTO
npeoOpaszoBanus Jlamiaca k pemenuto 3a1a4. KoneuHo-mepHble HHTErpaibHblE MPeoOpa3oBaHUsl.

Paszoen 6. Chepuueckue pynKkyuu u ux npunoxiceHus K peuieHuIo Kpaeevlx 3aoay

CUMMETpPUYHOCTh W HEOTpHUIIATEIbHAsI OMPENEICHHOCTh omnepaTtopa Jlammaca-benbrpamu.
CobctBennble (yHknuu omnepatopa Jlannaca-benprpamu. Cdepuueckue ¢ynkunu. OCHOBHbIE
noHATHs U TeopeMsl. [1lapoBeie pyHkuuu. Ilpumenenue cheprueckux U rapMOHUYECKUX (PYHKIIMMA
IIpU pelIeHnH KpaeBbIX 3ajiay /Ui ypaBHeHusd Jlamaca.

Pazoen 7. Ilpumenenue Qynxkyuit beccena 0na pewieHus Kpaeevix 3a0ay
MamemamuyecKkoil pusuxu.

Onpenenenve ¢ynkuuu beccens. JluneiHas 3aBucuUMOCTh Mexay ¢GyHKuusmMu beccens.
HekoTopsie yactHbie cnyyan ¢pyHkuuil beccens. OproronanbHocTh QyHKUMN beccens u ux KopHH.
Hekortopeie mnpuioxkenus ¢yuknuii beccens x anamuzy. I[lpumenenue ¢ynkiuii beccens x
PEILICHUIO KPaeBbIX 3a/1a4.

1.5.2 IlpakTHyecKue 3aHATUSA

Ne Ne paznena HaumenoBanue npaktuyeckux padoT Tpymno-
/1 | AUCLMUILIIMHBI €MKOCTh
B yacax
1 1 VYpaBHeHus runepO0IMYecKOro TUIa 4
2 2 VYpaBHeHUs MapabOIMUECKOro TUIa 4
3 3 YpaBHEHUS IUTUNTHYECKOTO TUIIA 4
4 4 [IpuMeHeHNEe TOBEPXHOCTHBIX OTEHIIMAIOB K PEILICHUIO 6
3aJ1a4 MaTeMaTU4ecKo pU3uKu
5 5 MeTto1 uHTerpalibHbIX TPeoOpazoBaHuit 6
6 6 Cdepuueckre QyHKINU U UX MIPUIIOKEHUS K PEIICHUIO
KpaeBbIX 3aJa4
7 7 [Ipumenenne Gpynkuuii beccens st peneHns KpaeBbIxX 6
3aJ1a4 MaTeMaTU4ecKo pU3uKu
Wroro 36




1.6 CAMOCTOATEJIBHAS PABOTA

No No paznena ®dopma (Bu) Tpynoémko
1/m | (TeMbl) JUCHMILTMHBI CaMOCTOSITEIbHON pabOThI CThb B yacax
1 1 Jlomamrane 3aganus. Kontponsnas paborta
2 2 NunuBuayansHoe 3aganue Nel. Meton @ypobe 1
JUIs TUIEPOOJINYECKUX YPaBHEHUH.
3 2 Jlomamaue 3aaHus. 1
4 3 NunuBunyansHoe 3ananue Ne2. Meron @ypee 1
U1 1apa0oJIMYeCKUX YpaBHEHUH.
5 3 JloMmamraue 3amanus. DK3aMeH 1
6 4 WnnuBuayansHoe 3ananue Ne3. YpaBHeHUs 2
AITMOTUYECKOIO TUIA.
7 4 JlomamHue 3a1aHus. 2
8 5 WunuBuayansHoe 3ananue Ne4. MHrerpaibHoe 4
npeobpazoBanue Oypne
9 6 JlomamHue 3aaHus. 2
10 7 JloMmamraue 3amanus. DK3aMeH 2
Hroro 18

1.7 OBPA3OBATEJIBHBIE TEXHOJIOI'NA

Jlexuu: TpamuIIMOHHOE W TPOOJIEMHOE H3JIOKEHHE TEOPETHUECKOTO MaTepuaa, TeKYyIIHi
YCTHBII\/’I OITpOC, KOJIJIOKBHYMbI, HCIIOJIbB30BAHUEC HWHTCPAKTHBHBIX 06yqa}0mnx MYJIbTUMCIHUA
CpCACTB; MPAKTUYCCKUC 3aHATHUA: MHTCPAKTUBHBLIC MCETOJbI PCHICHUA 3aady, MO3IrOBOM mTypMm,
HCIIOJIb30BAHUEC HAarJIAAHBIX CPEACTB, KOHTPOJIbHBIC pa6OTBI; KOHCYJIbTallu1, CaMOCTOATCIIbHAs
pabora.

1.8 OHEHOYHBIE CPEJICTBA JJIAd TEKYIIEI'O KOHTPOJIsI YCIIEBAEMOCTMU,
IMPOMEXYTOYHOMN ATTECTAIIUM IO UTOI'AM OCBOEHUS JUCHHUILINHBI U
YYEBHO-METOJIUYECKOE OBECIHEYEHHE CAMOCTOSTEJIIBHON PABOTBI
CTYJAEHTOB

B Teuenue cemecTpa CTyAEHTHI pa30HpalOT U PELIAIOT 3a/1a4l, yKa3aHHbIE MPENO0/1aBaTeIeM
K KaKJOMY 3aHSTHIO, pa30MpalOT U HNOBTOPSIIOT OCHOBHbBIE MOHATUS M TEOPEMBI, JOKa3aHHbIE Ha
nexuusax. B TeueHue cemecTpa npeaycMOTPEHbl HHANBUAYaAJIbHbIE 3aJJaHHsI M KOHTPOJIbHAS padoTa.
[To okoHYaHMM Kypca MPeTyCMOTPEH 3K3aMEH.

[IpuMepHBIE BOPOCHI K IK3aAMEHY:

1. Tlonarue nuddepeHnnanbHbIX YpaBHEHUN B YACTHBIX IPOU3BOIHBIX U €TI0 PEIICHHUS.

2. llonstue xapakrepucTUyecKor (opMbl U KiaccuuKaus JIUHEHHBIX YpaBHEHUN 2-r0o
nopsiika (rurnepooIMuecKoro, SJUIUITUYECKOT0, TapadoInYECcKOTO).

3. XapakTepucTUUYECKUE KPUBBIE U XapaKTEPUCTUUECKHUE HAIIPABJICHHUS.

4. llpuBeneHue K KAHOHMUYECKOMY BUJly YPaBHEHUH 2-T0 MOPsIKA C JBYMsI IEPEMEHHBIMU.

5. Ilpocreiimue 3agauu, NPUBOIALINE K YPAaBHEHUSM runepOoinyeckoro Tuna (kojaedanue
CTPYHBI, PacIpOCTPaHEHHE 3BYKa, PACIPOCTPAHEHUE BOJIH).

6. YpaBHeHHE MaJIbIX ONEPEUHbIX KOJIEOAHUN CTPYHBI.

7. YpaBHEHHUE NPOJOJIbHBIX KOJEOAHUN CTPYHBI (CTEPIKHS).

8. DHeprus KojeOaHUN CTPYHBI.

9. VYpaBHenue konebanuii meMOpansi (0.B.).

10. I'pannuHble U HaYanbHbIE ycaoBus (3 TUNA).

11. Teopema eqMHCTBEHHOCTH pEUICHUS ISl TUIIEPOOJIMYECKOTO TUIIA.

12. ®opmymna [Janambepa. (Pemenne 3amaun Ko s runepO0Indeckoro Tura)

13. YcroiuuBOCTb peleHusl.



14. Merox pa3zaeneHus NEPEeMEHHBIX Uil ypaBHEHHUS CBOOOJHBIX KOJIEOAHWH CTpPYHBI
(meTon Dypre).

15. MaTepnperanus pemeHus sl BOJHOBOIO YPABHEHUS.

16. 3agaun ¢ JaHHBIMU Ha XapaKTEepUCTUKaX. MeTon MocieoBaTeNbHBIX MPUOIMKEHUN
1S 3aaaan ['ypca.

17. TlpocTeiine 3amauu, NPUBOASAIIME K YPaBHEHHIO MapadOJudyecKoro THra(ypaBHEHUE
TETUTOTIPOBOTHOCTH, MU ()Py3HOHHBIEC TPOIIECCHI).

18. JIuneitHas 3a1aya 0 pacpoCTpaHeHUH Teria (YpaBHEHHE TETIOTIPOBOTHOCTH)

19. IlocTanoBKa KpaeBo#l 3a/1a4u JIJIsl YPAaBHEHHS TEILIOMTPOBOJHOCTH.

20. TIpuHUMNI MaKCUMaJIbHOTO 3HAYEHHUS JUIsl YPABHEHUSI TEIJIONPOBOIHOCTH.

21. Teopema eIMHCTBEHHOCTH ISl TapabOIMYECKOTO THIIA.

22. Merox paszieneHusi NEPEeMEHHBbIX sl YpaBHEHHs TeIIoNpoBogHOCTU. OnHOpoaHAs
KpaeBas 3ajJaya.

23. OyHKUMS UCTOYHUKA U1 YPAaBHEHUS TEIUIONPOBOJHOCTH.

24. HeogHOpOoAHOE ypaBHEHUE TEIJIONPOBOJIHOCTH U €r0 PEIICHHE.

25. O6mas (mepBasi) KpaeBas 3ajada Jyisi YpaBHEHHUS TEIUIONPOBOJHOCTH (ypaBHEHUE U
IPaHUYHbIE YCIOBUS HEOJHOPOIHBI).

26. PacnipocTpanenue Teruia Ha 6eckoHeuHO# npsimoi (3anaya Korm).

27. Nurerpai [lyaccona ais pemieHus: ypaBHEHHsI TEILUIONIPOBOIHOCTH.

28. KpaeBas 3a1aua /1715 OJyOIpaHUYEHHON IPSIMOH (JIEMMBI).

29. YpaBHEHUs AUITMNTUYECKOTO TUNA. 3a/1a4H, IPUBOAALINE K ypaBHeHUsM Jlaraca.

30. YpaBuenus Jlamnaca B KpUBOJIMHENWHON cucteMe KoopauHaT (3 Buja: B chepruueckoi,
MOJISIPHOM, TUJTMHAPUYECKON ).

31. ®yHaMeHTanbHbIE pelIeHNs ypaBHeHus Jlamnaca.

32. 'apmonunyeckue pyHkuuu. O0mue cBoiicTBa GyHKIMMA.

33. IlepBas u BTOpas ¢popmyisl ['puna.

34. OcuoBHas popmyna ['puna.

35. BHemHue KpaeBple 3a4a4U JUIsl YPAaBHEHHUM 3JUTMITHYECKOTO THUIIA.

36. Pemmenne KpaeBbIX 3amad Uil MPOCTEHIIMX 0OJacTed METOIOM  pa3ieiieHUs
[IEPEMEHHBIX.

37. Unterpan [lyaccona (37uMnTHYECKUE YPAaBHEHHS).

38. ®yHKUMs UCTOYHUKA JUIs ypaBHEHHUs Jlarmaca.

39. CpoiicTBa (yHKLMU UCTOYHUKA JUIsl ypaBHeHud Jlamnaca.

40. Teopust notennnanoB. OObEMHBIN MOTEHIIAAIL.

41. ITnockas 3amaya. JlorapudMuyecKkuii MOTEHIAAT.

42. IloBepxHocTHBIN noTeHuual. [loTeHuuan npocToro cios.

43. ITorenmuan agunois. [lorennman 1BOMHOTO CII0SL.

44. IlpuMeHeHne NOBEPXHOCTHBIX MOTEHIIMAIOB K PELLIEHUIO KPAaeBbIX 3a/1au.

45. IlepBas kpaeBas 3aa4a s Kpyra (BbIBOI).

46. YpaBHeHUs K0JIeOAHUS B MIPOCTPAHCTBE.

47. Meton ycpenHEHHS.

48. ®opmyna Ilyaccona mnsa pemeHuss 3amaun Komm o pacnmpocTpaHeHHWH BOJIH B
MIPOCTPAHCTBE.

49. Meton crrycka. Chepudeckue, THITUHAPUIECKHE, TITOCKUE BOJTHBI.

50. Pemrenuss ypaBHeHMH KosieO0aHUS HAa IUIOCKOCTHM M B IPOCTPAHCTBE (MHTErpajibHbIC
¢dopmynel Kupxroda).

51. Pemienue HEOAHOPOIHOTO BOJTHOBOTO YPABHEHUS B IIPOCTPAHCTBE.

52. Konebanust orpaHu4eHHbIX 00beMOB. OO011asi cxema MeTojia pa3/IeIeHUs IEPEMEHHBIX.

53. Konebanust npssMOYroiabHOU MEMOpaHBI.

54. Konebanust kpyriaoit MemOpaHsbl.

55. @yHKIMSA TEMIIEPATYPHOTO BIMSHUS.

56. Pacripeenenue Temia B MPOCTPAHCTBE (HEOTPAHUUECHHOM ).



57. PactipocTpaHeHne TeIula B OTPaHMYCHHBIX Tenax. (CxemMa MeToaa pasjaeleHus
[IEPEMEHHBIX.

58. Pemienne HEOAHOPOHOTO YPABHEHUS TEIJIONPOBOJHOCTH B OIPAHUYEHHBIX TEJIaX.

59. KpaeBble 3amaun oOcCTbIBaHUSA HarpeTbix Ted. OcTbIBaHUE KPYIJIOTO LWIMHIPA,
OCTBIBAaHUE MPSMOYTOJILHOTO Mapaiesenumesa.

60. Inddy3noHHbIN Mpoliecc B aKTUBHOW Cpefie C Pa3MHOKEHUEM. 3ajjada 3KOJIOTHIECKOTO
MIPOrHO3UPOBAHUSI.

1.9 YYEBHO-METOAMYECKOE 1 HWH®OPMAIMOHHOE OBECIEYEHHUE
JACHUILIIAHBI « IOMTOJTHUTEJBHBIE I'TABBI MATEMATUYECKOM ®U3UKHA»

a) OCHOBHas JIUTEparTypa:

1.9.1. TuxonoB A.H. YpaBHenus marematudeckoi Gpuzuku : y4eb.: pek. Mun. oop. PO/ A.
H. Tuxonos, A. A. Camapckuii. -7-e u3a.. -M.: U3n-Bo Mock. yu-Ta: Hayka, 2004. -798 c.

1.9.2. Bnagumupos B.C. VYpaBHeHuss marematuueckoi ¢usuku : Yued.: Pex. MuHn. o0p.
P®/ B. C. Bnagumupog, B. B. XXapunos. -2-e u3z., crep.. -M.: @usmarnur, 2003. -400 c.

1.9.3. CeemnukoB A.T'. Jleknuu mo marematnueckoit gusuke : yuaed. mocoodue: Jom. MuH.
o0p. P®/ A. I'. CeemnukoB, A. H. boromo6os, B. B. Kpasunos; Mock. roc. yu-t um. M.B.
JlomonocoBa. -2-¢ u3a., uctp. u nom.. -M.: U3n-Bo Mock. roc. yu-ta: Hayka, 2004. -415 c.

0) JOoMOHUTENbHAS TUTEpATypa

1.9.4. bunanze A.B. COopHuK 3amad NO ypaBHEHUSIM MaTeMaThyeckoil (usuku : yueo.
nocobue/ A. B. bunanze, JI. @. Kammanuenko. -3-e u3.. -M.: Anesaac, 2007. -311 c.

1.9.5. bynak b.M. COopHuK 3a1a4 10 MaTeMaTuyeckoi ¢pusuke : yue0. nocobue: Pex. MuH.
o6p. P®/ b.M. bynak, A.A. Camapckuii, A.H. Tuxonos. -4-¢ uszn., ucnp.. -M.: Ousmatiurt,
20032004. -688 c.:z-Tabm.

1.9.6. TpydbanoBa T.B. Meron pasneneHus TEPEeMEHHBIX JIs PEIICHUS YpaBHEHUU
MareMmatndeckoit ¢pusuku: yuaed. mocooue: pek. B PYMIL/ T. B. Tpydanosa, B. B. CensBunckuti,
A. I'. Macnosckas; AmMI'Y, ®Mull. -bnarosenienck: M3a-Bo Amyp. roc. yu-ta, 2007. -99 c.

1.9.7. TpybanoBa T.B. Meron pasneneHus TNEPEeMEHHBIX JIs PEIICHUS] YpaBHEHUU
MaTemaTuueckoi ¢usuku: yued.-meron. nocobue/ T. B. Tpydanosa, B. B. CenbBunckuii, A. I
Macnosckast; AMI'Y, ®ak. mar. u uadopm.. -bnarosemenck: U3n-s8o Amyp. roc. yn-ta, 2005. -88
c.

1.9.8. YpaBuenus matematudeckoi ¢pus3uku : yued.-meron. komriuiekc s crem. 010101 -
Maremaruka, 010501 - [Ipuknagnas maremaruka / AmMI'Y, ®Mull; coct. T. B. Tpydanosa, A. T.
Macnogckas . -brnarosemenck: M3a-Bo Amyp. roc. yH-Ta, 2007. -244 c.

1.9.9. Marematuka : [C6. yue6HuKOB]: 29 xH. B PDF - ¢opmare. -M.: Perynspnas u
xaoTuyeckas nuHamuka, 2005. -1 o=»1. ont. auck (CD-ROM)

1.9.10. Juddepenunansusie ypaBHenus [Tekct]. - Boixogut exemecsuno. - ISSN 0374-

0641
B) mnporpammHoe obecrieuenne u HTepHeT-pecypcesl:
Ne HanmenoBanue pecypca KpaTKasi XapaKTepUCTHUKa
1 | http://eqworld.ipmnet.ru/ru/metho | Yuebno-o6pazoBarenpHas GU3NKO-MaTEMaTHUYECKAS
ds/meth-pde.htm o6ubnuoreka, conepxkamas DjVu- u PDF-daitibt
y4eOHHUKOB 0 TeME: YpaBHEHUsI MaTeMaTHYECKON
buzuku
2 | http://eqworld.ipmnet.ru/ru/solutio | Yuebno-o0pa3oBarenpHas GU3NKO-MaTEMaTHYECKAS
ns/Ipde.htm o6ubnuoreka, conepxkamas DjVu- u PDF-daitnbt
y4eOHUKOB 0 TeME: YpaBHEHUsI MaTeMaTUYECKON
buzuku




1.10 MATEPUAJIBHO-TEXHUYECKOE OBECIIEYHEHUE JUCHUIIJIMHbBI (MOAY JIS)

Huciunnuaa  «/lomoJHUTENbHBIE  TJIaBbI

MaTeMaTUYECKOH

buzuKm»

BXOJUT B

TEOPETUYCCKUN UK (YHIAMEHTAIBHBIX JUCIUIUINH U HE TPEOYeT CIeNHalbHOTO Ja00PaTOPHOTO

000pyI0BaHUA.

MarepuanbHoe obecnedeHue AMCLUUILIMHBL MpeanoJiaraeT HajJluyue y4eOHBIX ayIAUTOPHil
JUIsL TIPOBEACHMUS JIEKIMOHHBIX M IPAKTUYECKHUX 3aHATHM C BO3MOYKHOCTBIO MCHOJIb30BaHUSA

MYJ'[BTI/IMC)II/II\/’IHBIX CpCACTB.

1.11 PEUTUHI'OBAS OIIEHKA 3HAHUM CTYJAEHTOB 10O AMCHUIIJIMHE
[IpoBOAWTCS B COOTBETCTBHHU C TIOJIOKCHHEM O OaJUTbHO-PEHTHHTOBOW CHCTEME OIICHKH

3HaHUM CTyJIeHTOB AMI'Y.
CucreMa OIleHKH B Oayiax

Ne Bun pabotst Hopma MakcumansHoe
KOJI-BO OaJIJIOB
1 [Tocemenune 3ausaTHil 0,25 6anna/24gaca aym.3aH. 18
2 NunuBunyansHoe 3aganue Ne 1 | 0-12 6amios 12
3 Jlomamaue 3a1anust 0-6 GamnoB 6
4 NunuBunyansHoe 3aganue Ne 2 | 0-12 Gamios 12
5 KontponbHas padota 0-12 6amnoB 12
6 NunuBunyansHoe 3ananue Ne 3 | 0-12 Gamios 12
7 JloMamrHue 3a1aHust 0-6 GamnoB 6
8 NunuBunyansHoe 3ananue Ne 4 | 0-12 Gamios 12
9 KontponbHas padota 0-12 6amnoB 12
10 DK3aMeH 0-40 6amioB 40
Uroro 100

2 TPA®UK CAMOCTOSTEJBbHOM PABOTHI

Cpoxu u popmsl

Conepxxanue OObem B yacax
KOHTPOJISI
[lonrotoBka K KOJJIOKBUYMY: «Knaccuduxanms
YPaBHEHUN BTOPOrO TOpSAJKA W HX IIPUBEICHHE K 3 2 cemecTp
KaHoHUYeckoMy BuIy. OCHOBHBIE KpaeBble 3aJayMl Jyis cobecesjoBaHNE
BOJIHOBOI'O ypaBHEHHs. Meton @ypbe»
2 ceMecTp
[ToaroroBka k KOJUIOKBUYMY: «Teopus MoTeHINAIOB 3
cobeceJoBaHue
Bemonnenne PI'P — Kpaeble 3amaum Ui ypaBHEHUHs 2 cemectp
Jlatutaca  Ha  IUIOCKOCTH I8 KOJIbLIA,  Kpyra 4 ’
(o e pyra, nposepka PI'P
IPSIMOYTOJIbHUKA).
2 cemMecTp,
. IIPOBEPKA
BoinosiHeHne MHIUMBUAYANbHBIX JOMAalIHUX 3aJaHUNA IO
. N 22 WHJMBHUlyaJIb-HbIX
Ka)KJI0M TeMe JIEKIIMOHHBIX 3aHATUI
JOMAITHUX
3aIaHUI
IloaroroBka K 3K3aMeHy 34 2 ceMecTp
Bcero 66
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3 METOJUYECKHE PEKOMEHIAIIMY 11O MPOBEJAEHUIO CAMOCTOSATEJbHOM
PABOTBI

B kadecTBe OCHOBHBIX JHMTEPAaTypHBIX HCTOYHUKOB HCIIOJIb3YIOTCA Y4eOHblE H3aHMS,
yKazaHHble B 1. 1.8 VYwuyeOHo-meronuueckue Marepuanbl 1o aucuuiuiiHe (OcHOBHas H
JOTIOTHUTENbHAS JINTEpAaTypa) paboueil mporpaMMBl.

B kadecTtBe yueOHO-METOIMYECKUX MOCOOMH MO CaMOCTOSTEIHLHOW pabOTe MCIOIB3YIOTCS
KOHCIIEKTHI JIEKIUN U TIOCOOUS:

1) Tpydanosa T.B., CenbBunckuii B.B., Macnosckas A.I'. Meton pa3neneHus nepeMeHHbIX
JUIS pelleHUs] YpaBHEHMHM MareMarndyeckoil ¢pusuku. Y4eO.-meron. nocodue: biarosemieHck, u3-
Bo AMI'Y, 2005.-87 c., coaepkaHre KOTOPOTO MPEACTABICHO HIXKE.

Beenenue 5
1. Pa3nenenue nepeMeHHBIX JUIsl ypaBHEHUsI TUIIEPOOJIMYECKOTO THIIA 6
1.1. Konebanus 3aKpenyieHHOM CTPYHBI 6
2. Meton pa3aeseHus IEPEMEHHBIX U1 HEOJHOPOJAHOTO YPABHEHUS 12
3. O0mas cxema MeTo/1a pa3/ieJICHUs IEPEMEHHBIX 15
3.1. Pa3ninuHble rpaHUYHBIE YCIOBUS 18
3.2. [Ipumep 20
3.3. Pa3zeneHne nnepeMeHHbIX B Cllydae TPEX HE3aBUCUMBIX ITEPEMEHHBIX 23
3.3.1. Konebanus kpyrioit MemOpaHbl 24
3.3.2. Konebanus npsMOyrojabHOM MeMOpaHbI 26
1. Heonnopoanas cmermanHnas 3a1a4a it ypaBHEHUN TUIEPOOTMIECKOTO THIA

30
4.1. KpaeBble 3a/1auu CO CTAllMOHAPHBIMU HEOTHOPOIHOCTIMU 32
4.2. IlpuMepsl pelieHus: CMEIIaHHOM 3a/1a4M 17151 HEOJTHOPOIHOTO
BOJIHOBOT'O YpaBHEHUS 33
5. KonTponbHble 3a1anust 1si rTunepOoIMyecKoro Tuiia 46
6. Pa3enenue nepeMeHHbIX JUIsl ypaBHEHUN 11apaboIMuecKoro TUma 54
6.1. Meton pa3neneHust nepeMeHHBIX ISl HEOTHOPOTHOTO YpaBHEHHUSI
TEIIOIIPOBOTHOCTH 58
6.2. IIpumepsl penieHus: HEOJHOPOIHOTO YPaBHEHHUSI
TEIJIONPOBOIHOCTH 61
7. KonTponbHbIe 3aaHus sl ypaBHEHUN 11apa0oJIMyecKoro TUIa 69
8. Pa3nenenne nepeMeHHbIX U1 yPaBHEHUH SJJIMITUYECKOTO THIIA 76
8.1. Tperps kpaeBas 3a1a4ya 77
8.2. 3amaun J{upuxie u Heiimana B kpyre 80
8.3. 3amava Jlupuxiie B KOJIbIIE 81
8.4. Pemenue ypaBuenus Ilyaccona B mpsiMOyrosibHUKe 82
8.5. [Ipumepsl 85
8.6. Pemenue ypaBuenus Jlamnaca B mpsSiMOYTrOJIbHUKE 87
9. KoHTponbHbI€ 3a1aHNs A1 YPABHEHUH DJLTUIITUYECKOTO THIIA 91
bubnuorpaduueckuit cnucox 98

2) Tpypanosa T.B., BecenoBa E.M. VYpaBHeHuss maremaTuueckoi Qusuku. YdeOHOE
nocobue: brarosemenck, n3n-so AMI'Y, 2010.-112 c., conepxaHue KOTOPOro MpeICTaBICHO HIDKE.
Beenenue 3
I'maBa 1. IIpumMeHeHME MOBEPXHOCTHBIX ITOTEHUMAJIOB K PEIICHHUIO 3a1ad
MaTeMaTH4eCKON (HPU3UKU
1.1 OGBemMHBII TOTEHIIHAT
1.2 IloTeHnuman npocToro cios
1.3 IloTeHnman ABOMHOIO CIIOS
1.4 MynbTUIIONBHOE PA3JI0KEHNE TOTSHITHATA

NoREN BV, TN SN N
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1.5 Pacuer mosst 3eKTpOCTaTHYECKOTO MOIBECa 12

1.6 DyekTpuyueckoe moJje B miazme 18
1.7 Ilpumepsl pelieHus 3ajad MaTeMaTH4YeCKOW (DUM3MKU C MOMOIIBIO TEOPHUU

MOTEHIIUAJIOB 23
1.8 3amanus s caMOCTOSITENIbHOM paboThI 33
['maBa 2. MeTo1 MHTErpaJIbHBIX IPe0Opa3oBaHuit 35
2.1 UnTerpanbHoe npeodpazoBanue Oypoe 36
2.2 [IpuMeHeHne uHTerpajibHOro npeoOpazoBanus Oypbe K pelieHuo 3a1a4y 37
2.3 UnTterpanpHOe npeobpazoBanue Jlammaca 47
2.4 IlpuMeHeHrne HHTETPATBLHOTO MpeoOpa3oBanus Jlammaca K pemeHnio 3a1aq 47
2.5 KoHeuHO-MepHble HHTETrpajibHbIE Pe0Opa30BaHUs 50
2.6 3ajaun 1Sl CAaMOCTOSATEIBHOIO PelIeHUs 53
I'naa 3. Cpepuueckue GyHKIMHN U UX MPUIOKEHUS K PELICHUIO KPaeBbIX 33134 56
3.1 CuMMETpUYHOCTh W HEOTPHUIIATEIIbHAS ONIPEIeTICHHOCTh ornepaTopa Jlariaca-

benpTpamu 56
3.2 CoOcTBennble hyHKIMM ornepaTopa Jlammaca-bensrpamu 56
3.3 Chepuueckue ¢pyHkimu. OCHOBHBIC TTOHSATHUS U TEOPEMBI 61
3.4 HlapoBbie pyHKIUN 62
3.5 IlpumeHeHue cdepudyeckux U TapMOHMUYECKUX (DPYHKUMH MpH perieHUu

KpaeBbIX 3ajJa4 /Ui ypaBHeHus Jlamaca 63
3.6 3agauu i1 CaMOCTOSTENbHON pabOThI 77
I'maBa 4. Ilpumenenue QyHkuuii beccenss i pemieHus KpaeBbIX —3amad

MaTeMaTU4ecKon (PU3UKU 79
4.1 Onpenenenue pyakuuu beccens 79
4.2 JluneliHas 3aBUCUMOCTh MeXy GyHKuusamMu beccens 81
4.3 HekoTopsle yacTHble ciydan pyHkuuii beccens 86
4.4 OproroHanbHOCTh pyHKIMH beccens u ux KopHU 87
4.5 Hexotopsie npuiioxeHus GyHkiuil beccens k ananuzy 91
4.6 IIpumenenue ¢pyHkuuil beccens k pemeHno KpaeBbIx 3a1au 94
bubnuorpaduueckuit cnucox 113

4 KPATKUHM KOHCHEKT JEKIUIA

I'naga 1. TIPUMEHEHHUE ITOBEPXHOCTHbBIX TOTEHIIUAJIOB
K PEHHIEHUIO 3ATAY MATEMATHYECKOU ®U3UKHU

Hcropudeckn paHo pa3BuBIIEHCS 00JaCThI0O MAaTEMATHYECKONW (PU3MKH M BAXKHOW C TOUKH
3peHust (PU3HUECKUX MPUIIOKEHHUH SIBJIIETCS TEOPUs MOTEHIMAA.

BnepBbie mnonsiTue mnoreHnuana Obulo BBeneHo B koHue 18 Beka II. Jlammacom u
K. Jlarpanxewm, a 3aTem Juis 3aAa4 TuapoauHamMuku — JI. Ditnepom. PaccmoTpeHnue noTeHnuana Kak
(GYHKIMM, TPaJUeHT KOTOPOM paBeH BEKTOpHOMY Mmoo, npuHamiexut K.d.Iayccy. Bonbmioit
BKJIaJ B pa3BuTUE Teopuu noreHuuana Ovul caenan L. Kymonowm, C. Ilyacconom, . ['punom. B
HaCTOsIIee BpeMsl TeOpUs NMOTEHIIMajla — aKTUBHO pa3BUBAEMbIi METOJ| UCCIIE0BAHUS U PELICHUS
3aJla4 B pa3HbIX 00JaCTSIX MaTEMaTHUECKON (PU3UKH.

KiroueByto posib B MeToAax TEOPUM NOTEHLUANa WUrPAOT (yHIAMEHTAJIbHbIE PELICHUS

1 1 1

B TpexmepHoM U —In| — | B aBymepHoMm ciyuasx. Ha
4mr 2n \r

OCHOBAHUU 3TUX PEIICHUHN CTPOSITCS MOTEHIIMAIbI, KOTOPBIC MPEACTABIISIIOTCS B BUJIE MHTErpajga OT

MIPOM3BEICHUS] HEKOTOPOH (DyHKIMH (TUIOTHOCTH MOTEHIMANA) U (PyHIaMEHTAJILHOTO pemieHus. B

3aBUCUMOCTH OT OOJacTH MHTETPUPOBAHUS W HCIOJB30BaHMS (PYyHIAMEHTAJIBLHOTO PEHICHUS WITH

ypaBHeHus Jlamiaca, paBHbIE
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€ro HOPMAaJbHOW MPOM3BOJHOW pa3iMyaroT OObEMHBIC MOTEHIUAIBI, MOTEHIHAIBI MPOCTOTO MU
JIIBOMHOTO CJIOSL.

1.1 O0beMHBIH NOTEHIHAJ

Onpeodenenue 1. Tlycts € — HekoTOpas KOHeYHast 00NACTh MPOCTPAHCTBA, OTPAHMYEHHAS

KYCOYHO TJIa[KOM 3aMKHYTOM moBepxHOCThIO S. Ilycth B (2 3amana Gynkuus p(P), KOTOPYIO MBI
IpEANoaraeM HENPEPLIBHOM 1 orpannuennoi B 2. Torma

1 P
oM,y =— PP gy (1)
4 e r

Ha3bIBaeTCs OOBEMHBIM (HBIOTOHOBCKMM) TIOTCHIIMAIIOM MAacC, pachpeiesieHHbIX 1Mo o0beMmy V C

WI0THOCTBIO P, M | — mobast ToUKa MPOCTPAHCTBA.

OCHOBHBIM CBONCTBOM OOBEMHOTO TOTEHIMATA SBJISETCA TO, YTO €CJIU IUIOTHOCTH P
HenpephBHO muddepeHnupyeMas U orpanuueHHas B obmactu (2 (ynxuus, To BHe obOmactu (2
o0beMHBbIi noTenuman (1) yrosnersopsier ypasrenuto Jlamtaca AQ(M ) =0, a Bayrpu oGnactu
Q — ypasuenuto [Tyaccona AQ(M ) =—p(P), peQ.

B nBymepHOM citydae mOTEHIHa HMEET BH]T

1 1
o(M,)=—Ip(P)In—dS (2)
21D Vo
U HasplBaeTCsl  JIOrapu(MUYECKMM  MNOTEHIMAIOM  o0JacTd ¢ IUIOTHOCTBIO P,
Tup = \/ (x— a)z +(y— 11)2 . Oyakmua In—  sengercas  QyHJAMEHTaIbHBIM — pEIICHUEM
r

JBYMEpPHOTro ypaBHeHHus Jlamnmaca.
1.2 IToreHMag MPOCTOrO CJIOA

Onpeoenenue 2. TlycTh D, — KoHedyHas TIJajKas MOBEPXHOCTb, Ha KOTOPOH 3adaHa
HenpepbiBHAs orpanuuennas (ynkmus P(P). TloBepxHOCTs ). TPHMHATO Ha3bBATh HeCymeil

1 P
noBepxHoCThI0  cnos.  Torma  Bepaxkenue  O(M 0)=4—IIMdS NPHMHATO  Ha3bIBaTh
Tz r

TIOTEHIIHAJIOM TIPOCTOTO CJIOS, PACTIPEEIEHHOTO TI0 TIOBEPXHOCTH Y, ¢ MIoTHOCTHIO P(P).

Ceoticmea nomenyuana npocmozo clos:
1) moTeHumMan mpoOCTOro ciosl yOOBIETBOPSET ypaBHeHuto Jlamiaca BO Bcex ToYKax

MMPOCTpaHCTBA, HC NPpHUHAMJIC)KAIIUX ITOBECPXHOCTU z .

P(P) 4g

r

Heiicreurensio,  AQ(M,)=A LH = LH p(P)A 1 dS. Tlockombky
4m = 4m > r

A 1 =0,10 Ap(M,)=0, M, ¢ ;
r

2) Ha 0ECKOHEYHOCTH MOTEHIIMAJ IPOCTOrO CJIOS BEAET ce0s KakK MOTEHIMaJl MaTepHalIbHOMN
TOYKH, PAclOJIOKEHHOW B Hadajie KOOPJAWHAT, MPUYEM COCPEJOTOUYEHHAsh TaM Macca paBHA Bcei

Macce, paclpeieieHHOM 1o . ;

3) HOpMasbHas TPOWM3BOJHAS IMOTECHIMANA MPOCTOTO CJIOS TIPETepIeBacT pa3pblB IPH
MEPeCceueHN  CIJI0sl, TPUYEeM BEIMYMHA CKadyKa TIpU TEPEeceYeHUH CJIOS B TOUKE M o B
HampasJieHUU AU pepeHupoBaHus paBHa

o o
v | = =o(M 3
o on ), p(M,) 3)

Mo+
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%) (%

rjae R — TpeAeNbHBIC 3HAYCHHUS HOPMAJIBHOW TPOW3BOJHOM TMOTEHIIMAA
on), . \on),
y y op .0
MPOCTOTO CJIOSI C BHYTPCHHEW M HAPY)KHOW CTOPOHBI MOBEPXHOCTH D ; | — = lim —,
8n x—>x+0 8n
My+
0 .0
o — 1im 2%
-0
on), — "on

3HaveHne HOPMANTBHO TIpon3BoaHOI B Touke M, paBHO

29) _1[(o0) (o0

on), 2\\on),. \on),

3aMCTI/IM, 4YTO B TOYKax CJIod, B KOTOPBIX IINIOTHOCTbL pPaBHA HYIIO, HOpMaJibHaA
MPOM3BO/IHAS TOTEHIMAjda IPOCTOrO CJIosi HempephiBHA. PaBeHCTBO (3) MOXHO YTOYHHTH
CJIEIYIOLIUM 00pa3oM:

op 1 p(P) 1

— =— cos0dS +—p(M,),
on),, 4n g r’ 2 p(M,)
op 1 p(P) 1

— =— cos0dS ——p(M,),
on ), 41tIZI r 2 p(M,)

rae © — yron Mexsty 71 — BHeuIHeii HopMaiu K noepxHocTH 2, BTouke P ur =M P.
B 1ByMEpHOM citydae TOTEHIUAI IIPOCTOTO CIIOSt UMEET BH/

1 1
O(M,) =——Ip(P)In——dl 4)
n rMOP
¥ Ha3bIBaeTCs JOrapuMHUECKUM TOTEHIMAJIOM mpocTtoro cios. KpuBas L HazpiBaeTcs Hecymien
nunuel cnos, a P(P) — ero mIOTHOCTBIO.
1.3 IToreHu A ABOMHOIO €105
[TycTh maHbl 1Ba paBHBIX MO BEIMYMHE, HO MPOTHBOIOJOXKHBIX MO 3HAKY IEKTPUYECKUX
3apsga +€ u — €, Haxonadumuxcid Ha pacctossHMM h npyr ot gapyra (nunosis). [Ipsmyto,
MIPOXOSIIYI0 Yepe3 HUX, CHAO MM HaIlpaBlICHUEM OT OTPULIATENIFHOTO 3apsiia K IMOJIOKUTEIILHOMY.
3710 OyIeT OCh AUTIONS A .
IIycts P — Touka, nexarnas nmocepeanne Mexny 3apsinamu, M, — npou3BoibHAas TOUKa, a

0 — yron mexy ocbto n u nanpasnennem PM . 3anmcsisas notenuman B touke M| n mepexons

x npeneny npu 4 —> 0 Tak, 4TOOBI 3apAABl YCTPEMISUIMCH B TOYKY P BIONb COEIMHSIOMIEH HX
IPSIMOH, IPUYEM IIPOU3BEIECHUE CTPEMUIIOCH K HEKOTOPOMY KOHEUHOMY IIPENieNy V , Ha3bIBAEMOMY
K03 (ULMEHTOM U0, T0Iy4aeM BbIpakeHUE

cosO :va(%)

o(M,)=v e P (5)

KOTOPOC€ HA3bIBACTCI MNOTCHUHUAJIOM JUIIOIA MOMEHTA V, pPaCHOJIOKCHHOIO B TOYKE P u

HMMEIOIIETO CBOEH OChI0 OPUEHTHPOBAHHYIO MPSMYIO 71 .
O06001MB METOT HAXOKACHUS MOTEHIIMAA JUIIOJISI, MOKHO JIaTh OMpPECIICHHE TTOTSHITHAIA
nBoitHoro ciosi. [Ipoenem cienyromee noctpoenue. Ha Hopmanu B kax o Touke P moBepxHoctu

1

Y. OTJIOXKHM B 00€ CTOPOHBI OT P OTPEe3KH JUTHHBI Eh , Tie h — nocratoyHo manas BenuuuHa. B
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KOHIIE ITHX OTPE3KOB MOMECTHUM 3apsiibl iZV(P) TaK, 4TO HAaNpaBJICHUE OT OTPHIIATEILHOTO
3apsana K TOJIOKUTEIPHOMY COBIIQIACT C HAMpaBICHUEM TOJIOKHUTEIBHOW HOpMaiH. Takum

00pa3oM, MOJIydaeM JBa MPOCTHIX CJIOS C MOBEPXHOCTHBIMHU IJIOTHOCTSAMH ZV(P)’ JIeXAIINX Ha

GIIM3KOM PACCTOSHMM 110 06e cTopoHsI oT .. B npenene npu 7 —> 0 nonyuaem asoiinoit croit
Ha TIOBEPXHOCTH ), C IVIOTHOCTHIO MOMEHTOB V ¢ MOTEHIMANIOM

ol
@(Mo)zijjvﬁd‘g:iﬁvlr)d_ (6)
drz  r T  On

3necs O 06o03Hauaer yroJl MEXJy €IWHUYHBIM BEKTOPOM HOpMalu /4 B Touke P u
nanpasiennem PM , (M, — npoussonbHas Touka).

Ceoticmea nomenyuana 080UHO20 CAOSL:
1) moTeHIMal TBOWHOTO CJIOS YIOBJICTBOPSET ypaBHEHHWIO Jlammaca BO BCeX TOYKax, HE

JICKAIIINX Ha HOBCpXHOCTI/I Z
] 5(y )
A, o=—IV(P)A, |~ | dS, =0.
° 4z | On
P

BHe  IOBepXHOCTH . MOTEHIIMA  yJaoBJeTBOpsieT  ypaBHeHuio  Ilyaccona
Ap(M ) =—p(P);

2) MOTEHIMad TBOMHOTO CJIOS TPH TEPECEUYCHHH CJI0Sl MPETEepreBaeT pa3phiB, MPUYEM

BCIIMUMHA CKayKa HpI/I HepecequI/H/I CJIOA B HaHpaBJ'IeHI/II/I HOJ'IO)KI/ITCJ'IBHOI\/'I HOpMaJ'II/I qepes TO‘{Ky
M o CJ0s paBHA

O, (M) —¢o_(M))=—p(M,).

[Ipu nepexone touku M , TOTEHIHMAl JBOMHOIO CIOs MPETEPIEBAET Pa3pblB U MMEIOT
MECTO paBeHCTBa

(p+(MO)=LHp(f) cos0 dS—lp(Mo),
s r 2

(p_(MO):ijp(f) cos0 dS+lp(Mo);
4z r 2

IpsAMOC 3HAYCHUC MTOTCHIIMAIa B TOYKE MO paBHO

P, (M,) = %{(P+(Mo) + (P_(Mo)}-

HopmanbsHas mnpousBojgHas IOTEHLMAnda JBOMHOTO CJOsS OCTAae€TCd HENPEPBIBHOM IIPU
IIEPECEYCHHUH CIIOSL.
Ha nnockocty noteHnuan JBOMHOTO CII0SI IMEET BUJL

1
1 cosO 1 51“(4
®(M,)=——Iv(P) dl = —Iv(P)————dI (7
2me r 2me on

Y Ha3bIBAETCs JIOTapU(PMUUECKUM MOTEHIINAIOM JIBOHHOTO CJIOS.

1.4 MyJabTHIIOJIbHOE Pa3JioKeHue MOTeHIAaaa

[lycTh cuctema HEMOJBMKHBIX 3JEKTPUUECKUX 3apsiioB, T.€. HEKOTOPOE 3apshHKEHHOE Telo,
3aHMMAaEeT OrPaHUYEHHBIH OOBEM B HEKOTOPOM obmactu mpocrpanctsa (), a pacmpenencHue

SNEKTPHYECKOTO 3apsijia B TeNle 3a1aH0 00beMHoM mioTHoCThIo 3apsina P(N), N e Q.
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Beemem cucteMy koopaunat ¢ Hadaiom B Touke () BHytpu (2 M 06o3HaumM yepes 7

pammyc-BeKTop To4ukM N, a uepe3 R paauyc-BEeKTOp, ONPENENSAIOIUN I0J0KEHNE HEKOTOPOM
TOYKHU M BHE 3apsHKEHHOTO TeJla KaK MOKa3aHO Ha pUCYHKE 1.

Pucynok 1 — Cucrema koopauHat
HalizeM moTeHIman 3IeKTPOCTATHYECKOrO MoJjis B Touke M, cuuras, uto R >>r | 1.e. Ha
JOCTAaTOYHO OOJIBIIIOM PACCTOSTHUU OT 3apsDKEHHOTO Tea.
Kak Obu10 moka3aHoO paHee, MOTEHUHUAN () B TOYKE A MOKHO BBIPa3UTh B BHUJE OOBEMHOTO

noreHuuajia

1 7

o(M)=—— 2O gy (8)

4dne, @ |R - r‘
VuuThIBas, 4TO ToYKa M BhIOpaHa Tak, uTo R >> 7 mpeacTaBuM (p(M ) B BUJIEC PA3JIOKECHHUA
1
I10 CTCIICHAM — .

1 ° (n) 0) (1) (2)

o(M)= zq —_4 + q + q +... 9)

1 2 3
4ne, =°R""  4ne,R 4meg,R° 4meg R
Takoe pasnoxeHwe MOTEHIHAla HAa30BEM pA3JI0KEHUEM II0 MYJIbTHUIIONAM, a KaXIbIid
ko3 urment q(") 3TOr0 PA3JIOKEHHUS — OJJIEKTPUYECKUM MOMEHTOM #-TO TMOpAJKa JTaHHOU

CUCTEMBI 3apsAJI0B 3apsLKEHHOTO Testa. OU3NYECKN TaKoe Pas3jIoKEHNE COOTBETCTBYET BO3MOKHOCTH
MIPEJICTABICHUS 3JEKTPUUECKOI0 MOJIA J000ro 3apsKEHHOro Tejaa Ha OOJIBIIMX PACCTOSHUSAX OT
HETO B BUJE TOJI TOYEUHOTO 3apsi/ia, OMMChIBAEMOT0 TIEPBBIM WICHOM B paziioskeHu (9).

Ompenenum K03PUITUESHTHI q(") paznoxenus (9). Jlns storo BBeseM yron 0 = (17 R R) MEXITY
- = . r
BCKTOpaMMu 7 U R w wmansiit nmapaMeTp 3agadu 0 =—. Eciu 0603Ha4uThH x=COSG, TO IO

TEOPEMEC KOCHMHYCOB MOJKHO 3aIlUCaTh

‘ﬁ —Fr = ‘RZ +7* —=2Rrcos0

2

-1/2

1 -1/2 _ 7’2 r _ —-1/2
= =|R*+r —2Rrcos®| T =R7|1+ -2-cos0| =R'(1+8"-28x)"".
‘R - F‘ R R
Pa3noxxum BbIpakeHUE B KPYIJIBIX CKOOKaxX B MPaBOM YaCTH 3TOTO PaBEHCTBA B CTEIEHHOM psJ 110

MajoMy 1apamerpy O: (1 +8&% - 25)6)_”2 = ipn (x)0".
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Koapdumumentsr  3toro  psma  Telmopa  ONpeAensrOTCS  M3BECTHBIM — COOTHOIICHHUEM

1o
P(x)=———(1+8 —28x)™"
(%) pvT ( )

. HCHOCpCILCTBeHHI)IM BBIYMCIICHUEM YCTaHaBJIMBACM, 4YTO

=0
P (x) nmpu n=0,1,2... sBusirorcs momuoMamu n-i crerneHu. B actaoctw,

1 80 2 -1/2 _
R = o (148 = 28v) B =1, (10)
3
P(x)= 10 s o] = —1(1 +8° —28x)2(28-2x) = Loy =n,
1168 2 2

1 0’ 101 3
P(x)=— 1+68° —28x)""?| =——| —(1+8> —28x)2(26-2x =
(1) =~ " 288(2( )2 (25-20),
1 ) 3
— —(3(1 +8° —206x) 2(28 — 2x)° —1(1 +8° —26x)2 - 2) e L
2\ 4 2 o 2 2
Takum oOpazom,
L Tsp (x)8" = Lsp (cose)(ijn (11)
R-7 R R=" R
1 U3 ypaBHeHus (8) A1 MyJIbTHIIOIBHOTO Pa3IOKEHUS NOTEHIMAA [T0JIy4aeM
q<0) q(]) q<2) q(")
o(M)= + + +o .. (12)

4ng R 4ne,R> 4ne R’ 4ng R"
3nece ¢ =[[fpdV — monmsi sapsin cucremsr; g =[[[prcosOdV — numonbHEIA MOMEHT
Q Q

2
r
CHCTEMBI 3apsJI0B; q(z) = HIPT(?) cos’0—1)dV — xBagpumoNBHBI MOMEHT CHCTEMBI 3apSIIOB;
Q

q" =[iip r"P.(cos0)dV — snexrpudeckuii MOMEHT /-TO TIOPSIKA.
Q

Ompenenum Teneps audepeHnaIbHOEe ypaBHEHHE, KOTOPOMY YIAOBJIETBOPSIET IMOJMHOM

1 1
P (x). Jns storo mcmonsdyeM TOT (akT, 410 j=——=—— SBIACTCS (YHIAMEHTATLHBIM
‘R - r‘ Lo
pemeHueM ypaBHeHus Jlamiaca, T.e.
1
AN—’—_. :O,MiN, (13)
R — r‘
rae A, — oneparop Jlariaca o KoopAnHaTaM TOYKH N.
1
[MoncraBus Beipakenue Wi = U3 ypasHenus (11) B (13), samuimem mnosy4eHHOE
R-7

BBEIPOKCHUE B BUJIC

0 n _

,EOR"“ AN[Pn (cosO)r ]— 0. (14)
Tak Kak 5T0 pPaBEHCTBO CIPABEJIUBO IS JIFOOBIX 3HAYCHUH R, TO U3 HETO CIIEIyeT

n
AN[Pn(COSG)V ]=O. (15)
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Bri6paB cdepruecKyro CHCTEMY KOOpAMHAT ¢ HeHTpoM B Touke () M HampaBUB MOJISPHYIO

och B Hanpasyiennu R , 3anmineM ypasaenue (15) B 97Ol cucTEME KOOPIMHAT

izi rzdL P (cos0) + %i sinE)M r"=0. (16)
rodr dr r°sin6 do do
YuuTteiBas, 4To
rl ;’l; rzi% :%%(r nr' ) rlz (2rnr"“ +r2n(n—1)r"‘2):
=2 +n(n-Dr"? =r"(n* +n)=nn+1r"”
npeobpasyem (16) k Buay
| n(n+1)P (c080) +—— [ sin 948N )| (17)
sin 0 dO do

DTO ypaBHEHME [OJDKHO BBINOJHATHCA s jmoboro 7 # (0. Ilostomy, BO3Bpamasich K

o6osnauermsiM X =c0s0, 1—x’=sin’0, dx=-sin0d0, zamumem ypasuenme (17) mis
nepemennoro X € (—1,+1) B muddepennmansrom Bume

n(n+1)P(x)+ i(— sin’ E)mj =0, um
dx dx

%((1— )dl;( )j+n(n+1)P(x) 0. (18)

D10 ypaBHEHHEe Ha3bIBAIOT ypaBHeHueM Jlexanapa, a ero pemenns P (x) m n=0,12... -
nojimHoMamu Jlexanpa.

st MOJIMHOMOB Jlexanpa CTpaBeIBa peKyppeHTHas dopmymna
(n+1DP, (x)—(2n+1D)xP(x)+nP_(x)=0, xoropas cBs3bBacT TpH IOCIEJOBATEIbHBIX
nonuHoma Jlexxanapa. Ilo stoit ¢dopmyne MOXKHO BBIYMCIUTH MOJMHOMBI JlexaHnapa mo0oit
CTEIEeHH I10 TMEPBHIM JIBYM, KOTOpbIE orpeneieHbl popmynamu (10).

1.5 Pacyer moJisi 31eKTPOCTATHYECKOI0 MO/IBeca

OmHuM #3 BO3MOXKHBIX TEXHHYECKHX pEIIEHUH TMpoOJSeMbl YMEHBIICHUS TPEHUS B
THPOCKONMUYECKUX CHUCTEMax SIBJISICTCS  HCIIOJIb30BAaHUE  DJICKTPOCTATHYECKOTO  TIONS  JUIS
KOMIICHCAIIUN CHJIBI TSDKECTH. Takue CHCTEMBbl HA3bIBAIOT THPOCKOTAMHU C AJIEKTPOCTATHYECKHM
HIOJIBECOM.

IIpocreiimas MozeNb TAKOTO TMPOCKOIA NPeCcTaBIseT coO0H NPOBOAIIMIA ap pajauyca 7
(poTOp TMPOCKOIIA), KOTOPBI HAXOJUTCS B II0JIE IBYX IOJIYC(EPUIECCKUX DIEKTPOJIOB PAJUYCOB 7, ,
pasieneHHbIX MEXKIy CO0OH Y3KHM IIPOMEXKYTKOM H HMEIOMMX NoTeHuuansl +V, u —V

0
(pucyHOK 2).
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Pucynok 2 — DnekrpocTatuiyeckuii moasec

Pacuer 9I€KTPOCTATHYECKOTO MOJS B 3a30pe MEXKLY IIAPOM M JIEKTpojamu 7, <1 <7,
TIPOBEJIEM JUTS CITydasi, KOT/la LEHTPhl Iapa U 3JIEKTPOIOB COBNANAlOT W MOTEHIMAI [Iapa PaBeH
Hym0 (He3apsDKEHHBIM mmap). B orom cimydae Haxoxaennme notenmuana @ = @(7,0)
3JIEKTPOCTATHYECKOTO MOJI B 3a30pE CBOJMTCA K PELICHHIO 3a/1adyd Juis ypasHeHus Jlarutaca,
KOTOpasa € yucToM oceBoH CUMMCTPHUH IIOJIA MOXKET OBITH 3aIKCaHa B CJICOAYIOIICM BUAC:

%g(rza—(pj+ - 1 i(sin@a—(pjzo, r<r<r, 0<0<m (19)
r-or\_ or) r°sinf 00 00

¢(1,0)=0; (20)

+V,, 0<06< g
o(r,,0)=U(6) = - : 1)
-V, —<0<nm
2

Ucnonb3yst METON pasaenenus nepeMennsix, koraa @(7,0) = R(r)D(0) , nomyuaem

12 d ( 2@(9)—) L d ( n0 R(r) dCD(e)j 0, nm

redr dr) r’sin0do do

CI)(G)i(r2 d—Rj = —R(r)#i(sin 0 Mj ,

dr\ dr sin 0 dO do

pasenss nepeMeHHBIE TIOTydaeM

d( zde 1 d(. dCD(G)j

—| = ———|sin@——~

dr\ dr)_ _sinfdb do = const 22)

R(7r) d(0)

Otcrona mis naxoxaenus Gpyakunii R(7) u O(0) nonyuaem ypasuenus

i(r de AR =0: (23)

dr\ dr

1 4 sin@mj+k®:0. (24)

sin© do do
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Ecnu B ypasHenunm (24) caenaTh 3aMeHy mepeMeHHoOro X =cC0SO wu monoxurs

®(0) = X(x), 10 oHO mpuMeT BUJL

d dX
S a-x) =X, xe (=141,
dx(( x)dxj xe( )

(25)

3ajaya OTBHICKaHMSI OTPAHMYEHHOIO pEUICHHUs ypaBHEHUs (25), yIOBIETBOPSIOLIETO YCIOBHIM

‘X (il)‘ <00, coorBercTByeT 3amaue IlIrypma-JluyBminis. Dra 3ajaya MMEET HETPUBHAIIBHBIE

pemrernss X (X) muus nipu A=A = n(n+1). Dru pewenns (coOCTBEeHHbBIC HYHKINN) SBISIOTCS

nosmHomamu  Jlexanapa n-ro mopsnka, t.e. X, (x)=P(x), wm D(O)=P (cosO) mms

n=0,12,...
Kak coOctBennpie Qynkumu 3amaun  UItypma-JInyBwins  moJIMHOMBI
YIOBIETBOPAIOT CICAYIOIIEMY YCIOBUI OPTOTOHAIBHOCTH:

0, n+m,
+1 by
[P (x)P, (x)dx =[P (cosO)P, (cosO)sin0dd =3 2
-1 0 =
2n+1°
JIeNCTBUTENBHO, IIYCTh 1 % M .
P +1
n=0,m=1 1P, (x)P(x)dx = xdx = % =0;
-1 -1
-1
n=l,m=2 ?P(x)P(x)dx—?x Exz—l dx = éx_“_lx_z ) =0
’ e T2 2 24 22)
Tenepb paccMOTpUM citydail Ipu 1 = nl .
. . +1 2 _+] _ +1 _ _ 2 .
n=m=0 _j]PO(x)dx—_j]dx—x_]—2—2.04_1,
3 +1
n=m=1 J']f?z(x)dx:j]xzdx:x— :%: 2 5
-1 -1 3, 3 2-1+1
\ \ 1y *3x 1\ 2
n=m=2 I]Pf(x)dxzjl éxz—— dx = 2x__§x_+_x ===
-1 -\ 2 2 45 23 4 ) 5
Ipu A=A =n(n+1) us ypasHenns (23) HaxoxuM
2
r2 AR +2rd—R—n(n+l)R=O,
dr2 dr
R ‘R
nenast sameny R =r", d— =kr*, d —=k(k+ 17", nomyqaem:
dr dr

k(k+)r" +2kr* —n(n+1)r* =0, orcioma k> +k —n(n+1)=0.
Haxomum k, u k,: k,=n, k,=—(n+1).

n

— n —(n+l) _ n
Takum obpasom, R(r)=a,r" +b,r =a,r" +—".

r

B
wi R(p)=A,p" +—"-,tne p=r/r; 4,B, =const.
p
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Hcnonb3ys NpUHLMI CYNEPHO3UIMH PElIeHU Ui JIMHEeWHOro ypaBHeHus (19), npeacraBum
€ro pelIeHUE PsIoM

o(p,6) =§{ P’

rne p=r/r, y=r/r>1.

lij] an(cosG), I<p<y, 0<£6<m, (27)
p

Y nosnerBopsist ipu P =1 rpanmanomy yenosuio (20), nonysaem 4 + B, =0, r.e.

0 1
9(p.0) = zOA,,[p" —ijﬂ (cos0)
"~ P

: (28)
Tenepb ¢ yueToM rpaHuyHOro yciaoBus (21) mosydyaeM COOTHOILLIEHUE
2n+1
0 - 1
$AT P(cos®)=U(®), I =1 (29)
n=0 n+

PagenctBo (29) mpencrasnster coGoit pasnoxenue ¢pynxmun U(0), 3amamnoit hopmymoi

(21), B psaag @ypbe o nonuHomam Jlexxkanapa. C yu4eToM YCIOBHSI OPTOTOHAJILHOCTH (26) HaXoauM
KO3(DPHUITMEHTHI 3TOTO PA3IOKECHHS

Ar =2t U (0)F, (cos 0)sin 0d0 = 2ntly [0 (0P (), (30)
U( - -V, —-1<x<0
R 7 P

YuuThiBas ~ NpaBula  U3MEHEHMs  3Haka  apryMeHTa Uil nojuHoMoB  Jlexanzpa
—(_1\"
P(=x)=(=1)"P(x) u3 (30) wis nckombix koddduuuento A pasnoxerus (27), moiydum

(bopmyIibt

4, = 2; 1y 10/(x)P, (x)dx = 2;; L (I— VP (x)dx +V,P (x)dx)z

=V02”+1(—}Pn (~x)dx + 1P (x)dx)zV 2””(—}(—1)”13 (x)dx + [P (x)dx)
2Fn 0 0 ) 0 0
4,=V, 2-0+1 (— }(—1)°PO(x)dx+ *j‘Po(x)dx)z
21, 0
A,=V02'21F+1( (- 1)P(x)dx+IP(x)d) ZIP(x)dx v 2 o
0 0
4 =72 2“( J(=1)? P(x)dx+IP(x)dx)
or, Vo
A3=V02'2‘;+1( (1)’ P(x)dx+IP(x)dx): 2534 0 e =v 23 p (v
0 0 0
3 3 3
Takum oOpazom,
A4 =0, n=2k,
2-n+14
A=V, [P(x)dx, n=2k+1.
0
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Pn_] 0).

Wcnons3yst u3BectHble 11t osmHoMoB Jlexannpa popmynst P (1) =1, P (0) =~

P(x)= ﬁ[ > (x)—- P (x)], MO’KHO BBIYMCIIUTH KBAIPATypy

P (x)dx =P (0), um
n+l

jP(x)dx—I—( P (x)- (x))slx— (( )|, P,,_](x)\l))=

1 n
=5 (Pa=P, 0~ _]<1)+P,,_]<0))— 2n+1(1+n+112,_]<0)—1+1%,_]<0))—

1 2n+1 1
_271 ( n]( ) j n+1Pn—1(O)-

3necs P(0)=1, R(O)=O, P(0)=-1/2, P(0)=0, P(0)=3/4, P(0)=0,

1:3:5-...-(2k -1)
P(0)==5/6,um P, (0)=0; P, (0)=(-1)" a0 k2
Toraa kodhdunueHTsl A MOXHO IPEACTABUTH CIEIYIOLINM 00pa3oM:
2-n+1 1 4k+3 1
An:V n]( ) :I/O sz(O)
Fn n+ 1 n=2k+1 F2k+] 2k + 2

Takum o0pa3oM, OKOHYATENBHO, penieHrne KpaeBou 3amauu (19) — (21), omuceiBaromiee
pacripeielieHue MOTEHIMANA B JIEKTPOCTATUIECKOM TI0/IBECE, 3AITHIIEM B BUJIC

- <4k +3)P, (0)( w1 j

o(p,0) = P — 7 |Prn(cosB), (€29)
r,.(2k+2) p )

lépzr/r] <y, 0<6<m.

Ucnonw3ys uzBectHyto dhopmyny anekrpoctatuku (Teopema [Maycca mis AByX 3apsiKEHHBIX

IJI0CKOCTEH )
6:80En :—So(a—q)j :—8 a(p ap :_& a_(p
or )., op or),, n\dp)

¢ nomoipo pemenus (31), MoxHO onpeneJmTL pacnpe/elieHie MHIYLMPOBAHHBIX 3apsI0B Ha
MIOBEPXHOCTH I1apa

0 _y, s CEEILO) (o) 1 1y — 2k - 2p™ ) (c0s0)
op T, 2k +2)

(4 P
—y, s I B O cose),
5T, (2k+2)

5=-Loy, s IOV (cosp).
’/; 2k+1 (2k 2)

1.6 DiekTpuYecKoe MmoJie B MJjaazme

PaccMoTpuM HMOHM3MpPOBaHHBIM Ta3, HAXOIALIUWCS B COCTOSSHUA TEPMOJUHAMHUYECKOTO
paBHOBecHsi npu Temmeparype 7. Takoi ra3z COCTOMT M3 MOJOKUTEIBHO 3apsSKEHHBIX YaCTHIL
(MOHOB) M OTPULIATEIBHO 3aPSYKEHHBIX YACTHI] (371€KTPOHOB). OrpaHUYUMCS CIIy4aeM OJHOKpPAaTHOM
WOHM3alMK aTOMOB. Torga B OTCYTCTBHME BHEHIHHUX CHUJIOBBIX IOJIEH BCJIEACTBHUE XAaOTHYECKOTO

p=1
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TEIJIOBOTO JIBUYKEHUSI YacTHIl B JIOOOM TOYKE MPOCTPAHCTBA BBINOJHAETCS JIOKAJIBHOE YCIOBHE
HEUTPANLHOCTH ra3a: N, =Hn_= N, rae N, — 00beMHas KOHUEHTPaus 3apsHKeHHbIX JacTull. [Ipu

>TOM B Cilydae OJHOKpaTHOH Womm3amuu ¢, =+¢, a ¢ =—q, rie ¢=16-10"Kn -
AJIEMEHTAPHBINA dJIEKTPUUIECKUN 3apsil.

BHeceM B Takoif MOHU3UPOBAHHBIN I'a3 TOUEYHBIN MOJOXKUTENIbHBIN 3apsaa (), IOMECTUB €ro B
touky M. Tlox neiictBueM moiisi 3TOro 3apsja BOmm3uM Touku M| Hapyuraercs ycioBHe
HEHTPaJIbHOCTU rasa, MpUYEM KOHIIEHTpalus OTPULATEIbHO 3apsKEHHBIX YacTUI[ B HEKOTOPOH
obmactu BOmM3u ToukM M Oyner mpeBbIIAT KOHLEHTPALMIO MOJOKUTEIBHO 3apKEHHBIX
qacTHIl (pUCYHOK 3).

Pucynok 3 — TodeuHslii 3aps]1 B FOHU3UPOBAHHOM Tas3e
PaccunraeM noreHman MakpoCKOIMYECKOTO 3JIEKTPUYECKOTO NOJII B HIOHU3UPOBAHHOM rase,
00ycoBNeHHbIH ToueunbM 3apsaom Q. [l storo 3anuniem mis notenmmana O(M ) ypasuenue

Ilyaccona

M
A@:—M, M(X,y,Z)EERS. (32)
0
31€Ch IIOTHOCTH DJIEKTPHYECKOTO 3aps/a

p(M):Q83(M9Mo)+p+(M) +p_(M), (33)
rae O, — TpexMepHas IeibTa-(QYHKIHS, yYUTHIBACT HAIMYHEC TOYCHYHOro 3apsiga O M 0OBEMHO

pacnpeesieHHOTOo 3apsiia, 00yCIOBICHHOTO 3apsSHKEHHBIMU YaCTUI[aMU HOHU3UPOBAHHOTO Ta3a.
VYpasuenue (32) cnemyer pemiaTh Npu yCIOBUU, YTO Ha OECKOHEYHOCTH MCKOMBIN MOTEHITAT
oOparaercsi B HyJIb, T.€.

¢®— 0 npu 7, —> 0. (34)
[UIOTHOCTH 3JIEKTPHYECKHX 3apsoB B HoHuM3upoBanHom raze ¢ (M) n g (M) B
1npou3BoJbHON Touke M (X, V,Z) BbIpa3uM 4epe3 KOHIEHTPALMH 3apPSIKEHHBIX YaCTHIL:
q.(M)=+qn (M), q (M)=—gn (M).
Kouuentpaunn 7, (M) n n_ (M) waiinem, ucnonssys pacnpezpenenue Bonblvana st

KOHICHTpalOHKU 4aCTHIl B CUJIOBOM IMOTCHIUAJIBHOM I10JIC:
-W=x/(kT
n(M)=ne """,

Bnece W =qo(M), W =—-q@(M) — noreHunanbHble 3HEPrUM COOTBETCTBEHHO HOHOB U
SJIEKTPOHOB, HAXOIAIIUXCS BONM3HM Touku M; k — octosHHas BonbiMana.
CnegoBaTenbHO,
_ ~qo(M) /(KT _ +go(M)/(KT)
p,(M)=+gn.e , p.(M)=—gne : (35)

Takum o0paszom, 3amaua oTbicKanusi moteHimana (M) smekTpocraTMdeckoro mosis B

HOHU3HUPOBAHHOM I'a3€ IPUHHUMACT BHU/]
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Q gn, q9(M) _q9(M)
Ap=—=8,(M,M))+-—|e " —e " |, >0 npu r, —x© (36)

O O

C yuerom cBoiictB gensra-Qynkuun  O,(M,M ) sammmem 3agady (36), HCKIOUMB U3

paccmotpennst touky M = M npocrpancrsa:

2gn M
Ap = quhq(P( ), M=M,, ¢—>0 nopu r, —>o©. 37)
€, kT 0
YroOsl 3anava (37) Obula SKBHBaJICHTHA 3aa4e (36), aCHMITOTHKA peleHus 3anauun (37) npu
1
Finr, —> 0 MOmKHA MMETH BU @ ~ .

4dne, 1,
3amaua (37) HenuHElNHA, TaK KaK MpaBas 4acTh YPaBHEHUS HEIMHEHHO 3aBUCUT OT HMCKOMOM
yuxumn (M) . Onnaxo 3Ty 3a1a4y MOXKHO JTIMHEAPU30BATE, ECIIM OTPAHMIUTHCS MCCIIEN0BAHUEM
CITy4aeB JOCTaTOYHO BBICOKMX Temmeparyp, korma k71 >>qg@. DTo ycloBHE O3HAYaET, YTO

KMHETUYECKasi JHEPI'Hsl TEIJIOBOTO JBMKEHUS YaCTULl HOHU3UPOBAHHOTO T'a3a 3HAYUTEIBHO OOJIbIIE
UX MOTEHIMAILHOM 3HEPTUHU AJIEKTPOCTATUYECKOTO B3auMoieicTBUA. B aTOM citydae

5 30M) _ qe(M)

kT kT
u J'II/IHCapI/I3OBaHHa$I 3anaya (37) Oyzaer uMeTh BUJ
2
Ao = qk” o(M), M#M,; (38)
0
¢— 0 npu g, —> (39)
1
R —— opu 1,,, —0. (40)
4dne, r,,, o

Beenem C(bepI/IqGCKy}O CHCTEMY KOOPIHMHAT C LeHTpoM B Touke M . B cuiy ueHtpanbHOiM
CUMMETPHH 3aJIa4d UCKOMBIH moTeHIran (P OyneT 3aBUCETh TOJBKO OT PAHAaIbHON KOOPAUHATHI

=Ty, - Torna ypaBuenue (38) mepeiiner B 00bIkHOBeHHOE MU PepeHInaapHoe ypaBHEHHE IS

Gynxuan O(r):

1 d{ ,do 1
——| 7 41
r dr( drj ) (1
[TapameTtp 3amaun
D= SolfT , (42)
2q°n,

MMEIOIINI Pa3MEepPHOCTh JUTMHBI, HA3bIBAIOT JA€0ACBCKUM PAMYCOM SKPAHUPOBAHUS, MOCKOJIBKY B
1923 roxy II. JleOaii BmepBbie BBEN TaKOW MapaMeTp B TEOPHH SJIEKTPOJUTOB, KOTOPYIO OH
pa3zpaboTasl COBMECTHO € D. XIOKKEIIEM.

3 dy do
CrenaB 3aMeHy MCKOMOM QyHKIMU Y =71Q, r =o(r)+ rd— npeobpasyeM ypaBHEHHE
r r
(41) x BUY
1 d( dy 1
F—t—r =—0q(r),
Ny ( 5. e )j 7 P0), mm
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]/- (p(l") l"dr 257,I/IHI/I
i Z]—+rcjl\y ((p(r)—l—r%j =§\|},OTCIOI[21
dy 1
——wv=0.
dr’ Dzw

r/D

-r/D
+Be COACPIKUT MABC IPOU3BOJIBHBIC

OO0lee pelieHre 3TOro ypaBHeHus Y = Ae
KOHCTaHTHI A u B.
Bospammasce k Gpynkmun O(7) , Haxoaum obimee perenne ypapaenus (41)
(P — é -r/D + E r/D )
r r
N3 ycnoBust (40) yObiBaHMs TOTEHITMANA HA OECKOHEYHOCTH CJIEAYET, YTO KOHCTaHTa B paBHA
—-r/D

HYJIIO, 4 BBIPAXCHUC JJId MOTCHIIMAJIa UMCCT BU (P =—e€
r

r
Paznaras OKCIIOHCHTY B pAd IO CTCIICHAM B , [IOJIy4acm

1({rY A A Ar A
Y PR L IO e S — = +u(r). 43
o) = r D 2(Dj r D 2D? r ) ()

3mece V(7)) mpencraBiseT co0oil TOTEHIMAN TOJS, CO3JABAEMOTO 3apSHKEHHBIMHM YaCTHIAMH

MOHU3UPOBAHHOIO Ta3a B TOUKE M, HaXOASIIEHCs Ha PACCTOSHUU ¥ OT TOYEHYHOTO 3apsiaa Q.
Vuuteias acumntotuky (40) ¢ymkmuum @(7) mwpm » — 0, onpenenseM KOHCTaHTY

A= 2
4re,

Takum 00pa3zoM, MOTEHIUAN IEKTPUYECKOrO MOJS TOYEYHOro 3apsiia (J, MOMEUICHHOIO B
MOHU3UPOBAHHBIN I'a3,

o(r)=—2- ¢ (44)

dne, r

Ipu n, —> 0, T.e. B OTCYTCTBHE 3apsDKCHHBIX YaCTHI] HOHU3HUPOBAHHOTO Ta3a, W3 BRIpOKCHUS (42)

cnenyer, uto D —> 00, u u3 popmynsl (44) monydaem (GopMyily HOTEHIHAIA HOJS TOYEYHOTO
3apsana O B BaKyyMme
P, (r) = : (45)
e, r
3aBucumoctu (44) u (45) onuCHIBAIOT KAYECTBEHHO DPA3JIMYUMBIE IO XapaKTepy YObIBaHUS
MMOTEHIMAJIBI KOPOTKOJACHCTBYIOIIETO U JAIBHOIEHCTBYIOIIETO MOJIeH (PUCYHOK 4).
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Pucynok 4 — KopoTtkoaeiicTyroliee 1 JalnbHOAEHCTBYIOLIEE OIS

Ananus pemenus (44) mokasbpIBaeT, 4YTO BJEKTpUUYECKOE Iojie 3apsaa () NpPOHUKAET B
MOHU3UPOBAHHBIM Ta3 JUIIb Ha PACCTOSHUE MOpsAJKa /1e0aeBCKOro pajuyca SKpaHUpoBaHus D.
Takol KOPOTKOJIECUCTBYIOIIMI XapaKTep 3JEKTPUYECKOrO IOJs B MOHU3UPOBAHHOM Ta3€ BbI3BaH
SKpaHUpPOBaHUEM (KOMIIEHCAlMe) MOJisi MOJIOKUTENbHOTrO 3apsiaa (0 «o01akom» OTPHULATENBHO
3apsKEHHBIX YaCTHUL], OKPYXKAIOIIUX 3TOT 3apsl.

JleGaeBckuil panuyc D xapakTepusyeT Takke 3(Q(EeKTUBHBIA pa3Mep IPOCTPaHCTBEHHOM
obnactu, TJe Hapyllaercs JIOKaJbHOE YCIOBHE HEUTpaJdbHOCTH, T.€. pa3sMmep objactu
HEKOMIICHCUPOBAHHBIX OOBEMHBIX 3apAN0B, TAE /1. > 1 .

Ecnu HapylmieHue HEUTPaJbHOCTH TOJ JCMCTBHEM JJIEKTPUUYECKOTO IMOJS MPOUCXOJHUT B
MaJioll TI0 pa3MepaM 00JIaCTH MPOCTPAHCTBA, TO MOHU3WPOBAHHBIM Ta3 HA3BIBAIOT IJIA3MOU. DTO

03HAYaeT, 4TO JUIA IIa3Mbl BBINONHSAETCA ycaoBUe KBasuHelTpansnocty D << L =A/V  rne L —
XapaKTepHbIN pazMep 00J1acTH, 3aHATOHN U1a3Moi; V' — o0beM 3Toil obiacTu.

I'naga 2. METOJI HTHTEI' PAJIBHBIX IIPEOBPA3OBAHUM

WuTerpanbHpIM  TIPeoOpa3oBaHUEM C  SIPOM K(x],xz,...,xm;y],yz,...,ym) Ha3bIBAIOT
npeoOpazoBaHue BUIA

II(S)...If(x],xz,...,xn )K(x],xz,...,xm;y],yz,...,ym)x dx dx,..dx, (m < n), (1)
KOTOPBIM (yHKIMK [ (x],xz,...,xn) 1 TEPEMEHHBIX X,, X,,..., X, COINOCTaBIAETCS (QYHKIHS
LV Ysoees¥, X, X sesX,) M TICPEMCHHBIX 7,, ¥ys...s ¥, M N — N1 TEPCMEHHBIX X

b ., X, IpeACTaBIeHHas uuTerpanom (1).

m+2°°"°

Bcesikoe HWHTETPAIIHHOE npeoOpa3oBaHue OTIPENIETISCTCS: SIIPOM
K(x] 5 x2 seeey xm , 'Y] 5 'YZ seeey 'Ym ) . O6J'IaCTBIO S HHTGFpI/IpOBaHI/Ifl U MHOXCCTBOM (D (bYHKHHI)’I
f(x] 5 x2 sesey xn ), K KOTOpBIM OHO HpHMCHfICTCfI. qTO6I)I 3a1aTb KOHKpCTHoe I/IHTCFpEUII)HOC

npeoOpa3oBaHne, HAJI0 yKa3aTh BCE 3T JIaHHBIC.
[IpeoGpasoBanue, KOoTOpeIM  QyHKIMS [ (y N R S R SN ,...,xn) CHOBa

npeobpasyercs B QyHkimmo  f (x],xz,...,xn), Ha3bIBACTCS OOpATHBIM  UHTETPATHLHOMY

npeobpaszoBanuto (1) umm mpocto oOpaTHbIM npeodpazoBanueM. [Ipu s3Tom camo mpeoOpa3oBaHue
(1) HasbBatoT mpsiMbIM. OTMeTHM, 4YTO o0OpaTHOe mpeoOpa3oBaHHME HE BCerja sBISETCS
UHTETPATHHBIM.
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[Ipenensl MHTErpUpOBaHUS IpU IPeoOpa3OBaHMHU, CIEAYET BbIOpaTh TakK, 4YTOObI OHU
COBIAJAIU C IpeJeslaMu (a,b U3MEHEHUs TIEPEMEHHON NpeoOpa3oBaHys X,, TAK KaK MHa4e JIM0o

He ObUIM Obl yYTEHbl 3HaUEHUS IpeoOpa3yemMbiX (YHKIMI BHE MHTEpBajia HHTETPUPOBAHUS, JIUOO
MHTErpUPOBAHUE PACIPOCTPAHAIOCh Obl Ha 00JaCTh, B KOTOPOM mpeodpa3zyeMble QYyHKIIUH MOTYT
ObITh HE oImpeneieHHbl. TakuMmM 00pa3oMm, eciyd IMepeMeHHas NpeoOpa3oBaHUs HM3MEHSETCS B
KOHEYHBIX NpeJeNiaXx, TO U HMHTerpajbHOe NpeoOpazoBaHue OylAeT MMETh KOHEUHBbIE MpEIeNbl, B
IIPOTUBHOM Cllydyae MHTErpajbHOE MPeoOpa3oBaHue JAOJKHO ObITh OCYIIECTBIECHO B OECKOHEUHBIX
npenenax.  COOTBETCTBEHHO  Pa3iMYyalOT  KOHEYHble U OECKOHEYHbIe  HHTErpajibHbIe
npeoOpa3oBaHMUsL.

[IpeobpazoBanuss @Dypre wu Jlammaca oOTHOCATCS K OECKOHEUHBIM HMHTETPATBHBIM
peoOpa30BaHUSIM.

2.1 UnTerpanbHoe npeodpasoBanne ®ypnbe

OpuuM u3 >PQGEKTUBHBIX METOJOB pEIICHMs 33/Ja4 MaTeMaTHU4ecKOW (PM3HKHU SBISETCS
HHTerpaiabHOoe mpeodpazoBanue Pypbe, ¢ HOMOIIBI0 KOTOPOTo KpaeBasi 3a7aya CBOJAUTCS K 3a/1a4e C
OIEepaTOPHBbIM YPAaBHEHHEM OTHOCHUTEIBHO M300pa’keHus (PYHKIUU HCKOMOTO pelleHus. Permenue
TAKOro OINEPATOPHOIO YpPaBHEHHUS IOJIY4aeTCsi 3HAUUTEIbHO MPOILE, YEM pEUICHUE YpaBHEHHS
3aJJaHHOM KpaeBoil 3agaud. B paccMaTpuBaeMbIX HHKE OCHOBHBIX 3a/ladaX MCCIEAYIOTCA
MaTeMaTUYEeCKHE MOJEIH, B KOTOPBIX UCKOMbIE (DYHKIIMH 33JaHbl B PA3JIMYHBIX IPOCTPAHCTBEHHO —
BPEMEHHBIX 00JIaCTAX C Pa3IMUHbIMU HAYAJIbHBIMU U KPAE€BBIMU YCIIOBUSMH.

Korma dynxmus [ (l‘) ompeesneHa s BCEX ACHUCTBUTEIbHBIX 3HAYEHUW [, BBOJMTCS
npeobpazoBanue Oypne

npsvoe: F(p)=—— Te™ f(t)dt 2)

fe" F(p)dp (3)

obparHoe: f(t):\/ﬂ

B 3aBucuMoCTH OT TOTO siBasercss mu QyHKims f (l‘ ) YETHOM WM HEYETHOM, BBIICIISIIOT

COOTBETCTBEHHO KOCHHYC — IpeoOpazoBanme Dypbe

psAMOE: F(p) = %TCOS pt- f(t)dt 4)
TTO
obpatHoe: f(t) = %TCOS pt- F(p)dp (5)
o
U cHHYC — npeoOpazoBanne Oypre
psAMOE: F(p) = %Tsin pt- f(t)dt (6)
T O
obpatHoe: f(t) = %Tsin pt- F(p)dp (7)
o
[Ipu pemennn 3a1a4 HEOOXOUMO 3HATH CBOKMCTBO AU hepeHInpOBaHNS OPUTHHAIIA.
Ecnu f(l‘) OpUTHHA, f(l‘) - F(p) = L+Iooe_iptf(l‘)a'l‘ , TO (yHKIMSA F(p)

HenpepbiBHA Ha P ER n 1)13.} F(p) =0. Torma f'(l‘) - ipF(p), f"(t) — (ip)2 F(p),
£9(e) > () F(p).

JIeiiCTBUTENBHO: 110 ONpPEAENeHuo | '(l‘) —>F ( p) = % Te f '(l‘)dt :
.
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B03bMeM 3TOT MHTETPAI MO YaCTAM, TIPH 3TOM YYHTBIBAEM, YTO QyHKIUsS | (l‘ ) OTPaHHUYEHa,

re. f(Eo0)=0u|T f(t)dr

2.2 llpuMeHeHNEe HHTETPAJIbLHOTO npeodpazoBanusi Dypbe K pelieHuIo 3a1a4
[Tonw3ysick MHTETpaIbHBIMHU ITPe0OpazoBaHusIMU Dyphe, PEIIUTh CICTYIOIINE 3aa4H:

3aoaua 1. B nonymnockoctu D = {(x,t): —00 < x <00,f> 0} u,= azuxx (8)
HaYaJIbHbIE YCIOBHS u(x,O) = (p(x), u, (x,O) = \|l(x). Q)

<0

Pewenue: ®ynkuns u(x,t ) 10 IEPEMEHHON X YIOBJIETBOPSET YCIOBUSAM MIPeoOpa3oBaHUs
Dypee u(x,l‘) — U(p,l‘). Hmeem u(x,O) — U(p,O), u, (x,O)—) U, (p,O). Huddepenunpys
JBaXIBI 110 IEPEMEHHON [ TpeoOpa3oBaHKe u(x,l‘) —->U (p,l‘), nosnyyaem U, (x,l‘) —->U, (p,l‘).
ITo cBoiicTBy au(depeHnpoBaHUs OPUIUHAIA IPH YCIOBUH, YTO u(i 00,1 ) =0, u, (i 0, t ) =0,
HAXOIUM U _ (x,l‘) - —sz(p,l‘).

Torpaa 3anayga (8), (9) B mpocTpancTBe N300pakeHUN TPUOOPETAET BU:

U,(p.t)=~a’p*U(p.1)
U(p.0)=(p),
U,(p.0)="¥(p).
rae CD( p), LP( p) — UHTErpaJibHbIe IpeoOpa3oBaHus QyHKIUU (p(x), \V(x), COOTBETCTBEHHO.
Pemenune B mpocTpaHcTBE H300paKeHUH BBITIISAUT CIEAYIOIIAM 00pa3oM:

¥(p)

U(p,t)=(p)cos(apt)+ ?sin(apt).

[lepexonuMm k opuruHaiy, npumeHss ooparHoe npeodbpazoBanue Oypoe:

u(x,t)= ﬁ _Of; e™ {CD(p)cos(apt) + %}‘f) sin(apt)}dp.

[Tonyyennoe pernieHue MoKeT OBITH IpeoOpa3oBaHO K Oojee ynoOHOMY Buay. /s aToro
BOCIIONb3yeMcs hopmynamu Ditnepa it GyHKITUN COS(apt) " Sin(apt). [omyanm
I = 1

1 - = p(xrar
)= 5] A= Tolpke s Talplerap |+

I[ 1 T‘P(P)ezm_m)d 1 T‘P(p)e*’(“”’)dp}.

2a|V2m = p P p

WuTerpansl B MEepBBIX KBaJIpaTHBIX CKOOKAaX MPEICTaBISAIOT cO00i (yHKIMH — OpUTHHAIIBI

f (x—al‘) u f (x+at). Bo BTOpBIX KBaJIpaTHBIX CKOOKax CTOAT 3HAY€HHs NEPBOOOPA3HOI
GyHKIMH () B TOYKaX X —al U X + Al COOTBETCTBEHHO, TAK KaK
d{ 1 =¥ e I =¥ 0, i [+ e
AL gy | = L P02 gy - L wplemap =1(2).
dz\2n—= p 2= p 0Oz 2 =
C ywerom oatoro monydaeM Qopmyny [amamOepa It ypaBHEHUS KoJjieOaHUs

ulx, ) = flx+at)+ f(x_at)+ix+jmf(z)dz.

2 2a x-a
3adaua 2. B nonymiockoctu D = {(x,t): —00 < x < 00,f > 0}
u, =a’u, +f(x1) (10)
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HaYaJIbHbIE YCIOBHS u(x,O) =0, u, (x,O) =0. (11)
Pewenue: ®ynkuns u(x,t ) 10 IEPEMEHHON X YIOBJIETBOPSET YCIOBUSAM MIPeoOpa3oBaHUs
Dypbe u(x,t) > U(p,t). Umeem fx,t) > F(p.t), u(x,0) = U(p,0),
ut(x,O) - U, (p,O), u, (x,l‘) —->U, (p,l‘). I[To cBo¥icTBY mu(PepeHIUMPOBaHUS OPUIHHAJA TIPH
YCIIOBUH, YTO u(i oo,t) =0, ux(i OO,Z‘) =0, Haxomum U (x,l‘) — —sz(p,l‘).
Torpga 3amaga (10), (11) B mpocTpancTBe H300paxeHui mpuoOpeTaeT BUI:
U,(p.t)+a*p’U(p.t)=F(p,t),
U(p,0)=0, (12)
U,(p,0)=0.
rne F' ( p,t ) — MHTETPAIBHBIE NPeobpaszoBanus GyHKiuu f (x,l‘ )

VYpaBuenue B 3amade (12) OTHOCHTENHLHO TIEPEMEHHOW [ — JUHEHHOE HEOJHOPOJTHOE
YpaBHEHUE 2-T0 NOPAJIKA, €T0 pelIeHNe

U(p.t)=U(p,t)+ U(p.1) (13)

o Oo01ee penieHne COOTBETCTBYIOIIETO OJHOPOIHOTO YPaBHEHHUS

U(p,t)=c(ple ™ +c,(ple™. (14)
YacTHOE pelIeHrue COOTBETCTBYIOIIETO HEOAHOPOHOTO YPABHEHHUSI

U(p,t)=c (p.t)e™ +c,(p,t)e. (15)

[IponssonbHble QyHKIMH C, (p,l‘) u c, (p,l‘) corylacHO mertony Jlarpanxka Haxogum M
CHUCTEMBbI

c/(p.t)e™ +ci(p,t)e™ =0,

() + el (pa)e = F(p.i)
iap

1

Orcroma ¢, (p,t)=— 2iap iei"’”F(p,r)dr . ¢,(p,t)= e F(p,t)dt.

2iap o

Torma yacTHOe pelieHue

~ 1 . .
Ulp1)= @ielap(t_T)F(p Qi Diap Je " F (p,t)dt =

(16)

= L}sin ap(t — r)F(p,r)dt.
apo

Toncrasmss (14) 1 (16) 8 (13), nosyaaem obmee pemenne sanawn (12)

U(p,t)=c,(ple™ +c,(ple™ + L:j)sin ap(t —1)F(p,t)dr. (17)
Orctoza e sazann (12) v i

U(p,f):éismap(z_r)ﬁﬂ(p,r)dr (1)

C nmomoristo obpatHoro npeodpazoBanus Oypobe, mosrydaem

u(x,t)= ﬁie”’" {i:{sin ap(t —1)F(p, r)}dpdr. (19)
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1 ¢« =1/, ,
TH u(x,l‘)= —J.dT [ ._(ezp(xw(t—r)) _ezp(x—a(t—r)) )F(p’ T)dp (20)
2a~/2n°  —=ip

PaccmotpuMm nHTErpan
x+aJ(_t—r)eipE_,dE-’ — i(eip(xwv(t—r)) _ eip(x—a(t—r)) ) (21)
x—a(t-1) l'p

[Toacrasnss (21) B (20), moxydaem

1 t x+a(t—1:) 1 o
ulx,t)=—1jdt | | — [e"™F(p,t)dp |dE. 22
(eot)= 1 ()(m (p.7)dp |dE (22)

[loCKONbKY F(p, ‘C) - f(&, ‘E) =

. 1 ¢ x+a(t—
YMeeT CIeNyIOIMI BUT; u(x, t ) = 5 [drt {
ao

alt—t

P03

3aoaua 3. B monymnockoctu D = {(x,t i—0< X <00, f > 0} u =au,_ (23)
Ha4albHOE YCIOBHUE u(x,O) = (p(x). (24)

Pewenue: Tlpumenum k QyHKUIUU u(x,t) o nepeMeHHol X mnpeodpazoBanue Dypebe.
[Tonb3ysck cBoiicTBOM Au(QepeHIupOoBaHUs OpUTHHANA TPU YCIOBUHU, YTO u(i oo, f ) =0,
u (£o0,t)=0, TIOJTy9HM u_(x,t) > —p°U(p,t), u(x,0) = o(x) > @(p),
u,(x,0)> U, (p,0).

3amaua (23) — (24) B mpocTpaHCcTBe HM300paxkeHui mpeoOpazoBanus Dypbe CBOIUTCSI K
3aaue

{U, (p.t)+a*p’U(p,t)=0,
U(p.0)=(p)
Vpasuenue B 3agade (25) umeer pemenune U ( p,t) = c( p)e_”zp i

(25)

[IpoussonbHyto ¢ynkimio C(p) HAXOOMM W3 HAYAIBHOTO yCIoBus 3amadd  (25):

c(p)=®(p). Toraa U(p.t)=0(ple "

[Ipumensist oOpatHoe npeodOpazoBanue Dypee:

1 o0 . 2.2
u(x,t)= N I e"®(ple " dp (26)

[Ton3ysich TeM, 4TO CD( p) =

! Te_lpx(p(x)dx , TIOJTydaeM

/2 _
1 © . 2.2 1 0 .

,t — ipx _—a“p-t —ip& d d

ulx1)=—=1 " (—% Te™o(8) aj p

wm u(x,1)= p TQ(E)IE Te 7 e ™) dp. (27)
TC - —o
[ToCKONBEKY Te " sin p(& — x)dp =0, TO

u(x.r) =L () Te " cos p(& ~x)dp = 0.

T
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Vn e(%) (28)
2a\/; .

[MoncraBnss (28) B (27), momydaeM perieHne UCXoaHou 3aaaun (23) — (24)
1 (x-2)

)=t e gleae

BHyTpeHHUI HHTErpa [ e cos p(& — x)dp =

3aoaua 4. B nonymnockoctu D = {(x,t): —0 < X <00, > O}

u, =a’u_+ f(x,t) (29)
HavaJbHBIE YCIOBUS u(x,O) =0. (30)

Pewenue: Tlonw3ysice mpeoOpazoBannem Dypbe dyHKIUM u(x,t) M0 TMEPEeMEHHOU X
u(x,t) > U(p,t), mmeem f(x,t)—> F(p,t), u(x,0)— U(p,0), u (x,0)—> U, (p,0).
VYuuTsiBas, 4TO u(i o, f ) =0, ux(i o, ) =0, no ceoiictBy audhepeHuupoBanns OpuruHana
HAXOIUM U _ (x,l‘) - —sz(p,l‘).

3anayva (29) — (30) B npocTpaHcTBE N300pakeHUI 3aMUIIETCS B BUJE:

U, (p,1)+a’p'U(p,1)=F(p,1),

{U( 2,0)=0.
rne F' ( p,t ) — MHTETPAIBHBIE NPeoOpaszoBanus GyHKkiuu f (x,l‘ )

(€1)

Pemenue ypaBuenus B 3aaaue (31) umeer Bua

U(p,t)= e (ie”z”sz(p, t)dt+ c(p))

N3 navanbHoTO yenmoBus 3anaun (31) Haxoaum, 4TO c( p) =0.
U(p,t)ze'”z”z’(})e"z”sz(p,r)dr. (32)

[Ipumensist oOpatHoe npeodpazoBanue Dypre:

u(x,z‘) = %_}; e’ (e‘azpzt (j)eazp“F(p, r)dt)dp :

\/15 _of;e"l"’x £(ox,)dx, o

1 t o . 2 2 0 .
u(x,t)= ol dufe" (’_T)dp(_{o e f(E, r)dg)

Tak kax F(p,l‘)=

i u(x,t)= ;—nidri f(E, r)d&ie"”z”z(’"T)+lp(x"§)dp . (33)

CnenaB mpeobpazoBaHue

o =8 ) (E-x)

—a’p’(t— DIE—Xx)=— r—1t— _ - _

ap ( T)“P(i x) (ap T 2a\/:j 4a2(t—‘t)

U BBOJS 3aM€HYy L=dapNit—T — M dp = ! d\\, HalileM BHYTPEHHHMI MHTErpal

2a\/z‘—r’ aNt—1

(33).
PaccmotpuMm nHTErpan
(x-&) (x-2)’
O 220 V(e 1 © 2 T, o0 TC T2,
J-eap(tr)zp( i)dp: J-eue4a(tr)d“: \/_ e4a(tr). (34)
— aNt—1— aNt—1



[Toncrasnss (34) B (33), momyyaem pemieHne ucxoaHoi 3agaun (29) — (30)

jd,[ T e_4(:2_(§zf) f(E.wT)dE_’ .

1
,1)=
u(x) 2a\mo NE—1

3adaua 5. B werseprhmnockoct D = {(x,t): O<x<oo,t> 0}

u =au, (35)
Ha4aJlbHOE YCIOBHUE u(x,O) =0, (36)
IPaHMYHOE YCIOBHE u(O, t) = u(t). 37)

Pewenue: JIns pemenust qaHHOUW 3a7a4ud BOCIIOJIB3yeMCsl CHHYC-TIpeoOpa3zoBanreM Dypbe
(6).

Wcnonb3ys rpanuunoe ycnoBue (37) u mpeamosaras, 4to (QyHKIUS u(x,t) u ee
MPOM3BOJIHAS IO X CTPEMATCA JIOCTAaTOYHO OBICTPO K HYIIO MpU X —> 00, HMEEM

u(x,O) - U(p,O), u, (x,O) - U, (p,O).

U (p,t)= \/%O(Ijum(x,t)sin( px)dx = \/%ux(x,t)sin( px) — \E p:fux(x,t)cos( px)dx =

0

~ —\P plu_(x,t)cos(px)dx = —\E p@(x,r)cos( px)| + piu(x,t)sin( px)dx}=
T 0 T 0

2
= \Epu(t)— p’U(pt)
Taxum oOpazom 3amava (35) — (37) B mpocTpaHCTBE N300pAKCHUI 3aITUIIETCS B BU/IE:

2 2 2 2
U,(p,t)+a’p’U (p,t)=\ﬁa pu(t),
n (38)
U(p,0)=0.

21‘ 2.2
Pelenue ypasHenus B 3aj1ade (38) umeer Bu U(p,t) = azp\/:Ie_” b (t_r)u(’t)d’t :
TTO

[Ipumensist oOpatHoe cuHyc - mpeodpazoBanue Oypoe (7), moryyum

u(x)l’) = az\/zofp Sln(px)dx(\/zj‘egzpz(tl')“(fc)dfcj — 2L}“(T)dfofe_a2pz(t_r)p Sln(px)dx —
T 0 o T 0 0

=] nz(f)T)dr [e-“zf’“’-” sin(p)|, - xfe 7 cos( px)dx]z
= %:{—nz(jl)dr?e‘”z”z(”) cos( px)dx

C yuerom wuHTerpaia (28) mnomydaeM pemienue wucxonHoil 3amaun  (35) — (37)

— X ! M(T) _4azx(zt—r)
u(x,t)—za\/g({(t_T)%e dt.
3aoaua 6. B nonynpocrpancrtee DD = {(x, y,l‘): —00 < X,y <00, > O}
u, :az(um+uyy) (39)

Ha4aJlbHOE YCIOBHUE u(x, y,O) = (p(x, y). (40)
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Pewenue: Tlpu penieHMH NOCTaBIEHHOW 3a7auyd BOCIOJIb3YEMCSl KPAaTHBIM (ABYMEPHBIM)
npeoOpazoBanreM Dypbe.
Takum oOpazom, umMeeM

o

u(x,y, )—)ancst =

T Te (wxroy) (x vt )dxdy

—0o0

)2

© 1 © . © .
u, (x,y,t) > (ﬁ)z J Je "l (x, y,1)dxdy = (2n] fe™™dy [e""u,(x,y,0)dx(41)
—00 —00 n —00 —00
V4uThIBas, 4TO u( o0, y,t ) 0, ux(i 00, y,l‘)=0 [0 CBOWCTBY mu(depeHMpoBaHys

OopuruHaljia HaxoIum
u_(x,0) > Te ™ u_(x,y,t)dx =—o’U_(0,0,1),
u_ (x,t) —-—'U, (0), G,t),

1

(v2n)

3amaua (39) — (40) B mpocTpaHCTBE N300paKEHUI CBOIUTCSA K 3a71a9€

{U, (,6,0)+a*(0* +6° W(w,0,t)=0,
U(w,5,0)=®(o,0).

Vpasuenue B 3anade (43) umeer pemenune U (OJ,G,t) = c(@) G)e—”z(wzwz ) _

u(x,y,0)= o(x,y) > ®(0,0) = Of; [l o(x, y)dxdy . (42)

(43)

[IpousBosibHYI0 (GYHKIUIO c(oo,cs) HaxoJMM U3 HayaJlbHOTO YycjoBusi 3anauu (43):
c(oo,cs)zd)(oo,cs).

Torma U(w,0,¢) = ®(w,0)e ). (44)
[Ipumensist oOpatHoe KpaTHOE npeodpazoBanue Dypre:

u(x, y,t)= ﬁi _Of;e‘i(“’“"y )CD((D,G)e‘”Z(“’Z“’Z Vdwvdo =
T

:L Te_aszHimxd(DTe_aZGZHiGde LT Te_i(mCJrcn)(P(E_,,n)dE_,dn — (45)
2 = IEE

41 -1 To(gn)dedn | e el fe e,
n —00 —00

Tak Kak T e o) gy = N g da , (46)
i a \/;
(y—n)’
T —a*ctr+ic(y- T
.[ e (v Tl)d@_ \/_ e 4a’t . (47)

I "l

[ToncraBnss (46), (47) B (45), momydaem pemienue 3aaauu (39) — (40)
(x=€)’+(y-n)’

(et = Lde 7 glEm)Edn.

3aoaua 7. B wactu npocrpanctea D = {(x, y,l‘): —0 < x<©,0< y<oo,t> O}
u, :az(um+uyy) (48)
Ha4aJlbHOE YCIOBHUE u(x, y,O) =0, (49)
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IPaHUYHOE YCIOBUE u(x,O,l‘) =f (x, y) (50)

Pewenue: Hcnonws3ys  npeoOpa3oBaHue d)ypbe nMeeM +oo y, =

ux(i OO,y,z‘)z 0, u(x,y, )—) U(oo c t) e I (\/7]u(x y,t sm(csy)dy]

u_(x,y,t) > -0’Ulo,c,t), u,(x,y,t) > U, (0,0,t),

uyy(xay»f)_) ﬁigiw(\/ijuw(x ».t Sln(Gy)dy]

C yuetom

2. . 2 .
U, (0,0,t)= \g fu,, (x, y,1)sin(cy)dy = \guy (x,,)sin(cy)

’

—\EGT%(JC, y.t)cos(cy)dy
T ©

0

= —\/ZGTuy (x, y,t)cos(csy)dy = —\/Zcé(x, y,t)cos(csy)‘: + GTM(X, y,t)sin(csy)dy}z
T o T 0
_ \/chf(x,t)— o U(00.0.1)
T

TOJyduM U (x,,t)— ° Te"i“’xf(x,t)dx ~6’U(w,0,t)/
T -

3amaua (48) — (50) B mpocTpaHCTBE N300paKEHUI CBOIUTCSA K 3a71a9€

2
U (0,0,0)+a* (0’ +0° U(w,0,1) = a° Te™ f(x,t)dx
T -

(5D
U(w,5,0)=0.
Pemenue ypaBuenus B 3aaaue (51) umeer Bua
2
a o: 2( 2, 2 0 .
Ulw,0,t)=—]e" ot +07)i-0) g e f(x,t)dx . (52)
T o0 -
[Tpumensist oOpaTHOE npeo6pasoBaHHe ®Dypsbe:
| =a’c
u(x, p,t) = —— fe ™ \f L0 ferelotolin) gy Je f(&,7)d [sin(oy)dodo
A2 = To T 0
a2 —am(tr+1cox acotr
uma u(x, y,t )=— Jdtje doojcse sin(ay)do | f(a T)dé (53)
T -0
(x-¢)’
0 2 2 . TC Y7
Tak xaK J- e—a ® (t—r)+1co()c—§)a](D — \/_ e 4a*(t-1) , (54)
- aNt—1
yZ
o0 2 2 \/E T2
[ e cos(oy)do =————¢ *(7) (55)
- 2a~t -1
)/2
PR (e T 4d%(1—
f ) cos(oy)do = wn e i) (56)
0

4a’*(t - r)%
[MoncraBnss (54) — (56) B (53), nomyuyaem pemrenue 3agaqn (48) — (50)
(x=&)f+y’

_ y ! dT * _4a2(t—r)
t)= :
ulx,y1)= 1 o S (& T)e
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2.3 UnTerpanbHoe npeodpa3osanue Jlaniaca

Crporoe Marematuueckoe 0OOCHOBAHHME ONEPALMOHHOE MCUUCICHHE IMOJIyYUJIO B paMKax
TEOpPUM HUHTETpalibHbIX INpeoOpa3zoBanuil. MHTrerpaibHoe npeoOpasoBaHue Jlamimaca MO3BOIHIIO
MHTEPIPETUPOBATh (QOopMalibHbIE IpaBWiIa NpeoOpa3oBaHUsl ONEPATOPHBIX BBIPAKEHUM Kak
npeoOpa3oBaHue aNredpanyecKux BHIPAKEHUH, CBA3bIBAIOLIUX N300paKeHUs PYHKLIUH.

[IpeoGpa3oBanue Jlammaca — 310 MHTErpajbHOE MpeoOpa3oBaHUE, KOTOPOE OINpPEAeseTCs
COOTHOLIEHUEM

F(g)=T1e f(t)dr (57)

OyHKIMENW — OpUTHHAJIOM MHTErpajibHOro mpeobdpa3zoBanus Jlamnaca Ha3bpIBaloT J100YyIO, B
o011eM cilyyae KOMIUIEKCHO3HAUYHYIO (DYHKIIMIO, YIOBJIETBOPSIOLIYIO YCIOBUSAM:

1) f(l‘)EO npu £ <0;

2) f (l‘ ) KYCOYHO HEIpEPBIBHA HA JIEUCTBUTEIBHOM OCH, T.€. OHA MOYKET UMETh Pa3pbIBbI
TOJbKO | pona, mpuueM KaKIblii KOHEYHBIH HMHTEpBaJl COACPIKUT JIUIIb KOHEYHOE YHCIO TOYEK
pa3pbIBa;

3) f (l‘ ) pu { — +00 MMEEeT OTPaHUYEHHBIN NIOKA3aTeIbHBIN POCT, T.€. CYIECTBYIOT TaKHE
M>0uc>0,uro |f(t) < Me* npnt>0.

Taxke UIMEIOT MECTO CIIEAYIONIUE COOTHOUICHMUS:

/)= g FE)-g" f(0)-E 1(0)=.= £7(0), (58)
F (&) ( )—) I f (t)(p(t — ’C)d’c — unrerpan Jloamers, (59)

&F(&)CD(&) - (I)f(t)(p;(t — ’C)d’c + f(t)(p(O) — popmyina J{roamerns. (60)

2.4 lIpuMeHeHNe MHTErPAJbHOr0 Npeodpa3oBanus Jlanjaca K pelieHnIo 3a1a4
[Tonp3ysch HHTErpAIBHBIME ITpeoOpa3zoBaHusaMH Jlamiaca, pemnTh CIEAYIONIIE 3aJa4n:

3a0awa 1. u, =u +a’u+ f(x) (61)
D= {(x,y): 0<x<mol<y< oo} IPAaHUYHBIC YCIOBHSI u(O,y) =u, (O,y) =0 (62)
Pewenue: @ynxuus u(x, y) 10 IEPEMEHHON X YJIOBJIETBOPSIET YCIOBUAM IIPeoOpa3oBaHUs
Jlamnmaca u(x, y) —->U (&, y). Huddepenuupys 1o nepemMeHHOH )Y mpeoOpa3oBaHue
u(x, y) —>U (&, y), noyrydaem U, (x, y) - U, (f;, y). [lo cBoiictBy aupepeHUpPOBaHHs

OpUTHMHAJIA [IPH YCIOBUH (58) HAXOAUM U (x, y) —EU (&, y).

Torza ucxoaHas 3a1a49a B IPOCTPAHCTBE M300paKeHHUit TpeoOpasyeTcs K ypaBHEHHIO:
U,(&y)-(a*+& (e y)=F(e) (63)
rae F (&) — HHTETpPANBHOE PeobpazoBanne GyHkiuu f (x)

Pelienye B MpOCTPaHCTBE M300PaKEHUIi BBITIISIUT CIELYIONIUM 00pa3zoM:
Uey)=cloet "~ T

& +a

Tak xak ¥ >0, 10 B cury Toro, uro U(&,y) —>0, {—> o, Torma c(y) =0, e

pemienue (63) mpencTaBUMO B BUIC

Ue.y)=--FE.

. 64
E+a’ (04
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F(g)

E_’2+a2

a
[peo6pasyem (64) ciaexyromum odpazom: U (&, y) =— —.
a

a 1 1 .
E_’Z = —sin(ag) , monyanm peurenue 3amaun (61) —
+a° a a

(62) u(x,t) = —éj f(x—E)sin(a&)dE. .

3a0aua 2. u, =u, +u+Becosx, D={(x,y):0<x<0,0<y<xf, (65)

C yuerom (59) u Toro, 4TO

IPaHUYHbIE YCIOBUS u(O,y) = Ae™, u, (O,y) =0. (66)
Pewenue: ®ynxuusa u(x, y) II0 IEPEMEHHOM X  YIOBJIETBOPSET  YCIOBUAM

npeobpazoBanusi  Jlamiaca u(x, y) —->U (&, y). Huddepenuupys 1o nepeMeHHOH Y

npeobpaszoBaHne u(x, y) —>U (&, y), nonydaem U, (x, y) - U, (f;, y). [lo  cBOMCTBY

nddepeHIrpoBaHIs OpUrHHANA IPH yCIOBHH (58) HAXOMUM U (x, y) —EU (&, y) —Ede™ .
Torza ucxoaHas 3a1a4a B IPOCTPAHCTBE H300paXkeHUit TpeoOpasyeTcs K ypaBHEHHIO:

l&@&¢4ﬁ+ﬁﬂéﬂ=£fu—@@”, (67)

— Bcosx.

rac 5
§ +1
Pemenue B npocTpancTBe M300paskeHUI BBITJISAUT CIETYIOIUM 00pa3oM:

. B Ede™
U(E,y)=c(y)el ™ - |
Tak xak ¥ >0, 10 B cury Toro, uro U(&,y)—)O, § — o, Torma c(y)=0, T.€.

B Ede™

pewenne (63) npeacrasumo B Buje U (&, y) =— + . (68)
& +1) &4
[Tepexons k opurnHaIam, MOJYyIUM pEIICHUE UCXOAHOM 3aaaun (65) — (66)
B .
u(x,t)= Ae™ cos2x — - xsinx.
3a0aua 3. u, =u_ +u — f(x), D= {(x,t): O0<x<w0<t< OO}, (69)
IPaHMYHBIE YCIOBUS u(O, t) =t,u, (O,Z‘) =0. (70)

Pewenue: ®ynkuns u(x,t ) 10 IEPEMEHHON X YIOBJIETBOPSET YCIOBUSAM IIPeoOpa3oBaHUs
Jlamnaca u(x,t) —->U (&,t). Hubdepenuupys 1o mepemMeHHol [ mpeoOpa3oBaHHE
u(x,l‘ ) —->U (&, y), noiyqaeM U, (x,l‘) - U, (&,l‘). ITo cBoiicTBy auddepeHIpoBaHUS
OpUTHHAJIA [IPH YCIIOBUH (58) HAXOAUM U (x,l‘ ) —EU (&, t ) —-&t.

Torma 3amaua wucxomHas 3agada B IIPOCTPAHCTBE HM300pakeHHH TmpeoOpaszyercs K
YpaBHEHHUIO:

U, (&)~ (& +1U(e.1)= €~ F(e). (71)
rae F (&) — HHTETpPANBHOE PeobpazoBanne GyHkiuu f (x)
Pemenue B mpocTpaHcTBe M300pakeHUH BBITJISIAT CIICTYIONAM 00pa3oM:

_ (2+])t 1 E_:t F(E.:)
U(E,t)=c(t)e™ " + (Ef +1)2 + e + Tl
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Tak kxax ¢ > 0, To B cuiy TOrO, 4TO U(&,t) —0, { > o, Torma c(t) =0, T.e. pemenue
A (3
e +1) & +1 g +1

1 |
> —> ~ XS X, NOJy4YUuM pELICHHUE

(63) npencrasumo B Buze U (&,t) = ( (72)

t
C yuerom (59) u Toro, 4o }— —>1cosx,

£ +1 (€2 +1)
samaun (69), (70) u(x,1)= ff(x —&)sin EdE +tcos x + %xsin X.

2.5 KoHeyHO-MepHbIe HHTErpajbHble MPeodpa3oBaHus
PaccmotrpuMm 3amady, moOCTaBIEHHYIO B HEKOTOpoul obmactu st auddepeHnnanTbHOro
YpaBHEHHS BTOPOTO TOPSI/IKA:

Mu = f, (73)
Mu=Mu+Mu, (74)
0’ 0
e Miu=a, L; +D, A yeu : (75)
OX; ox,

1
a M'u — Berpaxkenue, He conepkaiiee onepanuii 1udepeHIIPOBAHHS TI0 X,.
3amaua Ui HAXOXICHUS s/Ipa MHTETPaJbHOTO TMpeoOpa3oBaHus CBOAUTCS K BHAy (76) —

(78): B
ipa—K—ql?+x2pl?=0, (76)
ox,  Ox,
[ 0K,
o, = -B.K, =0, (77)
[ 0K, | _
_aba—xi+BbKY x_b:(), (78)
- j %[%—b,. ]dx,-
e plx)=e 7 plx)=a,p(x,). qlx,)=—cplx,).
Anpo unTerpansHOTO MIpeoOpazoBanus ais 3anaqu (76) — (78) npencrasneno B Buze (79):
1 _
K(xl.,y)zc—p(xl. )K(xﬁy)’ (79)

Y
rae Cy — (yHKIMSA OT aprymMenTa y OyJeM Ha3biBaTh HOPMUPYIOIIUM AeiuTeneM, a K (xl.,y) -

pemnenue 3anaqu (76) — (78).
HOHBITO)KI/IB NpeaAbIAYINUEC PE3YIbTAThI, Haﬁ):[eM, 4YTO IIPU BO3MOXKHOCTHU BBINIOJIHCHUA

MHTETPAJIbHOTO TIPe0Opa3oBaHMsl MO MEPEMEHHOH X,, M3MEHSIOIIEHCS B KOHEYHOM MHTEpBAlIE
(a,b), ypaerenne Mu = f mpeoGpasyercs k BuIy

’_ -
Mu-Au=f+N,-N,, (80)
rae ¥ u f — uHTerpanbHble npeoOpasosanus Gyskuuit ¥ u f,a N, u N, — Qynxuun, Bug
KOTOPBIX ONpPENEISAETCS YCIOBUSAMH, 3aJaHHBIMH II0 KOOPJAMHATE€ X, B TPaHUYHBIX TOYKAX

UHTEpBasa (a, b) :
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1 _
—p(a)Ky (a)(Pa npu a’a # O’
_ C,a,
N = _
‘ 1 oK
—pla)—"1,, 0, mpu o,=0, B, =-I
C, ox,
i e (81)
—p(b)l?y(b)q)b npu ab # 09
o Cyocb
N, = _
1 oK,
—p(b) |x,:b o0, npu o, = 0, Bb =1
C, Oox,
IIpu ycnoBuu neproIudHOCTH 110 KOOPAMHATE X, : N . N ,=0.
Takum o0Opa3omM, pelieHne 3a1auu:
0’ 15;
Mu= 3 a - +§ba—u+c(ai/.:aﬁ) (82)

wio P Ox,0x, <0 " ox,

C Y4eTOM HaWJEHHOTO SiJjpa UHTETPaJIbHOTO Mpeodpa3zoBaHus umeet BUJ (83)

u(x,,y)= SUW.Y)K(x.7). (83)
rae U(v,v) = fu(x,, K (x,, v)p(x, ;.

3aoaua. Tpebyercs HaliTh Temmeparypy OSCKOHEYHOTO KPYIJIOrO LUWIMHIApA pamuyca 7,

2
r
€CJIM €r0 HavYalbHas TEMIEepaTypa u(r,O) =U,|1-—|.

r()
Ou 0’u 1 0u
Toects — =a’ —+—— [, 0<r<y, (84)
ot or- r ot
['paHn4HOE yCIOBHE: u‘r:r =0. (85)
]"2
HauanbHO€ ycoBHe: u‘t_o =U, (1 ——zj =U. (86)
. 7

Pewenue: Uckmounm nuddepenimanbubie onepauuu o 7 us (84).
o’u 10u , a’ ,
~t——1.a,=a,b =—,c=0, p(r)zr, p(r)za r, q(r)zO.
or- r ot r
Anpo npeoOpazoBaHus, MO3BOJIAIONIETO UCKIIOUYUTH AU depeHInaabHble onepanuu mo 7,
YIAOBJIETBOPSIET YpaBHEHUIO beccens

M u =a2(

gazra—K+7fﬂ?=O, aK—l-la—K+K—I?=O (87)
or or o’ ror a’
K|l =0. (88)

r=r,

Pemennem ypasnenus (87) ssusercs Gpynkuus beccens J|, (7" rj . Ucnonb3ys rpaHnyHOE

YCIIOBHE TIPH 7' = 7, IPUJIEM K YPABHEHHIO
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Jo(ﬁroj _o. (89)
a
w, _ A

g

n

[Monoxum W, =
a

Kopuu ypasHenus (89) A, mpOoHyMepOBaHBI B IOPSAKE MX BO3DPACTAHHS, OINPELCISIOT
cobcTBeHHBIC uncia 3anaun (87), (88).
x, j
r,
rO Y rO
r’ A T r’
’ n _ ’ 2 2
¢, =S )| =} 5

= A — 1
[pumem Ky(r)z.]o( "VJ, K(V»”):F”Jo
Ipumenns B unrepsane O <7 <7, uHTErpansHOe MpeoOpasoBaHUE C HAWJCHHBIM SIPOM,

npuBeneM 3aaauay (81) — (83) k Bumy (90), (91)

ou

—=-\N1u, 90

at n ( )
ul_,=U, 91)

riae U — cootBercTByIoniee uuTerpaibHoe npeodpasosanue pyuxuun U .

r v 1 7 2 Ty 2U
U=—IUJ (“ rjdr—T-Uoj(l—szrjo(u”rjdrz e
rO rO J] (l"ln) 0 rO rO rO J] (l"ln)

er —LZVIOWJO a1l dr =38L.
7o 7, wJ (1)

2.2
_Haa
2
)

t

Pemenne 3agaun (90) mpencraBumo B Buge U = C€

8U,
W3 HaqasbHBIX YCIOBUM C = Y
l"l n Jl (l"l n )
Takum oOpazom, pemenue 3aaauun (91) — (83)
r
VARSI
,"l’ﬂa
7’ T2 !
u(r,t)=8U, 510 L g s
REITWA(TE
I'naga 3. COEPUYECKHUE ®YHKIMU U UX ITPUJIOKEHUS K PELIEHUTO
KPAEBBIX 3AJTIAY
3.1 CuMMeTpHMYHOCTHL M HeOTPUIATEeJIbHAS OINpeJeJeHHOCTh omeparopa Jlamnaca-
BeabTpamu

Llenpto aHHOTO IYHKTa SIBJISIETCS MOCTpOEHHE Cc(EepUyecKUX M IIapOBbIX (YHKIIHH,
KOTOpbIE HCIOJBb3YIOTCSI IPU pPEUICHUH KpaeBbIX 3a7ad Julsl ypaBHeHus Jlamiaca B o6nacTsx,
oOnanaroumx chepuueckoi CUMMeETpHei, HaIpumep, B 1apOBOM cioe

B, \B, ={x:R <]|<R}c R’
2 1
[lepeiinem B cdepuueckre KOOPAWHATBI W paccMOTpuM au(depeHITHaTbHBIA OTIepaTop
Jlannaca-benpTpamu
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10 9 16
—A =_ —|sin@—e |——————e 0;27|, Oel|0;m|,
00° sin@@@(sm ae'] sin>0 09" pel0:2r], Oelor]

NeUCTBYIOMKA Ha (YHKIUW, 3aJaHHBIE W JABAXIbl HENPEphIBHO AuddepeHmpyeMble Ha
eIMHIYHOI chepe S°.
Teopema 1. Oneparop Jlamnaca-benpTpaMu CUMMETPHYEH U HEOTPHUIATEIIBHO OTIPEICTICH:

1) ”Aw,eu -vds :J'J.umds;
s? s?
2) ~[[ A, v-¥ds20.
©

Cneocmsue 1. CoOcTBeHHbIE 3HaYeHHs omeparopa Jlamnaca-benbTpaMu HEOTpHULIATEIbHBI.
CoOcTBeHHbIC (QYHKIIMH, OTBEUAIOIIHNE PA3TUIHBIM COOCTBEHHBIM 3HAUYCHUSIM, OPTOTOHAIIBHBI.
3.2 CobcTBenHble pyHKIMU onepaTopa Jlanjaca-beabTpamu

Haiinem  coOcteennsie  ¢ynkumn Y, (9,0)eC? (Sz) omepatopa  «—A ,»:
—A, oY, (9,0)=2%Y,(9,0).

[IpousBenem paznieneHue NepeMeHHbIX, TO €CTh OyieM UCKaTh COOCTBEHHbIE (QYHKIIMH BUAA
Y, (0.0)=2(0)Z(0):
! i(sineiz(e)]qs(q))_ 2(0)-2-0(p) = 2°2(0) 0 (9).
sinf do do op
13 rnaaxoctu Gyrkunn Y, (¢,0) cnenyer, 4ro Z(G) eC’ [O;n] u @(p)eC? (S]) ,rae S'
- GJIMHIYHAs OKPY)KHOCTE (T0 ecth @ (@) e C*[0;27] o (0)= ¥ (27), k=0,1,2).

1

sin®

2
Hanee motpedyem, 4TOOBI (yHKITUS @((p) Obl1a COOCTBEHHOM ISl OTepaTopa « — d =
cosnp, n=>0
TakumMu  QyHKUUSMU ~ SIBJISIFOTCS D, ((p) , neZ: D, (q)) =9 . , [IpUYEeM
sin |n o, n<0
L0, (p)=r',(¢).
de
Takum 00pa3zom, TPUXOAUM K CIEAYIONIEMY YPaBHEHUIO:
1 d(. . d AU,
—— —(s1n9—Z(9)]+#:lzZ(9). (1)
sinf df do sin” 6
W3 Bcex pelieHuid 3TOro ypaBHEHHsI MHTEPEC IMPEICTABIIAIOT JHUIIb (YHKIMH M3 Kiacca
N [0;7].

Jlemma 1. JIns (GUKCUpOBaHHBIX # M A HE MOXET OBITh Oojiee OJHOTO  JIMHEHHO
HE3aBUCHMOTO peleHns ypaaenns (1) u3 knacca N'[0;7].

Jloxazamenscmeo nemmor 1. 3anumiem Qopmyiy JIuyBuas juis onpeneautens BpoHckoro
y Jinys P p
W (0) nByx pemennii Z,(0) u Z,(6) oGeikHOBeHHOTO s depeninatbHoro ypapaenns (1):

Z(0) Z,(0 0
|7 2 )ZW(,[/Q).GXP(_ Jaggdgjzw_
Z (0) z,(0) S sin 6
JUIst JIMHEHHO HE3aBUCUMBIX PEIICHUIM W(ﬂ' / 2) # (0, ciemoBarenbHO, BPOHCKMAH HEOTPAHHUYEH B

okpectHocti Todek @ =0 u 0 =7, uTo HEBO3MOXKHO B ciydae, korxa obe dynkuun Z, (0) u

Z,(0) nenpepbiBHBI Ha oTpe3ke [0; 77| BMecTe CO CBOMMIE IPOM3BOIHBIMHE IIEPBOTO HOPSIIKA.
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ChenaeM 4acTo NPHUMEHSIONIYIOCS TpH paboTe B cPEpUYECKHX KOOPAWHATAX 3aMEHY
MePEMEHHBIX: ¢ =C0S6, te[—l;l]. Torna oneparop muddepenimpoBanus 1o € mpeodOpasyercs

CIIETYIOIHM 00Pa3oM: %o =—sind——. Bpoas o6o3Hayenue Z (Q(t)) = X (), nomydaem Juis

te
2

dymcwnn X (1) ypasierme %(—sinze(t)-%X(t)]+sin?—9(t)X(t) 22X (1) wm
W d? d .o B
(1-¢ )?X(t)—2tEX(t)+(i —l_tsz(z)_o 2)

Jlemma 2. HerpuBnanbHoe pemieHue X (t) ypaBHEHUs (2), YIOBJIETBOPSIOIIEE YCIOBUIO
Z (9) =X (COSZ‘) eC' [O;n], sBIsIeTCs b0 weTHo#  ymkimeit (korma X (0)#0),  ymGo
HedeTHOM pynkimeit (korma X (0)=0).

Jlokazamenvcmeo nemmel 2. 3aMe€TUM, YTO ypaBHEHHE (2) MHBAPUAHTHO OTHOCHUTEIIBHO
3aMEHBbI ¢ Ha —t, cle0BaTelnbHO QyHKIUS X (—t) TaKKe SIBJISETCS PELIEHUEM TOro ypaBHeHHUs. 1

u3 seMMBI | noydaem, uro X (1) =aX (—t), rae a - nocTosHHas.

Ecmu X (0)#0, 10 X (0)=aX(0)#0, 10 ectb ar =1.

Ecmu X (0)=0, 10 X'(0)#0, rak kak dyHKuus X (f) OTIMYHA OT TOKACCTBEHHOTO HyJISL.
Crenosarensro, X'(0)=-aX'(0)#0, orkyzna monydaem, 9ro o =—1.

DTa 1eMMa Mo3BOJIET OOCYANTH B3aUMOCBSI3h YUCET 7 U A .
Ymeepowcoenue 1. Ecnm 1yis maHHBIX n U A CYIIECTBYET HETPUBHAIIBHOE perieHue X (t)

ypaBuenus (2), ymosuerBopsiomee ycnosuo Z(0)=X (cosf)eC'[0;x], To BBIOIHSETCS

HepaBeHCTBO 1° < A,
Jlokazamenvcmso ymeepoicoenus 1. JJomycTHM TIPOTUBHOE: [T JAHHBIX 7 U A CYyIIECTBYeT

HeTpuBHanbHOe pemenne X (1) ypauenus (2), npuueM Z(0)=X (cos)eC'[0;7] u n® > A%
Torzna u3 pasencrsa X''(0) = (n2 . ) X (0) cuenyer, uro Bropas npoussozHas X" (0) umeer T0T
K€ 3HaK, 4To U X (0) . Jlanmee paccMoTpuM J1Ba Ciydas.
1) X(0)=0. Torma X'(0)# 0, u ciegosarensHo, cymectyer uncio ¢ €(0;1) Takoe, 4ro
X(e)X'(e)>0.
2) X(0)#0. Torxa, cormacHo nemme 2, GyHkiust X (¢) SBISCTCS YETHOA, MOYTOMY TOUKa
t =0 sBisiercs GO TouKoit MunnMyMa ipi X (0)>0 (X”(0)>0), mGo TouKoil MaKCHMyMa IIpH
X(0)<0 (X"(0)<0). CenoBarensHo, B 9TOM Cclydae Takxe cymectyer ¢ €(0;1) Takoe , 4to
X(e)X'(e)>0.
Urak, X (¢)X'(&)>0, Ho u3 ypasHenus (2) BeiTekaer, uro X (1) =0, uHaye npon3BoHas
X'(1) oGpamanace 661 B Geckoneunocts (n’ >A*>0, 1o ects n’ #0). CuenoBarensHo, Ha
unrepsane (0;1) ecTh TOYKa f, MakCHMyma HIM MHHHMYMa, B Kotopoi X (¢,)X"(f,)<0, uro
£ we2(1-g)

? (to) (1—1‘5)2

HEBO3MOJKHO B CHWIy ypaBHeHus (2): X(1,), Tmak xak 1O

npesnosoxkenuio n’ — A’ (1 —t(f) >n*-A1%>0.
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EcCTeCTBEHHO 3a/aThCs BOMPOCOM, CYIIECTBYET JM NpH AaHHRIX n u A (n° <A%)
HeTpHBHANbHOE pelenne ypasHenns (1) m3 xmacca dymkumii N°[0;7]. Bes nokasarenbcrsa

MpHUBENEM CJCIYIOIU pe3ynabTar: ypaBHeHHe (1) MMeeT pemieHHe TOJBKO TPH CIIEIYIOLINX
sHaueHnsX napamerpa A: A* =A} =k(k+1), ke Nu{o0}.

U3 yTBepkeHus | clieyeT, uTO KPAaTHOCTh COOCTBEHHOTO 3HadyeHus A paBHa 2k +1.
JlelicTBUTENbHO, TPU JaHHOM 3HavYeHnH A° =]’ mapamerp 7n JOJKEH YIOBIETBODSTH
HEpaBEHCTBY 1’ Sk(k+1), 1O ectb n=—k,...,—1,0,1,...k - Bcero 2k +1 IMHEHHO HE3aBHCUMBIX
pyvweais ().

Boinumiem orpaHudeHHble pemieHus ypaBHeHus (2). Ilpu kaxaom 3HaueHUM Mapbl
napamMeTpoB (l,f,n) HoJTy4aeM CBOIO (QyHKIMIO X (t), OJTHAKO TpU (UKCHPOBAHHOM 71 JUIS BCEX
sHaueHnii napamerpa A’ =k (k+1)>n’ cnpasemmmBa obmas (GopMmyna JUis BBIYHCICHHS STOM

(GyHKIMH.
IIpu n=0 ypaBHeHue (2) BBIMISAUT CIIETYIOMIUM 00pa3oM:
2

2 0 d o _
(1-2 )?X,{ (1) =20 X7 (1) + k (k+1) X (1) = 0. 3)

VYmeepowcoenue 2. OrpaHuyeHHBIM YaCTHBIM PELICHUEM ypaBHEHHS (3) SBJISETCS MOJUHOM
Jlexxanapa crenenu k :

0 _ 1 d" ., k
X, (t):ﬂ(t):zkk'w(t -1) . (4)
2k! .
3ameuanue 1. KorpduuueHt W MpU CTapiield CTENEeHW [ BBIOpaH TakK, YTOOBI
2% (k!

BBINOJIHSIIOCH yeiosre B, (1)=1.

3ameuanue 2. Ilomunomsl Jlexxanapa B, (t) MOJIy4alOTCS TakXke B pe3yjbTaTe
0
OpPTOTOHAJIM3ALMU CUCTEMbI (DYHKIIHMH {tk }k . © HOPMMPOBKOM, YKa3aHHOU B 3aMe4yaHuu 1.

Vmeepoicoenue 3. OTpaHUYEHHBIM YaCTHBIM PELICHUEM ypaBHeHHs (2) w1 A = k(k+1) ,

O<n<k SIBJISIETCS MPUCOETMHEHHAS byHKIHS Jlexannpa MopsIKa k:

n n 2 % d"
X! (t)=PR (t)=(1-¢") B (1), (5)

B cmpaBemnmmBOCTH  ATHMX — YTBEPXKIEHUW  JIETKO  YOCIUTHCS  HETOCPEICTBEHHOMN
ITOJICTAHOBKOM.

0
Janee nnst yno6crsa 3amucu Oynem nonuMarb nox P, monuHoms Jlexanapa B, .

JI1s1 HATISAHOCTH BBIIUIIEM HEKOTOPbIC HONHHOMBI Jlexanmpa b, (t ) Y IPUCOETUHEHHBIE

dynkumm Jlexannpa P, (t ) :

-t n=0: P (t)=F,(t), B yacTHOCTH,

B (1)=1.
R’ (t)=t=cos0,
1
P () =§(3r2 ~1)=—(3cos20 +1),
P (1) :%(Sf —3t) =—(5c0s30+3cos0);
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-maa n=1: Pk' (t) =1-7 %Pk (t), B YaCTHOCTH,
P! (t)=~1-1 =sin,
P, (t):3t\/1— ? :%sin29;

d2

s n=2: P2 (t)= (1 t )d2 P, (1), B yacTHOCTH, P;(t):3(1—tz):%(1—c0s29).

3.3 Chepuueckue pynkunu. OCHOBHbIE MOHSTUS U TEOPEMbI
Onpeoenenue 1. ®ynxuun Y, ((p,@) CJICIYIOIIETO BHU/IA:

) P/ (cos®)cosng, n=0
(¢.0) =

) p - ’ ©)
B (cos®)sin|n|p, n<0

ne’z, keNU{O},

n| <k Ha3pIBaroTCs chepuyecKuMu QyHKIUIMU.

Teopema 2. Cdepuueckue ¢yHkumm Y ((p,@) SIBJISIIOTCS  COOCTBEHHBIMH  (DYHKIIMSIMU

muddepenunanbHoro omneparopa Jlammaca-bensTpamu, oTBEUaIOMIMMKH COOCTBEHHBIM 3HAYCHHSM
A¢ =k(k+1) coorBercrBenno. KparHocts A paBHa 2k +1.

O6cyaum Ternepb HEKOTOPbIE CBOMCTBA MOJIMHOMOB JlexaHapa, NpUCOEUHEHHBIX (PYHKINN
Jlexxannpa u chepruueckux QyHKIMM.

Teopema 3. llpu ¢uxcupoBanHoM n>(0 mnpucoeauHeHHble ¢GyHkUU Jlexxanapa wiu
nonunoMs! Jlesauapa B (¢) (k=n,n+1,...) oproronanshsl Ha otpeske [—1;1].

Jokazamenvcmeo meopemovr 3. CormacHo ciuenctButo 1 cepuueckue (QyHKUUH,
OTBEYAIONIUE Pa3IMYHBIM COOCTBEHHBIM 3HAYEHHSM, OPTOrOHAIbHBI Ha eIMHHMYHON cdepe S°.

CnenoBatenbHo, it k>n wm k'>n, k#k' cropaBemmBo paBeHCTBO j J. Y'Y/ ds=0, orxyna

$2
2

I cos’ nqodqoj B (cos0) P/ (cos0)sin0d =0.
0 0
1

I[Tpom3BoIs 3aMeHy EePEMEHHBIX ¢ = cos 0 , TOTydaeM j B ()R (t)dt=0.
O
Boo6mie roBopst cipaBennuBa Gpopmyiia

R a2

Mo>kHO J10Ka3aTh, 4TO NMpHUCOeIUuHEHHble (yHKUMM Jlexxanapa wiau nosimHoMbI JlexaHnapa

npu QUKCUPOBAHHOM 7 >0 06pa3yIOT MONHYIO OPTOTOHAIBLHYIO CHCTEMY {Pk" (t)}li B L,(-11).

5™ mpu k,k'>n>0.

Kak cneactBue, cdepuueckne ¢yHKIUM 0Opa3ylOT TMOJHYIO OPTOTOHAIBHYIO CHCTEMY

{Yk_k .Y }lio B L, (Sz) (opTOroHanbHOCTh CPepuueckrX (QYHKIHMM C pa3HbBIMU 7 CIEIyeT U3
OPTOrOHAJIBLHOCTH CUCTEMBI (DYHKIIMI {ch (go)}wi Ha OKpyxHOCTH S ).

Kaxnas pynknus u (qo,@) el, (S 2) MO>KET OBITh pa3joKeHa Mo chepuyeckuM (QYHKIUSAM B

pin dypee u qo, izk:a Yk" , rie ak—(” ] ”uY"ds — KO3 UITUEHTHI

k=0 n=—k

Dypre.
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3ameuanue 1. MeTon pazneneHus NEPEeMEHHBIX, IPUMEHEHHBIA K YpaBHEHUIO [ eTbMroJbIia

2
d R+2d_R+(C_M]R:O’

Au+ cu =0 B mape, NpUBOAUT K PELIEHUIO YPABHEHHUS

dr*  rdr r
KOTOpOE 3aMeHOM R=Y/ \/; CBOIUTCS K YPaBHEHHUIO Beccens
. 2
n -
ledY 2
—+— —————|Y=0.
dr- r dr r

3ameuanue 2. Ypasmenme Ilyaccoma Au = f 3amenoii V=u—U,, Tae U, — 4acTHOE

pemenue ypaBHenus Ilyaccona, cBoauTes K ypasaenuto Jlamaca Au =0
3.4 lllapoBble PyHKIUHT
Haiizem rapmonmdeckne B obmactm  R°\{0} dymxuun Buma R (r)Y(@,0):

N 1d(,d .1 \
0=A(RY)= ~ dr(r drRijk +T RA Y

1
Iomysaem Ha ¢ynkmmio R ()  ypaBHeHue —Zdi(2ij]—k(k+l)i2Pk =0, wm
¥’ dr ¥ r

d? d
2
r ?Rk (r)+2rZRk (r)—k(k+1)Pk (r) =0.

Or0 ypaHeHne Diepa U €ro YacTHBIMH PeleHUsMH sBisitotes Qynkunn R, (r)=r" u
R, , (r) =r+ 1,

1
Onpeoenenue 2. Dynxkunn Buna r'Y'(9,0) m ——=Y(¢,0) HasbiBarOTCS MAPOBBIMH
r

GyHKIUAMU.
OOpaTuM BHUMaHUE HA JOKa3aHHOE CBOMCTBO IIAPOBBIX (YHKIIMH.

Vmesepacoenue 4. 1llapoBble (QpyHKIHN Y (¢,0) sBISIOTCH TapMOHHYECKHMH B

k+l
R\{0},a 'Y (¢,0) - BO BCeM R’.
1
Bosnee Toro, pynkuun —— ¥/ (qo,@ ) SIBJIIIOTCSI PETYJIIPHBIMU Ha OECKOHEYHOCTH.
r

3.5 IlpumeHeHue cepruyecKHX U rapMOHHYeCcKMX (PYHKUMIl NPH pellieHHH KpaeBbIX
3a1a4 1Jis ypaBHenus Jlamiiaca

a) B mape. Haiinem rapmonndeckyto B mape B, (7 < R) pyHkuuoo u (r,(p,@) , HEIIPEPBIBHO

muddepennupyemMyio B B, U yIOBIETBOPSIONIYI0 TPAHMYHBIM YCIOBHSM (au+ ﬁaiu]
r

:uo’

r=R
a’+p>>0. (7)
Jns 5TOro pasnokuM (QYyHKIUIO U, ((p,@) B pan @ypre 1o chepuueckuM QYHKIMSIM:

ZZ%W@ ®)

k=0 n=
Torna pemrenue u(r go,@) MOKHO (pOpMaJIbHO NBITATHCSA MOCTPOUTH B BUIE CYMMBI psiaa

ok
r , 0,0 z Z A'r "Y ! , Tae KodpQuUUEeHTBl A4 HaxomATCS W3 YCIOBHUM
k=0 n=—k

44



-1 )
A" (aR" + BKR*")=a" (TpeOyeM MOWIEHHOE BBHINOJHEHHE T'PAHUYHBIX YCIOBHUI), TO €CTh
k k y D

0

u(r,9.0)~ zamﬁk( ]Za"Y"

k=0
Cxomumocth U mudPepeHInpyeMOCTh TaKOro psijia B 00IIEeM cirydae Mbl 0OCY)KJaTh HE
Oynmem (Takodl BOMPOC TPEICTABIAECT HWHTEPEC JUIIbL MpPU HEOOXOAMMOCTH JOKa3aTeIbCTBA
CYIIIECTBOBAHUS PEIICHHS TIOCTABJICHHOMN 3a/1a4M ).

0) Bue 3ampikanus mapa. Haiinem Tenepb rapMOHUYECKYIO BHE 3aMbIKaHMS IIapa ER
(r> R) dyHkuuo u(r,go,@) , PETYJIIpHYIO Ha OECKOHEYHOCTH, HEMPEPHIBHO NuddepeHmpyemMyro
B R\ B, W yIOBJIECTBOPSIOILYIO IPAaHMYHBIM YCIOBUAM (7). st 5TOTO OMSATH PasioKUM (yHKIIHIO

u, ((p,@) B psa (8). Toraa c yaeroM ycinoBus perynﬂpﬁocm pemieHue u (r,(p,@) MOYKHO TIBITAThCA

CTPOWTH B BHJIE CYMMBI psijia u r,@,0 A" Y "(p,0).
k+] Q)

k=0 n=

4 n a n
3neck k03 GUIKUEHThl 4, HaXOIATCA U3 YCIOBUN A (W_ (k + l)i] =a.

© R R k+1 k
_ | — Y (@, 0
koaR—ﬁ(kH)(r] Z“ “(2:6)

B) B mapoBom cnoe. HaiiieM rapMOHHYECKYIO B IIapoOBOM cioe By \ER] (R <r<R,))

CrenosarensHo, u(r,p,0) ~

byHKIHIO u(r,(p,@), HenpepsiBHO uddepeHnnpyemMyo B ERZ \B; H® YIOBICTBOPSIOLLYIO

IrpaHUYHBIM YCIIOBUAM

(oc,u+ﬂ, aiuj
r

Jlig yero pasnokuM (QyHKUUU U ((p,@) U u, ((p,@) B psanbsl Oypre 1no chepudueckuM (QyHKLIMSIM:

_ 2 2
=u,, a, +3,>0.

=u, a. +p>0, (a2u+ﬁ2§u]

r=R, r=R,

0

ok
z z a,':Y" 0,0 , u2 0,0 z z b! Y" qo, , 1 moctpouM (GopMaIbHOE PEIICHUE B

k=0 n= k=0

BUJIE CYMMBI psjia u r,,0 i Z (A" , ]Y" ((p,@) .

k=0 n=

[Tapa ko> duuuentos 4, , B HaliaeTCs U3 CUCTEMbI ypaBHEHUI

famt gt o[- -
1

n - n a
A (aszk + BokR; ])+Bk (Rki]

2 2

I'naga 4. MPUMEHEHUE ® YHKIWI BECCEJIA JJIsI PEHIEHUS KPAEBBIX 3AJIAY
MATEMATHYECKOHN ®U3UKH

4.1 Onpenesienue pynkuuu beccessi
Oynkuuu beccenst (munmmHapuyeckas (QyHKUMS) BO3HUKAIOT MPU PELICHUH YpPaBHEHH,
CBSI3aHHBIX ¢ onepaTopoM Jlamiaca Ha MIIOCKOCTH

ey =20 s f ).

JIeNCTBUTENBHO, B ITOJIIPHBIX KOOPAMHATAX 3TO YPABHEHUE NPUHUMAET BH/]L
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10 . 10w

r* or’

— =M7+~r, .
ror rar J(r,0)

Eciu pemenne # (7)) He 3aBUCHT OT (), To Tociennee ypasHenne npu f = 0 npunumaer

1
sun u"(r)+—u'(r) +Au(r) = 0 u sBisieTcs YaCTHBIM CITydaeM ypaBHEHHUs
r

beccens

Fu'(r) + ru'(r) + (F-v)u =0, (D)
rne v = Const.

Beskoe pemenne ypaBHeHus beccens, He paBHOE TOXKIECTBEHHO HYJIO, Ha3bIBAETCA
UWIMHIpUYecKo pyHKueil. @yHKuus

2k+v
- —1)" x
JV = z ( ) A 5
S k+v+DT(k+1)( 2
rae Ve (— oo;+oo) — mapamerp, yJoBjieTBopsieT ypaBHeHHIO (1) u Ha3piBaercs ¢yHkuueil beccens |

poaa V mopsiaka.
PaccmoTrpum dyHkImio

J(x)=2 = (x) , @)

TEMk v+ 2

3aBUCAIILYIO OT ITapaMeTpa V € (— oo;+oo).

B wactHoct, J,(x) - onHO3HauHas aHamutudeckas ¢ynakums npu vV =0,f1,... wu
MHOTO3Ha4Has aHanuthdeckas Gpynkuums mpu vV # 0,+1,... .

Hununnpuueckas Gynkuus J,(x) Ha3biBaeTcs pynkuueit beccens [ pona v
nopsaka. B wactHocrty,

k
J (x)= _i&xﬂf“ — /isinx,
> nx =02k +1)! X

_ k
J (x)= 2 igx“ = icosx.
- X k=0(2k)! X

Ecou v ne nenoe yucno, To GyHkmuu J,(x) u
Y (x)=J_ (x), (4)

JIMHEWHO HE3aBUCUMEL.
Ecnu ke V = 1 - 1enoe 4mciio, To

J,(x) =D, (%), (5)

Tak, uro ¢pyrkuust J_ (x) u J, (X) nmHeiiHO 3aBHCHMBL

3)

Jlokaxem paseHcTBO (5). Yunrsisas, uro [ '(—k) =0, k = 0,1,..., u3 (2) umeem

B o (—l)k f 2k—n ~ © (_1)n+s E 25+n o
J‘”(x)_;F(k+v+1)l“(k+l)(2) _gr(s+1)r(s+n+1)(2) =D @

Orcrona cienyer, 9ro npu neinoM 7 ¢yakiun J (x) u J_ (x) nuseiiso 3aBucumsr. [l

TOro 4yTOOBI HAlTH 00IIee penieHne ypaBHenus (1), korma vV paBHO LETOMY YUCITY A, HEOOXO0IUMO
HaliT BTOpOE, NHHEiHO-He3aBucuMoe ot J (X) wactHoe pemenue. Jisi 3TOro BBEJEM HOBYIO

dyrkuuro Y (X), monoxus
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J, (x)cosvn—J_ (x)

: (7
S1In V1t
OueBHaHO, YTO 3Ta (QYHKUMS TaKKe SBISETCS peuieHueM ypaBHeHus (1), Tak Kak OHa
npesicTaBisier coboi IMHelHyro KomOuHanmio 4actHblx pemrennii J (x) u J_ (X) oaroro

Y, (x) =

ypaBHEHUs. 3aTeM HETPYAHO YOEIUTHCs, HA OCHOBAHHMH COOTHOIIECHHUs (6), 4TO TPH V, PaBHOM
. 0
[eJIOMy YHCIy 7, TpaBas 4acTh paBeHCTBA (7) NMPUHUMAET HEOMPENEICHHBIN BH] o Ecimn

PacKpbITh ATy HEONPEJENIEHHOCTh MO mpaBwily JlonmuTans, TO B pe3yibTaTe psia BbIKIAI0K
(KoTOpBIE BBHJY MX CJIOKHOCTH 3[€Ch HE MPOU3BOIATCS) IMOJIYYUM CJEAYIOLIee MpPEeCTaBICHUE

dyskuun Y (X) 1mpu nenom nosiouTeIsHOM 7

- 1\ -n+2k
Y (x) :%Jn(x)lnﬁ_ ZM(fj
o 2 k=0 k! 2

(—l)k(xjﬁ , ,
1 2 {F(k+1)+F(n+k+l)}

8
nk=o klk+n) | I'(k+1) I'(n+k+1) ®
B wactHoM ciyuae, ipu 71 = 0, dyskuust ¥, (X) npexcrasisiercst takum o6pasom:
2k
2 2 (_l)k@j I'(k+1
= +

Y,(x)==J,(x)ln=-2% 2 (ktD) )

T 2 me= (k) I'(k+1)

Beenennas 3nech ¢ynkumst Y, (X) HaseiBaercs ¢yHkimed Beccens 2-ro poma V-ro

nopsiika uian gynkuuen Bebepa.
Oynkuus Bebepa sBisiercs penieHueM ypaBHeHUs beccernst Takke U B TOM ciydae, Korjaa v
— LEJIOE YUCIIO.

Oyuximn J (x) m Y (X), OYeBMAHO, JIMHEHHO HE3aBHCHMBI, CICAOBATEIBHO, OTH

(YHKIIUM TIPU BCIKOM V — APOOHOM WIIH IIEJIOM — 00pa3yioT GyHIaMEHTaIbHYIO CHCTEMY PEIICHH.
OTcrona BbITEKaeT, uTo o01ee pemeHue ypaBHeHUs (1) MOKeT ObITh IPEJICTABIIEHO B BUJIE

y=CJ (x)+CY (x), (10)
rie C,, u C, — nponu3BOJIBHEIC IOCTOSHHBIE.

4.2 JIuneiinasi 3aBucuMocTb Me:xkay pynkuusivu Beccenst
Io onpenenenuto Gpynkiuu J, (x) MBI IMEEM:

n+2k

X
n+2k » 1
2" kl(n+ o)!

Takum 00pazoM, UMEIOT MECTO TOXKIECTBA

J (x)= éo(—l)" =12,.... (11)

J 0+, 0 =22 (x), (12)
X

J, ()= J,,(x)=2J, (x), (13)

xJ! (x)=-xJ  (x)+nJ (x). (14)

Hoxaxem popmyny (12). deiicTBurensHo,
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© n—-14+2k 1 1
S 2 D=1+ k)\k n+k

2n 2 X" 2n
( ) n+2k = Jn (x)
=0 2"k (n+ k) x

AHanoquHo npoBepsieTcsi  ToxaecTBo (13). A Temeph mNpHUBEAEM J10Ka3aTEIHCTBO

Toxknectsa (14). [pexncrasum Qpynximio XJ| (x) B cnenyromenm uge xJ, (x) = §2J T (x).
Teneps UCIIOb3yeM TOXIECTBO (13) st 2J (%) Toraa

W0 =2200 (=20, -5,

A Tenepb UCIOJIb3yeM PABEHCTBO (12), BBIpasuB oTTyna J, | (x), Torma momyunm
(=37 =’2“[2j J,(0=J,, (x)] S @ =0, ()= ()= ()=

=nJ (x)—xJ,  (x)
Toects xJ! (x)=—xJ

Yame Bcero Ha IPAaKTHKE MPU PEIIEHUH Pa3JIMYHOTO POJAA 3a1a4 MCIONb3YIOTCS CICAYIOIUE
(bopMyJibl, KOTOPBIE SIBJISIFOTCS] YACTHBIMU CIY4assMH NPEeAbLAYIINX GOpMYIL:

(x)+nJ, (x). Yro u TpeGoBanock 10Ka3ars.

n+l

Jo(x)==J,(x) (15)
Jo(x)=— [J (x) = J,(x)] (16)
JIOKameM KX IYIO n3 HHUX. Kaxk W3BECTHO, n3 (bopMyIbl (11),
2 4 6 3 5
J(x)=1-—p >+ 7 on J ()= r

2w e 2 2.4 246

Hpoxuddeperuupyem J (x) u nomyqmm:

x’ x* x° | b x’ x’
J(x)=|1-—+ — + =——+ — +...==J,(x)
’ 2 274 2046 2 274 2°.4°.6° ‘
YTO U TPEOOBAIOCH JOKA3aTh. Tenepp MOKaKeM CIpaBeTUBOCTE (hopmyibl (16).

Jo(x) = (J}(x)) =/m3 dopmynst (15)/=(=J, (x))" ==J(x). (17)

Bocnonszyemcss  dopmynoit  (13) nmns  Hamero ciydas n=1 © BbIBEAEM, YTO

27,()=J ()~ () =J,() -, (x), a orcom J/(x)= 1[J (%)~ J, ().

Moncrasum 310 B (17): J; (%) =—J/(x) = — ; [J,(x)=J,(x)] = ! [J (x)—=J,(x)].

Takum oOpazom, ToxkaectBa (15) u (16) mokazaHsl.
[TpuBenemM Tereph T0Ka3aTeIbCTBa TOXKICCTB

(o = B*)x, (0u0) ], (B) = %[wn (004, () =, (B) %, (ax)}, ()

2075/ 0) = {(@x° =) (o) + [, @0 (19)

rie o u 3 — mocrosuneie, a n > —1.
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CripaBesIuBOCTh 000MX TOXKJIECTB IIPOBEPSAETCS] HEMOCPEACTBEHHO HA OCHOBAHUU TOXK/IECTB
(12), (13), (14), U3 KOTOPBIX BBITEKAIOT CJIETYIOIINE BHIPAKEHUS:

J!(ox) = J, <ax)—£J,, (o), (20)

T (o) =T () = . o). @1)

Temnepp MpUBOAMM 10KA3aTEIBCTBO:

d d d d n
E[ S (ax)—-J, (Bx) = xJ, (BX)EJ,,(OLX)} = E{BU" (ax){B_xJ" (Bx)=J,.,(Bx)} =

o/, (o) {£ J, () =J,, (Otx)}} = j [, (ax)J, (Bx) = xBJ , (00x)J ., (Bx) -

dx
nJ, (ox)J, (Bx) + o, (Bx)J ., (o) = % o, (Bx)J ., (ox) — BxJ, (ox)J ., (Bx)] =

=, (B0, ()= B, (00, () + x5 (B (o) ~ B, (o)., (B) =
= o], (B, (o)~ BJ ()], (B) + o’ (Bx) ., (o) + P (Bx) ., (o) —
ot (), (Bx)— B, (), (B).

Teneps Bocnons3yemces ToxaectBoM (20) mist J'y+ (e x), J'+1( B x) n ToxaectsoM (21) s

Jw(ax), J'u( B x). Torna npeapayIine BRIKIAAKH PABHBI:

1
z i Jn+](a’x)) +
ox

o (Bx)J . (ox) =BJ (ax)] .. (Bx) + xS (Bx)(J (awx) -

+aBxt, (ax)(—md (Bx) =7, (Bx)) — aBxs , (Bx)(—J (ox) =/, (o)) —
Bx o

n+l1

B*xJ (ox)(J ,(Bx) — B =ad,(Bx)J . (ox) - BJ (ax) ], (Bx) +

+o’x] (Bx)J (ox) —a(n+1)J, (ox)] (Bx) + ant  (ax)] (Bx) —ofx/,, (ox)) . (Bx) -
pr/ ,..(Bx)J (oax)+ofx] . (Bx)J . (0x) =B xS (ox)J (Bx) + B(n +1)J (ax)J .,(Bx) =
o (Bx)/ . (ax) =BJ (ax)] . (Bx) + o x] (Bx)J] (ox) —and . (0x)J] (Bx) —

—o/, (ax)J (Bx) +ons, (ax)] (Bx)—Bn/,, (Bx)J (ax) - B xS (ox)] (Bx) +

+pnt (ax)J , (Bx) +BJ (ax)] ,, (Bx) = (a” —B*)xJ] (awx)] (Bx),

YTO U TPeOOBaJIOCh JOKA3aTh.
TouHO Tak xe

dx
+2a°xJ " (ax)+2a°x* T (ox)J  (ax)—2nod,_ (ax)J (ox)—2na’xJ  (ox)J (ox)—

i{(oczx2 —n*)J (ox)+ [xdiJn (ocx)} } =20’ xJ (ox) +20°x*J  (ox)J, (owx) +
x
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2na’xJ (ox)J (ax) =20’xJ’ (ax),
T. €. TeNeph JI0Ka3aHO U TOXKACCTBO (19).
Hokaxem, uro npu n > -1 ecn J, (o) =J, () =0, 1o

ixJ (ox)J, (Bx)dx =0, o %P, 22)
xJ? (ox)dx =%J5+] (); (23)
aecn J, (o) =0, T0 }xan (ox)dx = %an (o). (24)

2 2
Urak, ecnu 1OMHOKUM paBeHCTBO (22) Ha (0L —[37), To HMYEro He M3MEHUTCS, TaK KaK B
(22) nocne 3HaKa paBHO CTOUT HOJIb; U B cuity (18) momyunm:

(o =B, (o), (B) = ii[xJ,, (00) 27, (B) — 2/, (B) -, <ax)}dx -
0 0 dx dx dx

[xJ,, (ax)%J,, (Bx) — xJ, (BX)%J,, <ax)} B ()] (B) - o], (B () —
0-B-Jn(O)-J2(0)+0-0t°Jn(0)-J,Z(0)=B-OJ,,(0L)-J'(B),, —a-J,(B)-J (o) =0,

tak kak 1o yenosuioJ, (o) =J (B) =0, a orcrona u J (o) =J (B)=0, 10 ects pasencrso

(22) noxazaHo.
Urak, ecnmm noMHOXHMM paBeHCTBO (23) Ha 2a’°, TO MOXKHO npumMeHuTh Gpopmyny (19), Torma
nMeeM

2075 (o) = - (ax” —nz)Jf(ocx)+[xiJn(0(x)} dx =
0 0 dx dx

{(oczx2 —n*)J? (o) + [xiJn (ax)} }
dx .

+n’J2(0)—(a-0-J (0))*=/mo yenosmio J (o) =0/=(a/, (a))* =

= (o’ —n*)J (@) + (o (@) +

=/ 3 (21) momyaaem, uro J, (o) = an ()=, ()=
a

—a’ (2T (o) =T, (@)’ =/ 0 yenosmio J (o) = 0/= o> (e-0—J, (o))’ =
(04 (04
=a’(=J, ()’ =a’J ().
Tenepy momyann, ‘{TO}2(X2XJ (ox)dx =0’J (o), BbIpasum otcrona }xJ 2(ox)dx wu
0 0

1 1
IOJIY4HM TO, YTO TPEGOBANOCH JOKA3aTh (I)xJ 2(ox)dx = EJ 2 ().

Hoxaxem paBeHctBo (24). Ecim J,+;(a) = 0 w w3 NOpeaplaylmiero JI0Ka3aTelbCTBa

120 (axx)dx = (a°J () =/ 3 (20) " @1 HMeem

J(o)=2T () =J ()=’ (=T (a)=J, ()’ =/ 1o yerosmio Jy(e) = 0/
(0 (0

a’J (o).
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1 1
Teneps momyamm, uro [20°xJ”(ox)dx =a’J (o), seipasum orcioma [xJ(ox)dx u
0 0

I 1
TOJTy9HM To, 4TO TpeGoBanock nokasats | X.J ~ (0x)dx = EJ 2(o)mpu Jyii(a) = 0.
0

4.3 Hekortopsble yacTHble ciaydan pynkuuii beccens
B maremarndeckoii (usuke HanGonee dyacto Berpedarorcst Gymkimn beccenmst  J | (X),

Ji(x), J, (%) uJ (%)
2 2
[lepBrie nBe U3 ATUX QYHKIMH NPEACTABISAIOTCS CIEIYIOIIUMHU pAIaMu:

4 6
X X

X
JO(X):1—2—2+22.42—22.42.624‘..., (25)
x’ x’
J(x)=—- + — .. 26
/() 2 2.4 2%.4°.6 (26)

Jltst HEX UMeroTCst 1o Apo6Hble Tabnuusl. ['paduk Gyrxuun J,(X) npuseneH Ha pucyHke 5.

Pucynox 5 — I'paduk ¢pynxumn J (x)
N3 gopmynst (12) BuaHo, uro dyHKuMu J>(x), J3(x) U T.A. BBIpaXKaroTCs Yepe3 COOTBETCTBYIOIINE
byaxuuu Jy(x), Ji(x).
O6parumest teneps K Gynkumsam J (x) u J | (x). Haiinem ux 3Hauenue, Uit 4ero oOpaTuMes K
2 2

n+2k
X

2" (n+k+1)

(2k +1)!
\/_ 22k+] k'

pasnoxenuto J, (X) = éo(— *

1
UssectHo, uto [ '(k+1+ ) Torua

l2+2k %+2k 2kl
X o . xr 27k
] = g(_l) ] =
—+2k 1 =

2 I k) T 2 Rk )

/ 2k+]. _% 2 —100 2k+1 2 .
S = S S = [ Ssinx.
BN Qk+D! Vo == Qk+1! Vmx

2
Teneps Mol 3HaeM Bux GyHkuun J | (X) . AnanornyHo jgokassiBaeres, uto J | (X) =, [—cosx.
2 2
4.4 OproronaabHocth pyHkuuii becceas 1 nX KOpHU

J ()= £(-1)

Teopema 1. Ecin |\, 1 |1, — BEIECTBEHHBIE KOPHU YPABHEHHSI

o, (W) +Put (W) =0, a>0,8>0,a+p>0 27)
TO IpH v >-1

2, (), (1 x)dx = 0,07 # i, (28)

0
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I Iy 1 v?

7, (e =2 [, )]+ 0= 077 (w). 29)

0 2 2 K,

Hoxazamenscmeo. Tlycts [, u W, - moGble Bemectsennble yncna. Oynxkunn J (U, X) u
J, (1,X) ynosuersopsitor B cuiy (1) ypaBHeHusIM

i[xw + (ufx—V—)Jv(u]x) =0, i=12.
dx dx X

IepBoe u3 a1uX ypaBHeHuit ymuoxuM Ha J ([,X), a Bropoe Ha J (|L,X), 3aTeM BbIYTEM
MOYIEHHO OJIHO M3 APYroro u npouHrterpupyem no unrepsaiy (0;1). B pesynpraTe nomydum

1 d dJ, (n,x dJ (u,x N
J—[x(JV (0 2y <u]x)M)}dx — (= )b, (1,00, ()
o dx dx dx 0
1501058
xl, (,20) (,2) = 1, (1,0, (0], = (0 = i), (1,00, (1, 2)dx . (30)
Ho m (2) mpu x—>+0 wumeem J (ux)= Fvel) (%)V +0(x"?),
Wit () = MYy Loy, " mo3TOMY

I'v+1) 2
xp S (w,x), (rx) —xp, g (p,x)J, (,x) = O(x™™) npu x — +0.
Takum o0pazom, B cuiy ycioBusi v >-1 neBas yacth paBeHcTBa (30) oOpamiaercs B HYJb
npu x=0 1 MbI IOJTy4aeM

i 1 , ,
jx, (0,0, (0de = ——— [, (0, () =, (00, () 61

27 M

Eciu Teneps p, u p, — KopHU ypaBHeHus (27),

o, (u) + B, (1) =0, o (1,) +BR,J, (1,) =0, (32)
aduncia o U [ He paBHBI HYJIIO OJJHOBPEMEHHO, TO OIPEIACITUTENh JIMHEHHON cucteMsl (32) paBeH
HYJIIO:

JV(MI) Ml'jv(l"ll) , '
= J J —u.J J =0.
Jv(l"lz) Mz']v(l"lz) H V(M]) V(Mz) H, V(M2) V(l"l])

Orcrona u u3 (31) cienyer cBoiicTBO opTroroHanibHocTH (31).
ITycte W, — kopenb ypaBHeHus (27). Ilepexons B pasenctse (31) x npeneny npu W, —> L,
1, TIOJIB3YACh MpaBmiioM Jlonmtans u ypaBHeHueM (1), momxyanm dopmymny (29):

1 2 . 1 , ,
g, (dx = im ——— [, ()7 () =, (0,2, (1,0 )=

- —
Ha =1y l"l2 :

— L) =L O )+ )= )] -

1

o e ))= S wf 0=

2, 2
YacTo B penieHusx 3aa4 UCTOJIb3YIOTCS Cleayromue (popmyIb:
[, (r)dr = xJ (x), (33)
0
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1720, (r)dr = 2x°J  (x) + (x° —4x)J, (x). (34)

PaBenctBo (33) nerko JoKa3bIBaeTCsl, €CIM B3ATh MHTErpal B JIEBOM 4acTH OJUH pa3 IO
qacTaM ¢ yuetoM Qopmynsl (25). Uurerpan xe B ¢opmyne (34) Oepercs HEMHOIO CIOXHEE.
ITpuBenem oka3aTeIbCTBO 3TOM (GOPMYIIBL.

rJ,(rydr=dv r*=u
rJ(r)=v 2rdr =du
J (rydr=dv r=u’
-J,(r)=v  2rdr=du
x*J (x) - 2(— J, (r)rz‘; + 2IJO (r)rdr)z x*J (x)+2x*J (x)—4x J (x) =
=2xJ,(x) + (x* = 4x)J,(x).

UYt0, cOOCTBEHHO, U TPEOOBAIOCH JOKA3ATh.

OOpatumMcs Teneps K KOpHsIM ypaBHeHHs beccens. Jlokaxkem ciemyronue cBOMCTBA KOpHEH
ypasuenus (27) npu v>-1. (IIpu B =0 10 ypaBHenue onpenenser kopuu pynxmuii Beccens).

17 J,(r)dr = =r’J, (r)‘; —2{r*J (r)dr =
0 0

:‘_ J,(r) =V Boitexaer m3 (14) | =

Teopema 2. Kopuu ypaBHeHus (27) npu v>-1BeliecTBEHHbIE, IPOCTbIE, KPOME, BOZMOYXKHO,
HYJSl; OHU CHMMETPHYHO PAaCIOJIO)KEHbl OTHOCUTENBbHO TOYKM O M HE HMMEIT KOHEYHBIX
IIPEACIIBHBIX TOYEK.

Jlokasamenvcmeo.  BemectBeHHocTh  KopHe. M3 dopmynsr  (2) B cuny

BewectBeHHoct /() npu  BemectBeHHblx G, momyunm  J (X)) =J (x), Tak uyro mnpu
BEIICCTBEHHBIX & U [ :

o/, () + B/ () = o/, (1) + Bt (w).

IToaTomy, ecin L - KOpeHb ypaBHeHUs (27), TO [ — TaKXe ero KOPEeHb.

Ecmu p’ # [1° To, mpumMenss popmyny (28) ¢ KU, =W, W, =, IOTy4uM IIPOTHBOPEUHE!
1 1
0= [x/, (o), (o) = [/ (o) dx

2 —2 .
[Mosromy LI~ =", TO ecTh MO0 4 BEIMIECTBEHHOE, KOO L = id - MHEMOE uucio, d # 0 -
BemecTBeHHoe. Ho mocnennuii cimy4yait HEBO3MOXKEH, MOCKOJIBKY B cuiny (2) 17(&£)>0, £>0

oJ (ia)+BiaJ', (ia)= (%) kior‘(:-:_vB—le;Clj(/\(/)—l- 1) (gj #0

CummeTpusi KOpPHEM H OTCYTCTBHE KOHEYHBIX TPEIEIbHBIX TOYEK CIEAyeT U3
MpeACTaBICHUS

o (W+Bip" (W=p"[(a+pv) £, (W) +2Bu s, (0]
13 TOro (hakTa, YTO HYIJIHU 1eNI0 (GYHKIIMK HE MOTYT UMETh KOHEUHBIX MPEICTbHBIX TOYCK.
Jokaxem mpocrory kopHeit. ITycts W, >0 — kopenb ypaBHeHus (27) KpaTHOCTH GOIbIiIe

100 paBHOM 2, TaK 4TO

aJV(I"lO)+BI"lOJ'V (MO):O’

OLJ'V (Mo) + BJ'V (Mo) + Buo J”v (Mo) = _B(M

W3 cucremsl (35) 3akioyaem, 4To:

1) mco J (pn,)=J", (1,)=0;
2) 6o ee onpexenutens o + (uf) —v? )= 0.

0 —V—ij(Mo)Jr o' (1) =0. (35

0
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Cnyyail 1) HEBO3MOXXEH B CHJIy TE€OPEMbl €IMHCTBEHHOCTH peuieHus ypaBHeHus (1),
IOCKOJIbKY TO4YKa |, He ocobas s Hero. JloKaxeM, 4To ciaydail 2) Takke HEBO3MOXeH. Jlus

a
peammsanuu 2) Heobxomumo >0 u 3 =Jyvi-u;, 0<p, < ‘ V‘ . TlojcTaBsis 570 BBIpAXKEHUE

2
A%
B IIEpPBO€ U3 paBeHCTB (35) U BO3BOAA B KBAJApArT, MOJY4HM [J'v (1,) ]2 = —-1 J2(u,), uro
0

1
B cuy (29) NPHBOIUT K ipoTHBOpeduBoMy pasenctsy [xJ] (1, x)dx =0.
0

Teopema noka3zaHa.
Ha ocHoBaHMM yCTaHOBJIEHHOW TEOpPEMbI MOJIOXKUTENIbHbIE KOpHU ypaBHeHHUs (30) MOXKHO

MepeHyMepOBaTh, pacroaras ux B MOPSAKE BO3PACTAHUS

u <pl <. (36)

IlpuBeneM st IpEMepa HECKONBKO MepBbIX 3Hadenmit W @ W, =2.405, p, =5.520,

n, =8.654, n, =11.792. Tabmuuer Hyneit Gpyskuun Beccemas MOXKHO HaiiTH B CIPaBOYHOM
JMTEpATypE.

OTMETHM, YTO ¢ BO3PACTAaHMEM HOMEPA 71 PA3HOCTh 3HAYEHMH JBYX COCEIHUX KOPHEH
(w,,, —MH,) crpemurcs x 7. JeiicrBurensro, Hanpumep L, —U, =3.1405. Oro coiictBo

xopHeii dynkimu beccenst J | (X) BBITEKAET M3 ACUMIITOTHYECKOM (POPMYITBI

J,(x) = icos x-Flio L , X —> 0, (37)

TX 4 x%

o v) T T
Orcroza BeITeKaeT npulimkeHHas popmyia aist kopreit J (x) n,” ~ T + EV +km.

4.5 Hexortopble npuioxenus pynkumii beccenss kK MareMaTuyecKoMy aHAJIU3Y

B nanHOM pa3zgene paccMOTpUM pas3iidyHble paszioxkeHuss no ¢yHkuusm beccens,
IIpeAJIaraéMble psIOM MaTEMATUKOB, YTO SBJISETCS HEMAJOBAXKHBIM IIPU PELIECHUU KPAeBbIX 3a/1ad,
/1€ He0OX0IMMO Pa3JIoKUTh B psill o GyHKIMAM beccenst HEKOTOpyro (PYHKIIHIO.

Paznoxxenne Heiimana no pynkumsim beccens.

OyHKIMM DPAa3HBIX BHUJIOB MOTYT paszjararbcsi B OECKOHEYHBIE pPsbl, Pa30KEHHBIE IO
¢yukiusam beccenst. CymiecTByeT HECKOJIbKO THIOB TakuX pasznoxeHuil. [Ipocreiimee u3 HuX
npuHaiexxutr Helimany. Cnepyer, olHaKo, OTMETUThb, 4TO pasyiokeHue Helimana oxBaThiBaeT
JIMIIL CPABHUTENBHO y3KHil Kiacc (GyHKmMi, a nMenHo Gynkuun [ (X), aHAIMTHYECKHE BHYTPH

HeKoTOporo kpyra C ¢ IEHTPOM B Havane KoopauHar. Pasnoxenne pynxkuuu f(X) Oyner nmers

s f(x)=32a,J,(x),

1 1
rae  koapduumenter a, =— [0 (¢) f(¢)dt, B wactwocrn, a,= f(0), a O,(t)= "
A

O (1) = ! ze‘i[(§+q/§2+t2)n+(§—q/§2+t2)n]d§.

2tn+]

Paznoxxenune lllnemuxa mo ¢pynkiusam beccens.
HInemux ykaszan pasnoxenue no GpyHkiusm beccens, umeroiee Bu:

fx)=a,+a J,(x)+a,J (x)+...

Oto pasnoxkenne crupaseymmo B npomexytke 0 < x <1 mma dynkumii  f(X) Bechma

mpokoro kiacca. Ilo kpaiiHeill Mepe, OHO cIpaBeAaMBO s (PYHKUUNA, UMEIOIINX B MHTEpBaJe
HETIPEPBIBHYIO IIPOU3BOIHYIO C OTPaHUYEHHBIM U3MEHEHUEM.
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BbIBoJ 3TOTO paznokeHusi OCHOBAH Ha PElIEHUH HHTETPAJIbHOTO YPaBHEHUS

f(x) = %iF(xsin 0)do.

3neck f(X) — nanmas QyHKIMS C HEMPEPBIBHOM MPOM3BOAHON pu — T < X < TT.
Uckomas Qynkmus F(x) wmercs w3 uyucna QyHKOMA, MMEIOMUX HEMPEPHIBHYIO

MIPOM3BOJIHYIO B TOM )K€ MHTEPBAJIE.
Paznoxxenne npousBoasHOM pyHKIMU B psinbl Dypre-beccens.
[TycTs mpousBoabHast GyHKIHA f(X) TMpeacTaBUMa B BUAC psiza

- nx
f(x)= >a,J | —— 1], v>-1, (38)
n=0 l
rae W, M,,... - moixoxurensHeie kopHu ypasaerus J (x) =0, pacnonoxeHHsle B mopsike
BO3paCTaHMsL.

Hns omnpeneneHuss kodGGHULMEHTOB «a, YMHOXUM 00e dYacTH pasnoxeHus (38) Ha

B, X
xJV( v mpounterpupyeM mo X Ha otpeske [0,/], cuuras mpum >TOM BO3MOKHBIM
MOWICHHOE HHTErprpoBanue. Toraa, npuHUMas BO BHUMaHue GopMyITy

. 0, ecru j#1i

/ . :

IxJV(M}ijV(M’ jdx: 2 2 (39)
0

[ —J" =—J eciu j=i,
5 (1) 5 ca (), J

HaMeM, 9To

Paznoxxenue (38), B KOTOPOM Koatb(bHuHeHTLI a;, onpexemsaorcs no Gopmyne (40),
HasbIBaeTCs pasnoxkenuem pynkiuu f (X) B psag @ypwe — Beccens.

B 3amauax marematuueckoi (pU3MKU 4acTO BCTPEYAIOTCS CIEAYIOLIUE Psibl MO QYHKIUAM
beccens:

f(0)=%b J(?j @41

rae W, W,,... — HOJO0XKHUTEIbHBIE KOPHH YPABHEHHS

aJ (x)+BxJ", (x)=0. (42)
(04
PacIoIoKEHHbIE B IOPSJIKE Bo3pacTanus, npuyeM — + Vv > (.
Koadduupentsr b, B cuty oprorosansaocti hyskuuiit beccerst 1 popmyet

1 Z_ —B*v’
A V(zjd_2(+ B w jJ()

omnpenenstores no Gopmysne

b = 2 Ix f(x)Jv(dex. (43)
2( az_Bzvzj . 0 /
P+ PV

5 | (W)
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Pasnoxenne (41), B xotopom ko3dduumeHTsl b, omnpenensrorcs mo ¢opmyne (43),
HasbIBaeTCs pasyioxkeHneM GyHkmu f(x) B psan Juan — beccens.

a v
Ecin —+ v =0, 10, kak Oyaer nokazano Huxe (cM. popmyy (47)), X' oproroHanbHa K

bysxumam J (MITJ c Becom x Ha otpeske [0,/], a mosTomy pasnoxenne (41) 10IDKHO GBITH

3aMCHCHO CJICAYIOIIUM:

f(x)=b,x"+3b, JV(

-

| xj
" (44)

J, (X) ypaBHenue (42) MOKHO 3alucarh B CICAYIOLIEM BHJE:

J,(x)

A%
wi, B ety popmynst (14) J' (x) =—J,, (x) + ———, Gyzaem nmers
X

B orom cayuae J' (X) =

=<~

Jv+] (x) = O > (45)
TO €cTh [, W,,... OyayT KOpHAMHU ypaBHEHHs (45).

1
Jlnst onpenenenust koadduuuenra b, ymHoxuMm obe uactu pasnoxkenus (44) va X' u

npounTerpupyeM mo X ot 0 mo [, cumras mpu 5TOM BO3MOMHBIM IIOYWIEHHOE MHTEIPUPOBAHUE.
Torna nmomyunm

e rede =201 5 e g (B e (46)
0 2v+2 = [

Panee mb1 umenu hopmymny

st Jv(x):di[mem(x)] TH XV+]JV(xt)= i
X

el

N|,—u

v+l

I
Wuterpupys 510 Tokaectso, nomyaum | X' J (xt)dx =—J _ (xt).
0 t

[Tonaras 3gece ¢ = %, rle [, - KOpeHb ypaBHeHus (45), OyneM UMeTh
I X
[x"'J, (“Tj dx=0. 47)
0
Torpa u3 popmyssl (46) B cuity (47) BeITEKAET, YTO
2(v+1):
bo Z%({XVHf(X)dX. (48)

Koasdpduumenrer b, (i=1,2,3,...) ompenemsttorcs mo npexuum Qopmynam (43), 4o

HETIOCPEACTBEHHO CIIeyeT U3 paBeHCTBA (43).

4.6 llpumenenue pynxkumii beccens K pelieHnIo KpaeBbIxX 3a/1a4

1) Metonom paszneneHuss NEPEMEHHBIX C HCIOJIb30BAaHUEM LMIMHAPUYECKUX (PYHKIHMI
PEIINTh CIEIYIOUIYIO 3ajauy /1l BOJHOBOTO YPaBHEHHS.

B kpyre 0 <7 < R pemum 3anaqy otHocutensno Gpynkuun U = u(r,t):

|u(0,¢)| <o, u(R,1)=0, >0,
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u(r,0)=0(r), u,(r,0)=y(), 0<r<R.

, 10 6u a’(ou 0O'u
Pacrmmem, 4rto a’ —— —| — 47— | 1 cornacHo MeTony pasjieNeHus
ror 8r or or

nepeMeHHBIX pemenne Oynem wuckate B Buae u(r,t) =T(t)W(r). Torma nHayaneHble u
IPaHUYHbIE YCIOBHS IPUMYT BHI:

W(R)=0, (49)
u U(r,O) = (p(r), U, (r,O) = \p(r). (50)
a’(ou Ou 5
[omydaeMm ypaBHEHHE B BUIC U, = —— a— +7r el [ToxcTaBuM CrOfIa ITPEAIIONIAraeMbIi
¥ ¥

2

Bujl pemtenus u nonyanm: 1 "' ()W (r) = aT(T(l‘)W'(r')+I’T(l‘)W"(I’)).

Paznienum 3T0 PaBEeHCTBO Ha a’ T (r) H TIOJTydHM
'@ _1(W'()+rW"(r) _ e
a’T@) r W(r) '

OTcro/1a IIOYYUM CHCTEMY YPaBHEHMIA, pellleHue KOTOPOH HaM M HAJ0 HOJIYYHTh:
T'(6)+32 a” T(1) =0,
rW"()+W (r)+ N rW(r)=0.

Pemmm BTOPOC YPAaBHCHUEC CUCTEMBI, IPCABAPUTECIILHO Pa3JIC/IuB €ro Ha 7 :

W"(r)+lW'(r)+7u2 W(r)=0.

(1

Kak M0oxHO Cpa3y 3aMCTHUThb Ha OCHOBAaHHUU BBIIIEN3IIOKEHHOUN TCOpHH, OTO €CTh YPAaBHCHUC
Beccest HynieBoro nopsijika, peterue koroporo pasuo: W(r)=J (A r).
CornacHo (49) Haiizem A :

W,(R)=J, (%, R)=0. (52)

n

a obosHaunM RA =W , orcroma A, = LIL{ , Tae W, — KopHH ypaBHenus Beccens (52). Takum

obpazom W (1) =J, (MRFJ

Teneps pemuM nepBoe ypaBHeHue cuctemsl (51):

T"(t)+ X a’T(t) =0,

T (t)=A,coshat+ B smmiat= 4 COSMR t+B, sm“Rat.

Teneps, 3nas Bun 1(¢) u W (r), moxuO 3amicath, Kak Oy/IeT BHIIVIAAETD PENIEHAE 3a1a4H:
u(r,t) = O(A cosHr? t+B, sin o ? thO(M rj
R R R
U3 ycnosuii (50) Haiinem kosdduimentsr A, u B, . st aroro pasnoxum dyskuun @(7)
u Y(r) B pan mo ¢ynkmuam bBeccens cormacuo pasnokennio Dypre — Beccens, rae
K02 PUIMEHTBI pa3o)eHuss Haxonarcs 1o ¢opmyne (40), uro Mel u npumenuM s G(7) u
y(7) . Tomygaem

57



Ifr(p(r)Jo(M”rjdr,

SR (n,) R

~

o wr 2 R u
ry=xb J |——|, b =—ry(r)J, | — |dr.
w(r) 20, 0( R j rae b, RZJ]Z(Mn)({ w(r) o( R j

Temnepp nmosydyaem, 4To

ap R
A =a n "B =b ,toect B =——5b .
n n R n n n n
ap,
CoracHO BCeMy HAWJIEHHOMY MOKHO 3alicaTh peIleHHe H3HAYAIbHO MOCTABIEHHOM
3a/1auH:

u(r,t)=3| 4 coth+Bn sinF % J, BT , THe
n= R R R

R wr 2 R w r
A=————jro(r)J,|—2—|druB = | J " \dr,
TR ( Rj S Y TR ( R j ’

a |1, — [OJIOXKHTeNbHbIE KopHH ypasaenus beccens J (1, ) =0.

2) Onpenenurtsh MONEPEYHbIE KOJIEOAHHs OJHOPOIHOM Kpyriaod MemOpaHbl pamuyca R,
BBI3BaHHBIE HAYAJIbHOW CKOPOCTHIO

U, Oérég,
f(r)= R (53)
0, —<r<R,
2

eclii Kpail MeMOpaHbl 3aKPEIJIEH KECTKO.
Takum oOpa3om, naHHas 3agada TOBOPUT O TOM, YTO HEOOXOJUMO HAWTH pEIICHHE
YpaBHEHUS

u, =a—(a—u+ra—?j, 0<r<R, t>0, u(O,t)‘<oo (54)
r \ or or
IIpY TPAaHUYHOM YCIIOBUU
u(R,1)=0, (55)
1 HAYAJIbHBIX YCJ'IOBI/ISIX
u(r,0)=0, u, (r,0)= f(r). (56)

Tak ke, Kak U B IpeAbLAYyIIEH 3a7a4ue, pelieHre JaHHOTO YpaBHEHUs OyJieM UCKaTh B BUJE
u(r,t) =T()W(r), Torna rpaHuYHbIE W HAYATBHBIE YCIOBHS PUMYT BHUL;
W(R) =0,
10)=0, T'(0)= f(r).
3anumiem ypaBHeHUE (54) B TaKOM BHJE, KAKO€ OHO MOJYYUT IMOCJE MOACTAHOBKUA B HETO
u(r,t)=TOW(r):
2

T (W (r) = aT(T(t)W'(r) +rTOW" ().

Pasnennm 310 pasencteo Ha @ 1 (1) W (r) u momydanm
T"(1) _l W'(ry+rw'(r) _ 52
a’T@) r W(r) '

OTcroz1a MoTy4rM CUCTEMY YPAaBHEHHM, pellieHne KOTOPOH HaM U HaJl0, COOCTBEHHO, HAUTHU:
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T(6)+22 a” T(1) =0,
rW"(r)+ W' (r)+ M rW(r)=0.

r
Kak  yxe ©6buio  Haiimeno B mepeoil  samaue W (r)=J, (%} u

w,a

wn, a
I (t)= A, cos——
= R

t+B, SmTt rge W, — xopHu ypasaenus beccems J (A, R)=0,

pereHne ypaBHeHus (54) 3amuieM B Buje cyneprosuuuu asyx peutennii W (r) u T (2):

u(r,t)= O(A CcoS M;eat+Bn sin“”—Ratho(%j.

Teneps HalIa 3aga4a COCTOMT B TOM, 4T00bI Haiiti kodbdummentsr A u B, . Jlns storo

WCIIOJIb3yeM HavallbHbIC YCIIOBHS (56) u BeIpakeHue (53):

u(r.0)=54,J, (%j =0, otcioma A, =0.

u,(r,0)=%n§(3ncos(“"—;-oDJo(“{j “;‘ B, J( j ().

Jlist HaxoxneHus kodpouimenta B pasnoxum f(7) B psx no ¢ynkumsm Beccens
coryacHo paznoxenuto Oypee — beccens, riae KodpOUIUEHTHI Pa3IoKEeHH HAX0IATCs 10 hopMylie
(40), aro MbI 1 ipumennm st f(7)

_gp g [
=50, Jo( s j

rie b =

2
) dr = —URI/ZFJO L1 dr =/monydaem Taxme
R () R

R
Ipeesl HHTerpupoBanus ot 0 10 - Ha OCHOBAHMH BIza bynxkunn f(r) /=

PP P VI . S Ly N
0

R M, M, R J (1) W,

2U
= / Bocmomb3yemcst popmyinoit (33) / =————-1J () ‘

n']](!"l)

__ 20 o (wr)__ 20 R u,,j_ U (uj

woJiw) R OUR ) w, TR 2 N2 ) pJiw,) N2
Takum  00pa3oM,  MOJYYWIIH,  YTO ar, ZB J (MRFJ i:]bn J,

nrj
R n=0 ’ e
———

w,Jo(w,) 2

RUJ |

R R U u, 2
—bn = . 2 cJ] — :#.
ap, ap, p,J7(¢w,) 2) ap,Ji(n,)

Torga pemeHne NCXOAHOM 3a/1a4u UMEET BUIL:

p/2

Orciona B, =
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J (“j
UR . _
u(r,t) = r— 22 T -J, BT
a = l"ln J] (l"ln) R R
rje [, — IOJOXHTeNbHble KopHH ypasrenus beccens J (1, ) =0.

3) Haiitu pacrpenenenue temmneparypsl npu f > (0 B 6€CKOHEUHOM OZHOPOJHOM KPYIIIOM

2
WIMHIPE paauyca R, ecnu HavanpHas Temiieparypa muiueapa pasua Ur”, s ciydas, Korja
ITIOBEPXHOCTh LIWJIMH]IPA TEIUIOU30JIMPOBAHA.
4K (bopMmepOBKH 3aJ1auM BUJIHO, YTO TpeOyeTcss HalTH pelieHne ypaBHEHUs

2
u (8u+r8_j 0<r<R, t>0, <00, (57)
’ or  or’
[PH TPAHUIHOM YCIOBUH
ur(R,f)ZO, (58)
1 HAYAJIbHOM YCHOBI/H/I
u(r,0)=Ur". (59)

Tak ke, Kak ¥ B NPEABIAYLIEH 3a/1a4e, PEIICHUE JaHHOTO ypaBHEHUs Oy[IeM HCKAaTh B BHJIE
u(r,t) =T()W(r), Torna rpaHuYHbIE U HAYATLHBIE YCIOBHS PUMYT BHUL;

W'(R)=0, (60)
T(0)=Ur". (61)
3anumiem ypaBHeHue (57) B TakOM BHJI€, KAKOW OHO TOJIYYUT IMOCTE MOJACTAHOBKUA B HETO

u(r,t)=TOW(r):

2
T'OW )= (TOW' () +r TOW"()).
r

Pasnennm 310 pasencteo Ha @ 1 (1) W (r) u momydanm

T'(t) :l(W'(r)+rW”(r)j e

a’T@) r W(r)

OTcroz1a OTy4rM CUCTEMY YPaBHEHHH, pellieHne KOTOPOW HaM U HAJ[0 HAUTH:
T'O+N a*T(t) =0,
rW"()+W' (r)+ N rW(r)=0.

Pemnm nepBoe ypaBHEHME NOJy4€HHON CUCTEMBI:

T' )+ N a’T(t)=0, orcrona T(t)=e“"".

[TonyuuMm Tenepsb perieHre BTOpOro ypaBHEHHUS:

rW(R)+W' () + N rW(r)=0.

Pa3znenum ero Ha 7 u B pe3yibTare MoJIy4uM ypaBHeHUEe beccens HyneBoro nopsjaka:

W r)y=J,(A, ).

CoruacHo (60) Haiizem A :

W' (R)=(J,(x, R))'=RJ,(\, R)=0.

Orcroma A, R =y, - nonoxurensHsle Kopuu ypasaenust beccens J, (A, R) =0. Torza

n

=P Tacuw obpazom, W (r)=J (M rj
R R
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ap, zt
Teneps Mt umeem W (1) = J, (MR j T (t)=4, e( j :

Pemenue ypasaerus (57) 3amuuiem B Buze cyneprnosutmu asyx pewenuit W (r) u T (1):
ap, )
- - ) e r
u(r,ty=3x4,-e ) -JO(LJ.
n=0 R

Temeps Hama 3amada COCTOMT B TOM, 4TOOBI Haiit Koddduumentsr A . Jns storo
WCIIOJIb3yeM HavallbHOE yciioBHe (59):

am Y
u(r,0)= 34 -e (5] -JO(sz > A J()(szUr2 :
n=0 R n=0 R

2
Mt HaxoxzaeHust koodduumenta A pasmoxum Ur® B psn mo dymxmmsam Beccems
coryiacHo paznoxenuto Oypee — beccens, rae KodpGUIUEHTHI Pa3IoKEeHH HAXOIATCs 10 hopMyIie

(40), aro msI 1 ipumennm st Ur’:

Ul"2 = ian JO(MJ’
n=1 R

raec
4, =—— UrJ(H rjdrz#?ﬁ%(“”rjdr:
o(u)o R R™Ji(p,)o R
R R 2 R
=/“”r=r, r= R g ==Y B R g =
R M, M, R JZ(n,) 1 m, o

= / npumenuM Gopmyity (34), cormacHO KOTOPOM

17 J,(F)dr = 2x°J,(x) + (x* —4x) J,(x) / =

2
=2U—R-[2t2J +( =40 J,(0) || = / yarem, wro J, (1) =0 /=
4 2 0 1 0 4 1 n
w, Jo(u,)
2 2 2 R 2
\ AU R
) T s [
!"ln JO(Mn) !"ln JO (!"ln) R R 0 !"ln JO(Mn)
_ 4UR
(1)
© 0 R2
Urax, nonyamm, 4o X A JO(MJ =Xa, JO(“n f'j’ e a, =fU—, a 0TCIO/IA
"0 R ) R K, o)
4U R’
HaxommM, uto A =-—————. Torma peleHne MCXOJHOH 3aJauM 3ANMIIETCS B CIETYIOIIEM
m, Jo(u,)
BUC:
(am ),
u(r,t)=4UR’ ¥ w; (%) J| Bl
ot T, () "\ R

rje [, — IOJOXKHTeNbHbIe KOpHH ypaBHenus beccens J (1, ) =0.

4) B GeckoHe4HOM OHOpOAHOM IuamMHApe pamuyca R ¢ momenrta =0 Bwimensercs
TEIUIO ¢ MOCTOAHHON IoTHOCThI0 (). Cunras Temneparypy tuunapa npu ¢ =0 pasHoi HyIHO,
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ONPENENUTh pacupeenene TeMneparypsl B Hem npu f >0, ecnu TNOBEPXHOCTH IMIMHpA
HOJIEP)KUBAETCA IpU Temuepatype 1 .
TpeOyercst HallTH peleHNe YpaBHEHUS

a’( ou 0J'u)l Q
U= —| —+—— |+=,0<r<R, >0, u(0,¢) <0, (62)
r\or Or cp
[IpY TPAaHUYHOM YCIIOBUU
u(R,t)=T (63)
[IpY Ha4YaJIbHOM YCJIIOBUU
u(r,0)=0. (64)

Jlist Toro, 4roOBl HAWTH pelIeHWE MaHHOW 3a7adyd HEOoOXOAWMMO B TIEPBYIO OYEpEIb
OOHYJIUTH TPAaHUYHBIEC YCIOBUs. Eciin penieHne uckath B BUIC

u(r,t)=v(rt)+T, (65)

TO 3aj7]a4a CBOJAUTCSA TeNepPb K OTHICKAHUIO PYHKIUU V(I”,f ) B YPaBHEHUU

v_a_(8v+ 0 v}_g

T\ e ) e p’
AJIL KOTOPOT'O IrpaHUYHBIC 1 HAYAJIBHBIC YCIIOBUA IIPUMYT CJ‘IC]IyIOHII/H\/’I BU/:
u(R,t)=v(R,t)+T=T =v(R,t)=0 (66)
u(r,O) = v(r,0)+ T=0>=> v(R,O) =-T. (67)

Pemrenne V(I”,t ) OyaeM HCKaTh B BUJAE CYMMBI JIBYX peUICHHH (B CIIEICTBUM TOTO, YTO
ypaBHEHHE HEOTHOPOHOEC):

v(r,t)zv*(r,t)+\7(r,t),
rae v*(r,l‘) - pelleHue HEOJHOPOJHOIO YPAaBHEHHS C HYJIEBbIMU HAYaJbHBIMU U T'PAaHUYHBIMU
YCIIOBUSIMH, a V(I’,t) — peuieHre OJHOPOJHOIO YypaBHEHHUS C 33JaHHBIMM HadallbHBIMH H
IPaHUYHBIMU YCIOBUSMHU.

1) Haitnem V(r,t ), TO €CTh PEIIUM ypaBHEHHE

_ az(av azvj
Vo=—| —+ (68)

r\or or

C TPAaHUYHBIM YCIIOBUEM

v(R,1)=0
Y HA4YaJIbHBIM YCIIOBUEM

v(r,0)=-T . (69)

Pemenune Oynem uckatb B BHUJE \7(r,l‘ )= T (l‘ )W(r) Torma rpaHu4HbIE YCIOBUS IPUMYT
BU/I:

W(R)=0, (70)
a HayaJbHbIE YCIOBHUS:

7(0)=-T.

Kak m B mnpegpiaymieit 3amade, mociie IOJCTAHOBKU IPEANOJIATaeMOro pELIEHUS B
ypaBHeHUE (68), MOIy4UM CUCTEMY:

T'(t)+ Xa’T(t)=0,
W )+ W (r)+ Xr(r)=0 .
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PemuM mepBoe ypaBHEHHE IMOJYyYEHHOM cHcTeMbl: 1 '(l‘) +a’N'T (l‘) =0, orcroma
T(t)=e“"".

Tosy4rM Terepb peleHne BTOporo ypapuerus: W (r’)+ w (r’) + }\,ZFW(F) =0.

Paznenum e€ro Ha ¥ W B pe3y/bTaTe IOJNY4MM YpaBHEHHME bBeccens HylaeBOro mopsuka:
w,(r)=J,(,r).

CorunacHo (70) Haiizem A : W(R) =J, (KnR) =0.

Orcroma A, R =p - nonoxurensHele KopHHE ypaBHeHus Beccens J (KnR)= 0. Torga
H B, r

A = SWr)=J, | —=—|.
R n( ) O( R j

Teneps Mbl umeem W, (r) =J, ( Mln{rj u T(t) = Ane_”z’lzt :

Pemenne ypaBHenus (68) 3amuiieM B BUAE CYNEPHO3UIMHE IBYX pemeHuid W, (r’) uTl (l‘ ):
15 (rr
v(r,t)= ZA e J, P

Temeps Hama 3amada COCTOMT B TOM, 4ToObl Haiith kodbdummentsr A . Jlns storo
WCIIOJIb3yeM HavallbHOE yciioBHe (69):

v@pyziée{’JJ(“rj ZAJ(F’Jz—T
= R R

Mt HaxoxkaeHus koddouimentos A —pasnoxum — 1 B psag ®Oypse — Beccems, rae

KOO OUIUEHTHI pa3IokKeHHs HaxoaaTes 1o popmysie (40), 9To MbI ¥ ipUMeHUM Juist — 1 .

-T = ianJo(%j, rie

n=0

R wnr 2T = u r
= =7 _T J . d — 7 J n d =
a, RZle(Mn)(I)r( ) o( R j r Rsz(Mn)({r o( R j r

R R 2T R’
=D =y g =" ‘— S —1tJ,(t)dt =
R l"ln l"ln R ](l"ln) l"ln 0
y 2T by
= ‘BOCHOHBI&yeMCH dhopmynoii (33) ‘z —T()-tJ] (t]o =
n 1 n
R
2T n,r wu r 2T 2T
B Sy (V2 S TR
) R R ), wJ(m)R w1,
- 2T
Wrak, HOJy4MIId, 4YTO ZAJ(’Vl rj: ZanJo(Mj, e a4, =—————, a
"= R "= R l"ln']l (l“’ln)
2T
OTCIHOAa HaxXxOoIuM, An = . Torna peICHHUE OAHOPOJHOIO YpPaBHCHUA C 3aJaHHBIMH
uJ (1)

IpaHUYHBIMU U HAYaJIbHBIMHU YCIIOBUAMMU 3allMIIEM B CIICAYIOIIEM BUJIC!
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fam Y,
v(r,t)=-2T R ) JO(“" rj,
=, () R
rae L — IOJIOKHUTENbHbIE KOPHU ypaBHEHUS becces J 0 ( M, ) =0.

2) Haitnem v (r’,l‘ ), TO €CTh PELIUM YPABHEHHE

v=L aL+ra‘}2 £ (71)
r\ or or cp

C 'paHUYHBIM YCIIOBHUEM
v(R,t)=0
1 Ha4YaJIbHBIM YCIIOBHEM

v (7’,0) =0. (72)

. © r
Pemenue OyaeM MCKaTh B BHIE V (r,t): >V (t )J 0(“}"{ j Toraa rpaHu4HOE YCIOBUE
n=0

umeet Bux: J, (un ) =0, a nauansHoOe ycoBue: V, (O) =0.
[ToacraBum ero B ypaBHenue (71) u nosydum:

an’(t)Jo(“]"{rj = a—[ an(f)Jé(%j tr iVn(t)J(;’(“" FD Yy (73)
n=0 7 n=0 n=0

Cormacuo (15) u (16) 3Haem, yro J(')(x)=—J](x) u J, x)=—[J2(x)—JO(x)], Ha

OCHOBAHHUU 3TOTO MpeoOpa3yeM MpaBylo 4acTh paBeHcTBa (73):

(M) A
A —h+(hj . _

n=0 " r R R 2

=/ B dopmyre (12) J | (x)+ J, . (x)=2—n, BBIpa3uM otcioga J, (x)=%J] (x)— J, (x) H
X X

MPUMEHUM 3TO JIJIsI HAIIero mpeoOpa3oBanus /=

Ly S
Cﬁ%yn(t —&4_(&) .—_Ejo(un j(&j —

r R R u,

TR ANATIAY a’ « AT
Y N R NPT I (L A () T = |
) () ) s

Takum oOpazom, nociie mpeoOpazoBanuii ypapHeHue (73) mpumeT BUI:

2
YA L I ), @
S0l |- sy owa M)+ £




Teneps paznoxum —— B psag nmo ¢yakuusm beccenst cormacHo pasnoxkenuto dypobe-
c

beccens, rae koapunueHTs! paznoxenus Haxoaarcs o ¢popmyne (40), 4To Mbl U IPUMEHUM IS

RJ ()0 cp °U R cpR*JP(w, )0 LR
wr R R 20 R
=| By p=g, dr=—dt |= Tt J (f)de =
R ST ‘ R TI(w) o o)
y 20 20
=/ Bocnoab3yeMmcs hopmyiioit (33)/= ‘R-J\u,)=—7F—.
cp,J (1, R { )cmaﬁmﬂ

8

Wrak, mosryawim, 9410 —— = ZL . JO(M" rj.
cp epp,J(p,) U R

Teneps ypaBHeHue (73) npumeT caeayrOIi BUA:
0 1 0 2

an(t)Jo(“"rj=——zV()u J(M j+z o O(M"FJ. (74)
=0 R R R ) =epu J(n) R

OTcroga MOXHO 3anucaTh OOBIKHOBEHHOE HEOJHOPOAHOE Au(depeHlnaIbHOe YpaBHEHUE,
pE€IIMB KOTOPOC MBI CMOXKEM IIOJIYYUTH YK€ ITOYTH OKOHYATEJIFHBII OTBET.

, a’y, 20
Vie)=—"2V (t) + —=—. (75)
0)=-"0 cpp,J(1,)

Pemnm cHauana oIHOPOJHOE ypaBHEHHE:

2.2 _&zt
)=—"Er ) svi=e

n

Pelenue xe HEOJHOPOJHOTO MIIEM B BHUJIE Vn(t ): A . Tlongcrasum 510 B (75) M oTTYyna
Hailaem A:

2
0——af%A+ 20 — g- 2O
R* 7 cpuJ(n,) cpa’md,(p,)
~ 20R’
3HauuT Vn (t) = > Q3 . Torna pelenue BCETO HEOJTHOPOJAHOTO
Cpa l"ln']l (l“’ln)

g depeHnnaIbHOro ypaBHeHus (75) uMeeT BUL:

2
ap,

1! 20R’
v)=eF s |
cpa’mJ (1,)
a pemieHne ypapHeHus (74) mpeacTaBisieT co00i CleayroIiee BEIPAKCHHE:
(), 2
v ()=% e(RJ L 20R
= cpa’uJ,(u,)

(76)
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Tenepp mnosyueHHOe BbIpakeHue (76) TMOACTaBUM B MPEAINOIAraeMoe pelieHue

V*(f',f)Z %:ZOVn (t)JO(M]n{r) [Mosyunm

v*(r,t) Ae (GH J 4 22Q3R2 JO(MJ.
: cpa’w,J (1,) R

Jlnst HaxokaeHust A, BOCIIONB3YeMCsl HadallbHBIM yCIIoBHeM (72):

0 Nl 20 2 0
V*(I’,O): > Ane [ R ] + 22%R JO(H" rj: ZH(A" + 22€2R jJO(H"rj:O
cpap,J (1) R ) cpap,J,(1,) R

20R’
cpa’iJ (n,)

Takum obpazom, perienue ypaBHeHus (71) npuHUMaeT BUL:

vi(rt)= f(— 2QR2 e_(%j Tt 208 jJO(M;{rj =

=>4 =-

n=0 cpa Ve J(M ) Cpazlvlf,'jl(“n)
2 ol
_go 20k (% JJO(M rj
= epa’n)J(n,) R

oy s 20R* (%] (“ j

T >— e J | 1, -
0O €CTb V ( ) 5 cpa 2u3J (“ ) o\ e rme H, MHOJIOKUTECIIBHBIC
KopHH ypaBHenus beccermst J | (un ) =0.

Tak kak peunieHue v(r,t) MBIl HCKaJIM B BHUJIE CYMMBI JBYX PCIICHH, TO OHO OyaeT
BBITJISIACTH CICAYIOIINM 00pa3oM:

B T A

| cpa’ =ou’J, R 6
(am Y,
VSN JO(MJ.
=, () R

2
U3BecTHO, 4TO KO3((HIMEHT TEIIONPOBOAHOCTH K =a CcpP, TOraa mocie HEKOTOPHIX

npeoOpa3oBaHuii (2 KIMEHHO, BHECEHHSI OOOMX ClIaraeMbIX MOJ OOIIMK 3HAK CYyMMBbl), BhIpaXKEHHE
(76) npumer BuUA:

2 (Y . [em Y,
v(r,t)z—zQR 5 ! e ( K j JO(“”rj——2TZ—1 e ( . j JO(“"FJZ
koo (w,) R WA R
2 2 _&zt
__pglT +OR") {3 JO(“” rj.
= kd (1) R

Temneps 3anuieM penieHue NCX0THOTO ypaBHEeHHs (62):

2 2\ (am, ) ,
u(r‘,l‘)zT ——zéo(kll;l:g]-:-(fﬁ )e ( R J J{%), rae |, - HOJOXHUTENbHBIE KOPHH

ypaBuenwust beccenst J, (un ) =0.
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5) Paccmotpum Temepb Oosee oOmmii ciay4ail, Korjla HadajdbHas TeMIlepaTypa SBIISICTCS
(yHKIMEN Bcex Tpex KoopauHar 7, O u Z .

Ecoun paccmoTpers citydaii, korjpa Temmeparypa Ha OOKOBOW IMOBEPXHOCTH IMJIMHIPA
MO ICP’KUBACTCS PABHOW HYJIIO, TO 33/1a4a CBOJUTCS K PEIICHUIO YPABHCHUS:

(0w 1 ou 10u oOu
u=a| == 2 2 (77)
or- r or r 09 oz

IIPY TPAaHUYHOM YCIIOBUH

u(R,t)=0 (78)
U IIPU HAYAJILHOM YCJIIOBUHU

u(r,0)=o(r,0,z). (79)

bynem nckath yacTHble pewieHust ypaBHeHus (77) B BUJe NPOU3BEICHUS

u(r,0,z,t)=T( W (r)®(0)Z(2). (80)

IToacrasnss (80) B ypaBHeHue (77), mosydum

() _ W"”HW(FLL. ©0), 202 e
1) ) e o) zE)
Z'(z)+XZ(z)=0,
®'(0)+ X D(0)=0,

T'(t)+a*(k* + 22 )T(r)=0,
rae A, m U k — npou3BosbHBIE OCTOSHHBIE.
OO1ue pemeHus 3TUX YpaBHEHUN UMEIOT CIeAYIOUIUI BUA:
Z(z)=C, cos)z + C,sin Az,
®(0)=C, cosm® + C, sin m9,
W(r)z C.J, (kr)+ C.J, (kr),

T(f): C e—az(k2+7\2)t
; .
Tak kak Temreparypa BHYTpH LHHWJIAHAPA €CTh, OUYCBHIHO, IIEPHOANYECKas QYHKIUS OT yria
0 c nepuonom 27T, TO MOCTOSIHHAS 771 JOJDKHA OBITH IenbIM umcioM. Janee, nocrosaHas C
6

JOJDKHA DPaBHATHCA HYJIO, TaK KaK B MPOTUBHOM CiIydae TemIiepaTypa Oyaer oOpamarbcsi B
OECKOHEUYHOCTh Ha OCH LMJIMHJPA, 9TO, KOHEYHO, HEBO3MOXKHO. UTO KacaeTcsi HOCTOSHHOM K , TO

OHa OIIPEJICIISICTCS U3 IPAHUYHOrO ycioBus (78), KOTOpoe IPUBOAHUT K ypaBHeHHIO J (kR) =0.
OTcroma CleayeT, 4TO IOCTOSHHAas Kk HMMeeT OECKOHEYHOE MHOKECTBO 3HAYCHMIA,

(81)

omnpenensieMbIx Gopmymnoii:

I
=" (i=123,...), 82
= ( ) (82)
rme WU o, W, 5 ,... — TIOJIOKHATEIIBHBIC KOPHH YPaBHEHHSI
J (1)=0. (83)

Tak kak Ha mapameTp A HUKaKHX OIPaHHYEHHMI HET, TO €r0 MOYKHO CYHTATh COBEPIICHHO
IIPOU3BOJIBHBIM, M3MEHSIOIIMMCS HEITPEPBIBHO B HHTEPBAJIE OT — 00 10 + 00.
Bo3bmem cymmy Beex yacTHbIX penienuit Buja (80), To ecTb CyMMy BUA
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- 5 81 Jeosra B, (snicleosmd

+[C (A)coshz+D (X)Slnkz]smmG}J (k _r)dh.

Mt onpenenerns dyukumit 4 ( ) . (K) ( ) (7») nonoxum ¢ =0, Torna,
B CHJIy HadajabHOTO ycioBus (79), Oynem umeThb

o(r,0,z)= z;[ ()cosrz + B, (A )sinz]J, (k,, )dn +

(84)

+ i;] {éJm (kmir)j [ i (7»)003 Az+B, (K)sin Kz]dk}cos mo +

+3 {z J,(k,)1[C,,(Mcosiz + D, (1)sin rz]dh }sin m.

CpaBHUBasi TOCJIEJHEE PABEHCTBO C Pa3JIOKCHUEM (p(r,G,Z), paccmarpuBas €€ Kak

(GyHKIIHIO OT 0,s psAn o cuHycaM B KOCHHYCaM B IIPOMEXKYTKE (0,27[ ), MOJIy4YUM
1 2n © 0 .
=1 ¢(r,8,2)d0=2J, (k,r) ] [4,,()cos iz + B, (A)sin Az]d,

lzf‘(p(r 0.2)cosm0d0 =57 (k,r)1[4, ()coshz + B, (M)sinAz]dh,

lzf‘(p(r 0.2)sinm0d8 =5 J, (k,r)1[C,,(2)coshz + D, (1)sinAz]d.

Kaxxnoe U3 3Tux paBeHCTB NPECTaBIIIET COO0H Pa3iioKeHHE MPOU3BOJIBHON QYHKIINU ¢(r)
B pAd BUA

_5 Ko
¢(r)=%aJ, (Tj :

rjae /7 — UeJI0€ MOJOKUTEILHOE YMCII0 Wik Hyilb. KospduuuenTs a, onpenensorcs no Gpopmyie:

2 w r
= J,| =2 |d
=7 ) ( R j " (®)

rae W, . — IMOJIOKHUTENbHBIE KOPHH ypaBHEHHS (83).
N3 popmyinsl (85) BbITEKAET, UTO

1[4, ()cosz + B, (M)sin rz]dn = s Jl (“ 0(r,0,z JO(“}’:jdrde

7[4 (X)cosrz+ B, (L)sin Az]dr = 1 i ; ro(r,0,2)J rjcosm@dr do,
- TCR J:Hl(l"l )

1[4,,(1)cosz + B, (2)sin 2z ] = m}“{ r(r,0,z)J (“}’;’ jsin m0dr do.

TakuM o00pa3oM, Mbl NPUIUIM K BBIPAKEHUAM, KOTOPbIE MMEIOT CIEAYIOLIUNH BUA:

T[a(K)COS Az + bsin Kz]dl = OO(Z), e (D(Z) — 3a7anHas QyHKIHMSL.

—00

DOyHKIMN a(;t) u b(;t) VMEIOT CIENYIOMIMI BUL:
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a(r)= ii@(z)cos AE dE,

1o .

b(L)= > Joo(z)sin AE dE.
TC —*

"3 9THUX bopmyn BBITCKAIOT BBIpAXKCHUS HCKOMBIX byHKUMA

4.(1),B,(x),4 (1), B.(L), C_(X)u D (L), aumenno

mi

Aml.(x)zsmanz} ( mi)jjjz(j]nir(p(r,ﬁl,ﬁ)Jm % cos mb, cos AEdrd®, dE,

m+1

B, (1) L

B SmanszH (l"lmz)

fre(r,0,,E), “}"5’” cos m, sin MEdrd®, dE,

o—x
N
S 3

Cmi(x)zsmn2R2;2+l (umi):jjz(j:ir(p(r,ﬁl,ﬁ)Jm “;;’” sin m0, cosAEdrdo de,
D, (A)= — ; — £0 Trp(r.6,.8)J, (%jsin sm0, sin \Edrdo de,

rae 0, =2ud, =1 npum>0.

Ecnu BHECTH 5TH BHIpaK€HHUs B Pl (84) M BHIIOJIHUTH HHTETPHPOBAHME 10 A , UCIIONB3Ys

MHTErpa T e cos BAAN =——e **, 10 monyunm pemenne 3anaun (77) — (79) B BuzE
- (01
w r
) J mi
R NP C %) X
aTCRZ \/E =0 SmanqH (l"lmz)
(=8
< 1T Tro(r,0,,8)e **J (%} cosm(0 -0, )drd®,de,
00 -0

rac l"lmi — INOJIOKHUTCIIbHBIC KOPHU YPAaBHCHUA .]m (].,l) = O .

5 ®OHJ KOHTPOJILHBIX 3AJAHMN JJISI ONEHKH KAUECTBA 3HAHMII 1O
JTUCHUIJIMHE

5.1 3apanus A1 caMoCTOSITeIbHON PadoThl

1) Haiiti noTennuan npocToro ¢jaos, pacupeneeHHOro ¢ MOCTOSHHOM INIOTHOCTBIO P = P,
Ha cepe.

2) Bpruuciauth TOTEHIMAT TPOCTOTO  CIIOST  Macc, paclpeAelieHHBIX 1o  cdepe
x’+y*+z" =1 ¢ motsocteio p=1.

3) IoTennuan oObEMHBIX Macc, pacrpeaeiaeHHbIX o obnactu D, ompenenen QyHkuuen
V(x,y)=x"y". Haiitu maccy M, 3anonustontyio kpagpar — 1 < x <1, —1< p <.

4) Moxkasats, uto notenmuan V (x,y,z) no chepe x° + ¥’ +z> <1 ¢ mnotHoctsio =1,

4_7[) r>1
3r

sanaercs popmynoit V(x,y,z) = 5
27{1 - r—j, r<1
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5) IMoTeHMAan Mace, pacIpeeIeHHBIX 10 KPyry 7~ =X~ + y2 <1, Bayrpu kpyra 3amaercs
X
dopmymnoit V(x,y) = 7(2 — r*). Haiitu mnotHOCTS Mace | notenmmana V (X, V).

) 2 2
6) BblurcauTh MOTEHIMA JBOWHOIO CJIOS MACC, PaCIpeeNeHHbIX o Kpyry X  + )" =1 ¢
IUIOTHOCTBIO L = X.

Y

2 2

7) ®ynkuus V(x,y)=— r* =x"+ )’ ABisercs BHENIHUM IOTEHIIMAIIOM IPOCTOIO

2 o
CJ10s1 Macc, pacrpeeleHHbIX 0 OKpykHocTH 7~ = 1. Haiitu 3HaYeHue 5TOro NOoTeHIMANA B KpYre
2
r-<l.
8) Morenuman V (X, V) Mace, pacnpeneneHHbIx mo kpyry ¥~ =x° + y° <1, Buyrpn kpyra

™
samaercs  Qopmymoit  V(x, y)=7(2—r2). Haiitn 3mauenwe mortenumana V(x,)) BHe

2
3aMKHyToro kpyra - <1.

ou(x
9) Bouucnute wuHTerpan [ = | Lds

e u(x) - moTeHuman Macc,
x2+y2:] av
X

x?

pacnpenenennsix o kBagpary — 1 <x <1, —1< y <1, c morHocteio L= X) .
10) Haiitu 0ObeMHBIN MOTEHIIMAT MAacCC, PAaCIPECICHHBIX BHYTpU c(ephl pamuyca ¥ = ac
TIEPEMEHHOM TIOTHOCTEIO P = P(7).

11) Haiitu norapugmuueckuil MNOTEHIMANI TPOCTOrO CJIOS OTpe3Ka C MOCTOSHHOM
IUIOTHOCTBIO 3apsja.

12) Haiitu oObeMHBIA NMOTEHIMA Macc, PACHpeieeHHbIX C MOCTOSHHOM IUIOTHOCTBIO B
cepuueckom coe d <r<b.

5.2 3apaum I CAMOCTOSATEILHOTO PellieHU s

[Tonb3ysck nHTErpanbHbBIMU IpeoOpa3zoBaHusiMu Oypbe, pelnTh CIEIYIOIINE 3aJauu:

Du =a’u_, u(x,0)= f(x), u (0,t)=u_(b,t)=0, D={(x,t):0<x<b,t >0}.

u,+u,=0, u(x,O)z 0, u(x,a)zuo, u(O,y)z 0, u(a,y)z 0,
Dz{(x,y):Oéxéa,OSySa}.

Hu =a’u_, u(x,0)=0,u (0,£)=v(t), D={(x,£):0 < x <0,z >0}

0, D={(x,):0<x<o0,t>0}.

5) u, :az(uxx +uyy)+ £x,p,1), u(x,y,0)=0, D={(x,y,t): —0 < x,y <o0,t > 0}.

6) u, = az(uxx +uyy), u(x,,0)= f(x,y), u(x,0,¢)=0,
D:{(x,y,z‘):—oo<x<oo,0<y<oo,z‘>0}.

7 u, = az(uxx +uyy), u(x,,0)= f(x,»), uy(x,O,t)
D:{(x,y,z‘):—oo<x<oo,0<y<oo,z‘>0}.

8) u, = az(uxx +uyy), uy(x,O,t): £(x, ), u(x,,0)=0,
D:{(x,y,z‘):—oo<x<oo,0<y<oo,z‘>0}.

9) u, = az(uxx +uyy), u(x,,0)= f(x,»)., u (x,,0)=o(x,y),
D:{(x,y,z‘):—oo<x,y<oo,z‘>O}.

10) u, = a*(u, +uyy), u(x,,0)=0, u,(x,y,0)=0,

0,
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D ={(x,y,t):—0 < x,y <o0,t > 0}.
1) u, = az(uxx +u, +uzz), u(x,y,z,O) = f(x, y,z), ut(x,y,z,O) = (p(x,y,z),
D = {(x,y,z,z‘): —0 < X,y,z <00,t > O}.
[Tone3ysick MHTETpaTLHBIMU TpeoOpa3zoBaHmsiMu Jlaruraca, pemuTh CISAYIONUE 3a/1a4H:
Do, +u, =0, u(x0)= (), u(0,)=y(t), u (0,1)=0, (0)=y(0)=0,
D = {(x,t): 0<x,t< oo}.
2) 9u_ +4u, =36e> sin3t, u(x,0)=0, u (x,0)=3xe™, u(0,£)=0, u_(0,z)=sin 3¢,
D = {(x,t): 0<x,t< oo}.
3) 2u_ +5u, +3u, =0, u(x,0)=g(x), u,(x,0)=0, u(0,£)=0, u_(0,t)= £(¢),
D = {(x,t): 0<x,t< oo}.
Hu,=au_, u(x,0)= Asin?, u,(x,0)=0, u(0,2)=0, u(l,t)=0,
D ={(x,t):0<x<Lt>0}.
Syu, =a’u_, u(x,0)= Ax(I —x), u,(x,0)=0, u(0,¢)=0, u(l,t)=0,
D ={(x,t):0<x<Lt>0}.
6)u, =a’u_, u(x,0)= Acos?, u,(x,0)=0, u_(0,¢)=0, u_(1,t)=0,
D ={(x,t):0<x<Lt>0}.
Nu, =a’u_—g,u(x,0)=0, u,(x,0)=0, u(0,)=0, u(l,t)=0,
D ={(x,t):0<x<Lt>0}.

8) u, =a’u_, u(x,0)= Asin?, u(0,¢)=0, u(l,t)=0, D ={(x,¢):0<x <1t >0}.

Nu =a’u,, u(x,O)z?(l—x), u(0,¢)= A, u(l,t)=0, D={(x,t):0<x<1,t>0}.
10) u, =a’u_, u(x,0)=0 ,u_(0,£)=0, u(l,t)= A, D={(x,t):0<x <1t >0}.

5.3 3apaum I caMOCTOATEIbHOI PadoThI
Pemuts 3anauy Ilyaccona B mapoBoM cioe:

l)uxx+uyy+uzz:xz’ 1£r£2, ur:lz u”:2:1.
2) Uyy Uy, YU, =xz, 1<r<2, u|_ = u‘r=2:0.
Du, +u, vu, =xz, 1<r<2, ul_ =1, u,_,=2.
Hou,+u, fu,=xz, 1<r<2, u _ =1, u,_, =0.
Syu, +u, vu, =xz, 1<r<2, u|_ =2, u _,=2.
6) u, +u, +u, =xz, 1<r<2, u_ =3, o =1
Nu, +u, +u_=xz, l<r<2, u_=21, u _ =1
1
8) uxx+uyy+MZZZXZ’ E<r<1’ urzl:O u‘rzl__l
2

_ 1 1 = =0

9 u, +u, +u, =xz, E<r< ;U 1= U,, =Y.
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1
10) u, +u, +u, =xz, 5£r<1, u_1=1, u_, =1

1
11) uxx+uyy+MZZ:)CZ, E<I"<1, M‘I’:;:O’ u‘r=1=0.
12) uxx+uyy+MZZ:)CZ, E<I"<1, u‘r:;:_l’ u‘r=1=0.

1
B)u, +u, tu, =xz, 5<r<1, ”‘r:iz_l’ u‘r:lz_l'
Wu, +u, +u, =xz, 2<r<3, u_, =1, ur:3——3_
1) u, +u, +u, =xz, 2<r<3, ur:2:0, ur:3:0.
16) u,, +u, +u, =xz, 2<r<3, ul _ =-1, u _,=0.
1) u, +u, +u, =xz, 2<r<3, ul =2, u _,=0.
18) u,, +u, +u_ =xz, 2<r<3, u‘rzzzl, ”‘r=3:_2'
9 u, +u, +u, =xz, 2<r<3, u‘r=2:0, ”‘r=3:4
20) U, +uy, +u, =xz, 2<r<3, u =1, u _ =3
2hu, +u, +u, =xz, lI<r<3, u _ =1, u|_, =
2)u, +u, +u, =xz, 1<r<3, u _ =1, u|_,=0.
) u, +u, +u, =xz, 1<r<3, u _ =1, u‘r=3——1
2 u, +u, +u, =xz, 1<r<s, u‘rzlzz, ”‘r=3:_1'
25 u, +u, +u, =xz, 1<r<s, u‘rzlz—l, ”‘r=3:1'

6 HEOBXOIUMOE TEXHUYECKOE U ITIPOI'PAMMHOE OBECIIEYEHUE

JlekuvoHHBIE 3aHATHA MPOBOJATCA B CTAaHJAPTHOM ayJWTOPUH, OCHAIEHHOW B
COOTBETCTBUU C TPEOOBAHUSAMU IPEIOAABAHUS TEOPETUUECKUX AUCLIUILIINH.

7 KAPTA KAJIPOBOM OBECIIEYEHHOCTH JUCIUATIINHBI

Jlektop — momeHT Kadeapbl MaTeMaTHYEeCKOTO aHaau3a U MojenupoBanus, K.¢.-m.H. E.M.
Becenosa
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