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PA3JIEJI I

TEOPETUYECKHWI ITPAKTHUKYM IIO PEIIIE-
HUKO) RATTAY OITTUMURATIAN




IIpakTu4yeckoe 3ansaTue Nel
Kiaaccnduxanms 3aga4 onTuMu3anuu

B coBpeMeHHBIX TEOpHSX YaCTO BCTPEYAOTCS NPUKJIAIHBIC 3a1a4, KOTOPbIC HAI0
YMETh pa3pellaTh, UCIONb3Ys anmnapar TEOpUX onTUMu3aluu. [1oaromy Ham IpakTUKym
0 METOJlaM ONTUMH3ALMM HAYMHAETCs C KiIaccu(UKalyMy 3ajad ONTUMHU3ALMU U B
JAIBHEUIIIEM C PACCMOTPEHUSI Pa3iIU4YHBIX NPUMEPOB IOCTAHOBOK KOHKPETHBIX 3a]ad
ONTUMU3ALIMK U WX pelieHuid. JIabopaTopHbIil MPaKTUKYM MO METOJIaM ONTHUMU3AIUU
COZIEP)KAT AJITOPUTMHUYECKUE PEATU3ALIMN PA3HBIX METOIOB ONTUMU3ALIMY [PY PELICHNAN
KJIACCUYECKUX ONTUMU3ALUOHHBIX 3a/1a4.

B npaxtryeckom 3ansatun Nel paccMaTpuBarOTCS KIIACCHYECKUE NOCTAHOBKU OIT-
TUMHU3AIMOHHBIX 33J1a4, B3AThIC U3 Pa3HbIX YYCOHUKOB MO TEOPUHU M METO/IaM ONITHMH3a-
1015178

L.OBLIASA 3AIAYA MATEMATHUYECKOI'O ITPOI'PAMMMUWPOBAHUSA
fo(x) — inf, xe Q.

1.1 Crangapraas 3a1a4a JIMHEHHOTO IPOrPAMMHUPOBAHHS
n

fo(x) = (¢, x) = Z;cjxj
=

(¢, X) — min, xeR"

B YAaCTHOM Clly4ae, KOorja 3aJaHbl JIMHEWHbIE OrPaHUYEHUS TUIA paBeHCcTBa Bx = d,
xeR", deR", mapameTpsl ONTUMH3AIMN TIPUHUMAIOT TIOJIOKHUTEIIbHbBIC 3HAYCHHS X;>0,
j=1,n.

(KaHOHMYECKas 3aJ1a4a JJUHEHHOTO MPOrPaMMHUPOBAHKIS)

n
Ecmm x 3ajaue 106aBMTh M OrpaHMYCHHIl TMIIA HEPaBEHCTBA » a, X, <b, , rie
j=1

a;€R, 1=1,m, TO OTyYMM OOIIIYIO 3374a4y JMHEWHOTO TPOrPaMMHUPOBAHUSI.

1.2 3amayva kBagpaTUIHOTO IPOrPAMMHUPOBAHUS
(¢, X) + S(Qx, X) — min, xeR",
C JIMHEMHBIMK OrpaHMY€EHHs THIIa paBeHcTBa Bx = d, xeR", deR".

1.3 3agaua qpoOHO-TMHEMHOTO IPOrPaMMHUPOBAHUS
(¢,0) +a

(r,x)+p

C OrpaHMYCHHUSIMH TUIIA paBeHCTBA Bx = d, xeR", deR", x>0, j=1,n u orpaHuycHN-

—min, g, 7 €eR", o, € R,

sIMH TUITA HEpABeHCTBA Y a, x, <b ,T1e a;eR, i=1,m.
e

.4 3agaya cenapaOenbHOro MPOrpaMMHUPOBAHUS
CoOTHOILIEHNS ONPENENSIOT 3a/1a4y CenapadeIbHOr0 MPOrpaMMHUPOBAHNS



£, =, (x,) —> min

g ()= g,(x)<y,i=lm;
j=1

x,20, j=Ln

7, €R

[.5 3agada reoMeTprUUECKOro MpPOrpaMMHUPOBAHUS

Wx)= ici p,(x)— inf — no3uHOM,

i=1
rae x = (x, ... x,) RS, ¢ €eR,, p.(x)= ij” , €CJIH 11eTieBast (QYHKIMS U JICBBIC
Jj=1

qaCTu Ol"paHI/F-ICHI/Iﬁ THUIIA PaBCHCTBa M / im HCPAaBCHCTBA B 3a1a4€ MUHHUMMH3AIIUU SIB-
JIHOTCA TIO3MHOMAaMM.

1.6 3amaya BBITYKIOTO NPOrpaMMHUPOBAHUS
3aaun ONTUMHU3ALMH, B KOTOPBIX HEOOXOIMMO HATH MUHUMYM BBITYKJION LIEJe-

BOH (DyHKIIMH, 33/TAaHHOM HA BBITYKJIOM MHOKECTBE.

1.7 3amaua qUCKpETHOrO MPOrpaMMHUPOBAHUS
Ecnmu MHOMXeECTBO (2 IOIMYCTUMBIX PELICHHN KOHEYHO, TO ATO 3a7a4a JIUCKPETHOrO
MPOrPaMMHPOBAHMS, & €CJIM K TOMY K€ KOOPJIMHATHI 3TUX TOUYEK — IIEJIbIe YHCIIa, TO 3a-
Jladqy Ha3bIBAIOT — 33/1a4€i LIEJTOUMCIEHHOTO TPOrpaMMHUPOBAHUSL.

I1. 3AJIAYY HEJIMHEHHOI'O TIPOT'PAMMMPOBAHUSA

I1.1 3agaun HENMMHENHOTO NPOrPAMMHUPOBAHUS
I1.2. 3agaya MMHAMHYECKOTO MPOrPaMMHUPOBAHUS
I1.3. 3agaun ONTUMAIILHOTO YIIPABJICHUS

Knaccuduxauus 3aga4 onTuMaabHOI0 yIPaBJIeHHUS
3amaun ONTUMAIIBHOTO YIPABJIEHUSI MOXKHO PA3[EIUTh HA PsJi OCHOBHBIX TUIIOB
1O CIEAYIOIMM KilacCU(UKAIIMOHHBIM IIpU3HaKam [7]:
1) mo BUIy OrpaHUYEHU;
2) 1o BUJY TPAHUYHBIX YCIIOBUIA;
3) 1o BpeMeHU Havalla ¥ OKOHYaHHUs Mpollecca YIpaBIeHUs;
4) 1O KPUTEPHUIO ONTUMATBHOCTH.
Ilo 6udy ozpanuyenuit MOTYT OBITh BBIIECTICHBI 33J]aU1 KIACCUYECKO20 MUNA, KO-
I/1a OTpaHUYEHUS TIPEACTABISIIOT COO0I paBeHCTBA BUA!
20JIOHOMHOI (aNeebpaudecKoll) cesa3u
D(x,u,t) =0;



He20/10HOMHOUL (OuppepenyuanvHoll) cea3u
D(dx/dt,x,u,t) = 0;
uzonepuMempuieckoll ces3u

ly

I@(x,u,t)dt =@, = const .

OTMeTUM, 4TO UCIOJIb3YsI HOBYIO IIEPEMEHHYIO, MOXKHO OCYIIECTBUTH (pOpMaib-
HBIM NIEPEXOJ OT U30NEPUMETPUYECKON CBA3U K HETOJIOHOMHOW CBSI3U U JOTOJIHUTEI b-
HBIM I'PAHUYHBIM YCIOBHSIM, & UMEHHO:

dz

— =F(x,u,1),z(¢)=0,z(¢,) = D,.

dx

OrpaHnueHust Heklaccuyecko2o0 muna MOTYT HWMETh BHUJ CIELYIOUIUMX Hepa-
BEHCTB:

D(x,u,t) < 0;

J.CD(x,u,t)dt <@, = const.

Ilo 6udy epanuunbix ycio6uil pa3ivyaroT 3aJauu:
C 3aKpenyieHHbIMU (QuKcupo8anHviMu) KOHIIAMH ONTHUMAJIBHOW TPAeKTOPHH, KOrja
MHOXECTBA X(Z,,44) U X(txon) COCTOST W3 33JJaHHBIX TOUEK ()a30BOTO MIPOCTPAHCTBA;
C NOOBUIICHLIMU KOHIIAMH TPACKTOPHUH, KOTJIa MHOXKECTBA X(Z,,44) U X(Zxon) COCTOST U3
OoJiee 4yeM OJIHOW 3aJIaHHOM TOYKH (Da30BOro MPOCTPAHCTBA, HAIpUMEP, B HaYaIb-
HBIII MOMEHT BPEMEHU TIPH JTFOOOH CKOPOCTH JIBMIKEHHUS 00BEKTa 3aJ1aHO TOJBKO €T0
MIOJIOJKEHUE;
co c80000HbIM NPasbiM KOHYoM, KOTAa X(t,) - MHOXKECTBO COBIIQJIAIOIIEE CO BCEM
(a30BBIM MPOCTPAHCTBOM, T.€. HET KAKUX-JIMOO OrpaHWYEeHMH (3aJaHuil) Ha KOHEY-
HOE ToJiokeHue. [Ipu 3TOM JIeBBIi KOHEIT MOKET OBITh KaK 3aKpeIlJICHHBIM, TaK U T0-
JBUYKHBIM.

Ilo eépemenu nHauana u OKOHYAHUA NPOUECCA YRPAGIEHUA PAZTAYAIOT 3a0a4u:
¢ puKCUpOBaAHHBIM 8peMeHeM, KOTTA tyuy U Lo, 33JAHHBIC MOMEHTBI BPEMEHU;
C HehUKCUPOBAHHBIM 8peMeHeM, KOTJa MOMEHTBI BPEMEHU 1,4y U Ly, HE 3Q/TAFOTCS 3a-
paHee.

Ilo Kpumepuio onmumanbHoCmu Pa3INYAIOT CICAYIOIINE 3aa4u:

3a0auy bonvya, xorma KpuTepuil IpeACTaBIseT COO0M BhIpAKCHUE

I

J =G, [x(2.),x(t,),t.,t, ]+ [ F,(x,u,0)dr;

3a0auy Jlaepauxca, xorna (PyHKIIMOHA Ka4eCTBA BKJIIOYAET B CEOsl JIMINb MHTETPaAb-
HYIO COCTaBJISIIOIIYIO ypaBHEHUS (2.34), a UMEHHO

J = [ F(xu,0)dr;

3a0auy Maiiepa, xorna (GyHKIIMOHAT KaueCTBA HE COJACPKUT MHTErPAIHLHOM COCTaBIIS-
120011 ()|

J =G, [x(t.),x(t,).t.,t,].

OTmeTHM, 4TO B 4aCTHOM Cily4ae 3ajgada Maiiepa MOKeT ObITh 3a1aueil mepmu-
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HanvbHo2o ynpasierus (YIPaBJICHUs] KOHEUYHBIM TIOJIOKEHHUEM), B 3TOM ciiydae QyHKIIH-
OHAaJl UMEECT BHU/I

J = Go ['x(tk )7tk ]

Ecnu ke kputepuil kauecTBa UMEET BUT

J=t, —t,
TO 3aj1aua Maiiepa Ha3bIBaeTCs 3a7jaueit MAKCUMAILHO20 ObICMPOOelCMEUsl.

IlocTanoBKa 32124 ONTUMAJIBLHOTO YIIPABJIEHUS
B cucremax aBromatudeckoro ynpasieHus (CAY) npobiiema onTUMHU3aLNH, KaK

MPaBUJIO, CBOJMUTCS K PEIICHHIO BOTPOCOB OMpeAeicHUs (CHMHTE3a) ONTUMAIBHOTO
YIOPaBISIONIETO BO3JCHCTBYS, IPU 3TOM, €CIIM 3aKOH yIpaBJeHHs 3a7aH (ypaBHEHHUE pe-
TYJSTOpa W3BECTHO), TO ONTUMHU3AIUS 3aKIIFOYACTCS B ONMPEACICHUN HAWIY4IINX B HE-
KOTOPOM CMBICII€ 3HAUYCHUI MapaMeTpoB peryisropa [7]. B Haubosee obiiem ciydae
takasg CAY, nmoka3zanHas Ha puc. 1, COCTOUT u3:

onmumanbHo2o npoepammuozo ycmpoticmea (OIlY), BblpaOaThIBAIOIIETO OITH-
MaJbHOE MPOTPAMMHOE BO3JEHCTBUE Z,,y(f), ONIPEACIISIONIEe COOTBETCTBYIONIUN ONTH-
MaJIbHBIA PEXUM PabOTHI CUCTEMbl HA OCHOBAaHUU MOJIHOTO 00beMa BXOJHOW M BBIXOJI-
HOU mHpOpManK (U3BECTHO 3aJ1alolliee BO3ACHCTBUE 7(f) U TOCTYIHBI U3MEPEHUIO HE
TOJIBKO KOOpAWHATA )(f), HO U BeCh HA00Op BHEIIHUX BO3MYIICHUH f(7));

onmumanvHoeo ynpasaaiowezo ycmpoticmea (OYY), BbIpaOaTHIBAIOIIETO OITH-
MaJbHOE YMIPABICHUE U,,n(f), B COOTBETCTBUU C Zonf) U TEKYIIMM IOBeleHUEM )(f) -
BbIXO/1a 00bexkma ynpasnenus (OY).

o
| 0
0 3 ony -5 oyy oy >

[ [

Puc. 1
JlaHHast CTPYKTypa CHUCTEMbI ONTHMAJIBHOTO YIIPABICHUS MOXKET MMETh U PSI
YaCTHBIX CJyd4aeB IOCTPOCHUS, HAIIPUMEP, MPU OTCYTCTBUU OOpPATHOH CBSI3M OHA CTa-
HOBHUTCS PA30MKHYTOM M ITOJTy4acT BU, KOTOPBIN MPEACTABIICH Ha pUc.2, 3.

S

; y(t) F(t) > Ol_[y go(’): Oy
oy |,

»0)

t |_> go(t)k
ny_ o) ony >

Puc. 2 Puc. 3

Takue cucTteMbl Ha3bIBAIOT CcUCMEMAMU C npocpammHbIM ONMUMATIbHbIM YNpAae-
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JleHuem, OHU OINUCHIBatOTCs B padote [7]. s Hux xapaktepHo orcyrctBue OVYY, mo-
CKOJIbKY OOBIYHO BBINOJHSAETCS ycioBue u(¢)=g(t), mpuueM cucTema ymnpaBJIeHUs, TpH
ATOM OKa3bIBAETCS B JIYUILIEM CIy4ae TOJIBKO K8A3UONMUMAIbHOU, U3-32 HEBO3ZMOXKHO-
CTH U3MEPEHHS MPHU peaJbHOM AKCILTyaTallii CUCTEMBI MOJHOr0 Habopa BCEX BO3MY-
HMICHUH, JEHCTBYIONIMX HA OOBEKT YIPaBICHUA. ITOr0 HEIOCTATKA JIUIIEHBI CUCTEMBI C
00paTHOM CBS3BIO, CTPYKTYPHI KOTOPBIX MPUBEACHBI HA puUc. 4, 5, T1e ynpasieHue ¢op-
MupyeTtcs ¢ nomonisro OYY.

If(f) wld)
0 uo(1) o 40 — A
—» OVY oy > > oy >

™ "

Puc. 4 Puc. 5
MO>KHO OTMETUTh, YTO CUCTEMBI, TOKa3aHHBIEC HA PUC. 2 U 3, HE UMEIOT IIUPOKO-
ro IPaKTUYECKOTO MPUMEHEHMS, HO BAXKHBI C TEOPETUUECKON TOUKH 3peHUS [7].

3aoaua cunmesa onmumanvhvix CAY SBISETCS TUIUIHOW 3a/7a4ei Ha YCIOBHBIN
JKCTPEMYM, IOCKOJBKY ONTUMAIBHOCTH IIOHUMAETCS B CMBICIIE MUHUMYyMa HEKOTOPOTO
(yHKIIMOHANA KaueCcTBa, M 3a4acTyt0 (POpMyJIUpyeTCs KaK BapHallMOHHAS 33/1a4a.

PaccmarpuBas mamemamuueckyo nocmamogky 3a0ayu ONMUMAIbHO20 YRpaeie-
Husl TpeOyeTCst UMETh:

1) ypaBHEHUE 00BEKTA yIIPaBICHUS;

2) orpaHUYEHUs Ha yIPaBIICHUE U BEKTOP (ha30BbIX KOOPAUHAT;

3) KpaeBble UM TPAHUYHBIE YCIOBUS (3HAUYCHUS BEKTOpa (ha30BbIX KOOPJIMHAT B

HayaJbHbI U KOHEUHbII MOMEHTBI BPEMEHMU );
4) xpuTepuil ONTUMAJIBHOCTH.

ITycte OV onuceiBaeTcs ypaBHEHUEM
dx(1) = F(x,u,t), (1)
dt
rae F(.) - HekoTopas HelMHeHass BEeKTOp-(QyHKLIHS OT 3JE€MEHTOB BEKTOpa COCTOSHUS
(dazoBeix koopauHat) x=x(¢)=col(x;,xs,...,xy) U COCTABISAIONIUX BEKTOpa yIpaBJICHUS
u=u(t)y=col(u,us,...,uy).

Ha npaktrke 3Ha4eHHS 2JI€MEHTOB BEKTOPOB u(¢) U Xx(f) UMEIOT (pU3HUECKHe Tpe-
JIEJbl, KOTOPBIE OMPENEIISIIOTCS B IBHOM BHUJIE, HAIPUMEDP, C MOMOIIBIO CIEAYIOINUX He-
PaBEHCTB WUJIM PABEHCTB:

Ujmin < Uj < Ujmax, Ujmin,Ujmax=const, j=1,..,.M,

Ximin <X < Ximax>  XiminsXimax—cOnst, i=1,...,N. (2)

HOCKOHBKy IIpH OIITUMAJIbBHOM YIIPpaBJICHUH 0OBIYHO OIIPCACIACTCA OIITUMAJIbHAA
TPACKTOPH:A, CBA3bIBAOINAA HAYAJIbHOC U KOHCYHOC ITOJTOKCHHA BCKTOPAa COCTOAHUA, TO
JOJIDKHBI OBITH 3aJ1aHbl U TPAHUYHBIC YCIIOBUA

Xil(taw) = xd(t,) =x40), xlteon) = x{t) = x(Ty), i=1,...,N, (3)
9



7€ tyay =0, txon=1k, COOTBETCTBEHHO, HAYAJIbHBI U KOHEYHBI MOMEHThI BPEMEHH.

Kpurepuii onTuMaabHOCTH, ONPECISIONIMNA YUCIOBYIO XapaKTEPUCTHKY Kaue-
CTBa yMpaBIICHUS, KaK MPaBUIIO, IPEACTABIIAECT COOON HEKOTOPHIN (DYyHKIIMOHAT BUIA

J = J(u () x(1)). 4)

Teneps 3amady ONTUMAIBLHOTO YIPaBICHUS MOXKHO CHOPMYIHPOBATH CIIETYIO-
UM 00pa3om:
ona oovexkma (1), ocpanuuenuit (2) u cpanuunvix ycaoeuii (3), mpeodyemcsa Haiimu
onmumanwvusvie ynpagienue U,,,=U,,.(x(1),t) u ¢pazosyo mpaexmopuio X,,,(t), ma-
Ky1o, umoowvt pynkyuonan (4) npunuman 6vl IKCmpemaivHoe 3HaueHue.

B GonpmmHCTBE CIydaeB CHHTE3a CHCTEM ONTHUMAJIBHOTO YMPABICHUS paccMaT-
pHUBaeTCs KakK 3a/laua MUHUMU3AUKU (PYHKIIMOHATA J, HO TIPU 3TOM CIIETyET UMETh BBU-
Iy, 9TO 3a7ady MaKCUMU3auu (pyHKIFOHAIa J MOYKHO BCET/Ia CBECTH K 3aJ1ade MHUHHU-
Muzauu (QyHKIHoHana J,, UCHoyb3ys cooTHomeHue J,=-J. Takum oOpaszom, eciu
Jo{Uoni(?),Xonr(?) }=min(J,), T0 3T0 03Ha4aeT, YTO Uyyy(?) B Xopy(f) TaKke ABIAIOTCS OTI-
TUMaJIbHBIMU [7].

IIpakTHueckoe 3ansitue Ne2
IIpocreinme 321244 TEOPUHA ONTUMU3ALMH

3amayn, pacCMaTpUBAEMBbIEC B MPAKTUUECKOM 3aHATHU No2, OTHOCATCS K CaMbIM
MEPBBIM 33J1a4yaM ONTUMU3AIUU B HCTOPUH.

3anaua 1.

Haitnem cTOpoHBI NPAMOYTOJIBHUAKA, BIMCAHHOTO B OKPYKHOCTh paauyca R u
MMEIOIIEro HanOOoJIBITYIO Iomanasb S (puc. 6).

«3a/1a4ya u3BECTHA C TUIyOOKOH JPEBHOCTH, U €€ HETPYJIHO PEIIUTh T€OMETPH-
YECKHUM ITyTeM. /lnaroHajib BOUCAHHOTO B OKPYXHOCTbh MPSIMOYTOJIbHUKA SIBIISIETCS
JTUAMETPOM OKPYKHOCTH M HMMeeT (UKCUPOBaHHYIO JIuHY. Ilmomans S mpsimo-
YIOJIbHUKA paBHA MOJIOBUHE MPOU3BEJICHUS €r0 JUArOHAJIEN HA CUHYC YTIJla (0 MEXITY
IaroHaixsiMu, T.e.S =2R° sing. SIcHO, 4TO 3Ta TJoMaAb OyJaeT HauOOJbIIEH TIPU

sin @ =1, wm ipu @> = 1/2»[3].

Puc. 6

B sTOM ciydae nuaroHanu npsiMOYTOJbHMKA MEPIEHAUKYISPHBI, a caM OPSIMO-

10



YIOJIbHUK MOpeAcTaBisgeT coOoil kBaapaT. Takum o06pa3om, OpsSIMOYTOJIbHHUKOM
HanOOoJbIIEH IUIONIA U, BHUCAHHBIM B OKPY>KHOCTb, SIBJISIETCA KBaJpaT CO CTOPOHOMU

R~2 vt mwomazpio 2R,

Ecnu B kauectBe napamempos onmumuzayuu BeIOpaTh MIUHBI a>0u b>0
CTOPOH IPSIMOYTOJIBHHUKA, TO MOIYUIHUM yenesyio Gyuxyuio S(a,b) u oepanuuenue a* +
b> =4 R* muna pasencmesa, HelMHEHBIE IO OTHOIICHHIO K 9TUM IapamerpaM. ITo-
ATOMY paccMaTpUBAEMYIO 3aJlady ONTUMH3AIUN CIETyeT OTHECTH K 3a/ladyaM Helu-
HelHo2o npospammuposanus. Ee MateMaTn4eckyro (GOpMYIHPOBKY MOXKHO TMpEe-
CTaBUTH B BUE

a-b — max
a’+b*=4R*, a>0,b>0.

OTy 3a1a4y MOXHO PEIIMTHh OJHUM U3 U3BECTHBIX CTAaHAAPTHBIX ITyTEU:

100 KCIOIB30BaTh (POPMaAJIbHYIO MPOLEAYPY MOKCKA YCIOBHOI'O dKCTpEMyMa
¢byHKuMM S = ab IByX NMEPEMEHHBIX C OJJHUM yPaBHEHUEM CBSI3H, OCTPOUB (YHK-
nuto Jlarpanka, 1100 BBIpa3uTh MPU MOMOIIM OTPAHUYEHUS OJHO MEPEMEHHOE
yepes3 Apyroe M MEepeuTH K MOUCKY 3KCTpeMyMa (PYHKLIHMH OJIHOTO NEPEMEHHOTO.
OTMeTuM, 4TO B JAHHOM Cllyya€ BO3MOKEH M HECTaHIApTHBINA CIIOCOO pelieHus,
CBSI3aHHBIN C IOCTPOCHUEM BCIIOMOIaTEIBHOTO COOTHOILIECHUS

4R* -28=a’ +b’ —2ab=(a—b)’ wm S_oR? _(a-by

CnenoBareinbHoO, S* JOCTUTAeT 2 HauGoJbIIErO 3HaYe-
Hus S* = 2R” npu ycioBuM a = b, T.e. KOI/Ia NPSIMOYTOIBHHK SIBJISCTCS KBAJIPaTOM,

npuaeM a = b = R/2.

3apava 2 (3a0aua Eeéxnuoa).

DTa 3ajaya OTHOCHUTCS K CaMbIM IE€PBBIM ONTHUMHU3AIMOHHBIM 3aJadyam
npeBHocTH. B 3amanublil TpeyroisHUK ABC ¢ BeicoTOM H M OCHOBaHUEM b BITU-
caTh TapajuiejorpaMM HauOOJBIICH IUIONMIAAU, CTOPOHBI KOTOPOTO HapayieibHbI
JIBYM CTOpOHaM TpeyrojbHUKa (puc. 7).

A
H |______ B
D

ho L E
\
\ ¢

A \\ -

> x
X b
Puc.7

KpumepueM ONMUMAIbHOCMU B 3TOU 3agadyc ABISICTCA HOCTHUXKCHHC
IUIOIIAaAbIO  IIapaJliejaorpaMMa HanOOJIBIIIETO 3HAQYCHH:A, @ O'PAHUYCHUA CBA-
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3aHBl C YCJIOBUSMHU MApAJIETBHOCTH CTOPOH U pa3MeElIeHHUs MapajieiaorpaMma B
npeaenax 3aJlaHHOTO TPEyroJIbHUKA.

Bribepem npsiMOYTOJIBHYIO CUCTEMY KOOPAMHAT, COBMECTUB €€ Hayayjio ¢ 00-
el BEpIIMHON mapajuiegorpaMMma U TpeyrojbHUKa (BepumHa A Ha puc. 1.2), a ock
a0cIyce — ¢ OIHOW U3 CTOPOH TPEyroJibHUKa. B kauecTBe napaMeTpoB ONTUMU3ALIMH BbI-
OepeM OCHOBaHUE X MapajUleslorpaMMa U €ro BeIcOTy A. Toraa rmiomanas S napasieno-
rpaMMma MO>KHO 3aIlicaTh B BUAE S = /X, a yCIIOBUE, YTO Mapajuie]IorpaMM BIHMCaH B Tpe-
YTOJIbHUK, — KakK orpanudeHue tuma paBeHcTtBa (H - #)/H = x/b, xoTopoe BBITEKAET U3
nonoous tpeyronbHUKoB DBE u ABC.

Wtak, nmeeM 3aaqy ONTUMH3AINHA BUJIA:

S=h-x—> max

H=h_x pso.x>0.
H b

Oty 3a7a4dy TaKKe€ MOXHO PEIIUTh CTaHAAPTHBIMU criocobamu (cM. 3aaady 1). Ee
pellieHNEeM SIBJISIETCS MapajuiesiorpaMM ¢ OCHOBaHHeM x * = b/2 u Beicotoit * = (1 — x*/b)H
= H/2. OtMeTnM, 4TO BBIOOP BEPIIMHBI TPEYTOJIbBHUKA, C KOTOPOM COBIAJAET BEpILIMHA
napaysieJiorpaMMa, He SIBJISIETCS CYIIECTBEHHBIM, TaK KakK B JTFOOOM M3 TPEX BAPHAHTOB BbI-
00pa BEpIIMHBI TPEYTOIbHUKA IUIOMIAb MapaieiorpaMMa MaKCHMAITLHOM IO paBHA
ITOJIOBHMHE IIONIAAH TpeyrojbHuka ABC.

3anpaua 3.

B nipsiMoii kpyroBo KOHYC BIIMCaH NPSMOK KPYTrOBOM LUJIMHJP TaK, YTO OCHOBAHUS
KOHYyCa U LWJIMHJIpaA JiexkaT B OJHOU TuiockocTy (puc. 8). Halizem HauOOmbIIyr0 BO3MOXK-
HYIO0 4aCTh 00beMa KOHYCAa, 3aHATYIO TAKUM IIWJIMHIPOM.

Kak u 3agaua EBkinaa, 3Ta 3aja4a U3BECTHA THICSYHU JICT.
Ee MOXXHO pemnTh, UCHOJB3Ysl HEPABEHCTBO CPEIHUX, U3BECT-
Hoe ewe [Iudaropy, cornacHo KOTOpOMy cCperHee reoMeTpuye-
CKO€ HE TPEBBIIIAET CPETHEr0 apu(hMeTUIECKOro, T.¢€.

a+b —— _a+b+c
Vab < 7 Vabc < 3 U T.IL, [pPHYEM

CpeHee  TeoMeTpHYe-
CKOE PaBHO CpeHEMY apru(hMETHIECKOMY TOJIBKO B TOM CIIydac,
KOT'JIa BCE YrCiIa paBHBI MKy COOOI.

Puc. 8

O0603HaYUM BBICOTY M PaINyC OCHOBAHUS LIWJIMHJIpA Yepe3 /1 U 7, a BBICOTY U paJiu-
yC OCHOBaHHUS KOHYyca uepe3 H u R. 3anuiiemM OTHOIICHHE UX O0BEMOB:
_wm’h _r’h
R*H /3 R*H
DTO paBEHCTBO 33J1aeT IEJIEBYI0 (DYHKIIMIO, B KOTOPOW B KaueCTBE MapaMeTpoB OIl-
TUMM3AIMNA MOXKHO B3SITh OTHOIIEHUS 7/R u h/H. VI3 ycioBust 3a1aun (LAIMH]IP BIUCAH B

n
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KOHYC) BbITeKaeT orpannuenue /R = (H— h)/H. Tloncrasiss ero B 1e/ieByI0 (DYHKIIUIO,
noJayJaeM

h h,h h
U(E) _3(1_ﬁ) Tk EE(OJ)-

ScHo, uro dynkuus 1(h/H) nocTUraeT MaKkCuMyMa Mpu TOM e 3HaY€HUH OTHOIIIe-
HUsl i/H, 9To 1 100as MOJIOKUTENbHAS CTETIEHb MPaBOW YaCTH STOTO PABEHCTBA, B YaCT-
HocTH creneHb 1/3. Mcnomb3yem HEpaBEHCTBO Ui CPETHETO T€OMETPHUYECKOTO TaKHX
TpeX BEJIMYMH, YTOOBI ITpaBasi 4acTh 3TOTO HEPABEHCTBA OKa3ajlach KOHCTAHTOM:

\/3(1__)_ h _N121 h 1 h )f
22HH 3 2 20 2 20 H

MaKCI/IMYM JICBOM 4YacTH B 3TOM HCPABCHCTBC 6y,[[eT JOCTUTHYT IIpU €CTO IICPCXOIC B
PaBCHCTBO, T.C.

1 h _h

22HH

Otcrona Haxogum h/H = 1/3 u, noacrasnsas B (1), Beruucisiem 7(1/3) = 4/9. Ilpu
ATOM OTHOIICHHUE PAJUYCOB OCHOBAHUI LIWJIMH]IPA U KOHYyca OyAeT paBHO 7/R=2/3.

HecnoxxHo npoBepuTh, 4YTO K TOMY K€ pe3yiabTaTy MOKHO MPUNTHU U CTaHIApT-
HBIM IyTeM TMoucka skctpemyma Gyukuuu 7n(h/H) npu h/H € [0,1].

3anaua 4.

Haiinem 3HaueHue napamerpa a, mpu KOTOPOM JIOCTUraeT Makcumyma ¢GyHkius f(a)
= exp(-1/2(x1™+x,%)) = 0, rzie X1, X, - KOPHU KBaIPATHOTO YpaBHEHMs X~ + ax +3a — 1 =0.

ITo Teopeme Buera' umeeM x;+x, =-au xpx =3a— 1.

OTcrona HaxoauM x12 n xzz = (x+ x2)2 —2 X1 X = a — 6a+2 =(a-3)3 -7, uB
utore fla) = exp(3,5 - 0,5(a - 3)%). Tak xax (a - 3)* > 0, a exp(- 0,5(a - 3)*) yObIBaer ¢
BospactarueM (@ - 3)°, To QyHKIHS f{a) JOCTHraeT CBOCrO MAKCUMyMa IIPH a = 3 M 9TOT
MaKCHUMYM paBeH

fla*) =exp(3,5) = 33,115.

[Tpumenenre Teopembl Buera mo3Boiiio B JaHHOM CITydae YIPOCTUTH 3a/1a4y U JaKe
n30eXaTh UCHOJIb30BaHUs NU(D(epeHITnaNIbHOTO UCYUCIEHHS U TIOMCKa KCTpeMyMa
byHkImH f{(a), 3aJaHHON KaK KOMITO3UITHS (DYHKITHIA.

3agauya 5.

JIyud cBera, mepexoas U3 OJHOM OJHOPOIHOW Cpelbl B JPYIyHO, MAJacT HA TPAHUILLY
paszena 3TUX Cpell MOoJ YIVIOM ¢ K HAlpaBJICHUI0 HOPMAIM U TMOCJE MPEIOMIICHUS Ha
ATOM IpaHUIIE COCTABIISET C HOPMAJIBIO YTO &, (puc. 9).

TpeOyeTcst HATH COOTHOIICHUE MEXKTY STHMHU YTJIAMH.

' ®@. Buer (1540-1603) — panIy3cKuii MATEMATHK U OPHCT.
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N3 xypca ¢pu3nkn N3BECTHO, YTO B COOTBETCTBHUU C
npunimnoM depMa’ reOMETPHYECKOH ONTHKH CBET MPH
NPOXOKACHUU Yepe3 Cpely C Pa3IMUHbIMU CBOMCTBAMU
BBIOMPAET TaKyl0 TPACKTOPHUIO, BpPEMsl MPOXOXKICHHUS
KOTOPOM MHUHUMAJIBHO.

[TycTs t| - Bpemsi IPOXO0KI€HHS] CBETOBBIM JIy4OM
otpe3ka AM co ckopocThlO ¢; B cpene 1, rae

Puc.9

X — abcuucca Touku M majieHuss CBETOBOTO Jy4a Ha TPaHUILy JIBYX Cpell, t, - BpeMs Ipo-
XOKIEHUS CBETOBBIM JTy4OM OTpe3Ka MB co CKOPOCTBIO ¢; B Cpele 2.
Torma BpeMs MpoXokIeHUs CBETa U3 TOUKH A B TOUKY B OyaeT paBHO

Jb: +x° N Jb: +(a—x)
- .

H(x)=t +t, =

Cl 2

N3 HeobxoauMoro ycioBus SKCTpeMyMa (DyHKIHUU #(X), KOTOPBIH 10 (pusnyeckoMy
CMBICITY 33]1a4H SIBJISIETCSI MUHUMYMOM, TOJTy4aeM

x
2 2 .

¢, b t+x"  sing,

c, a-—x sina,

Jb; +(a—x)*

DTO PaBEHCTBO BBIPAYKAET 3aKOH IMPEJIIOMIICHHS CBETa, yCTaHOBIEHHbIM B. CHemu-
ycom’

IMpakTnueckoe 3ansaTue Ne3
3aauM ONTUMAJILHOIO TPOEKTUPOBAHMS

[Tpu co3gaHMM TEXHUYECKOTO YCTPOWCTBA PA3IMYHOTO HA3HAYCHHUS OOBIYHO YaCTh
€ro MmapaMeTPOB MOYKHO M3MEHSATh B ONPECIICHHBIX TIpeesiaX. ITO MPUBOIUT K TOMY, YTO
NpU TIPOSKTUPOBAHUH TOSBIISICTCS HEKOTOPOE MHOXKECTBO BApHAHTOB CO3/IaBACMOTO
ycTpoiicTBa. B pesynbrate Bo3HHMKaeT mpobiieMa BbIOOpa M3 3TOTO MHOXKECTBA Albimep-
Hamue HauIy4vIleH albTePHATHBBI C TOUKHU 3PEHUS Kpumepus OnmumMaibHOCHIU.

COOTBETCTBYIOIINE TAKOMY BBIOOPY 3adauu onmumuzayuy 4acTo Ha3bIBAIOT 3aj/1a4ya-
MU ONITUMAITBHOTO TIPOSKTHPOBAHMUS.

1. ®epma (1601-1665) — (paHIy3cKmii MATEMATHK.
* B. Cuenmnyc (1580-1626) — HuepIaHICKHI ACTPOHOM U MATEMATHK.
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3amaua 6.

OpnHoll n3 Hanbosee NPOCTHIX 33]a4 ONTUMAIBHOIO POEKTUPOBAHUS SIBIISIETCS BbI-
00p pa3MepoB EMKOCTH ONpPEIENIeHHON (POPMBI, UMEIOIIEH HANOOMbIIMI 00BEM NPH 3a]1aH-
HOM IUTOLIA I TOBEPXHOCTY MJIM YK€ HAMMEHBIIIYIO IJIOIIAb IIPH 33IaHHOM 00bEME.

Tpebyercs cripoekTupoBaTh 0ak TOPIOYETO B BHUJIE NPSIMOT0 KPYroBOIO LIMJIMHJIPA
3aJJaHHOTO 00BbeMa V/, Ha N3rOTOBIIEHHE KOTOPOro OYyZET 3aTpauyeHO HAUMEHBIIIEE KOJIMYe-
CTBO JIUCTOBOH cTanu. B kauectBe napamempos onmumuzayuu BbIOEpEM paauyc R U BbI-
coty H uununnapa. Toraa 3arpartsl MaTepuana Ha U3rOTOBIEHUE Oaka OyleT ONpeessiTh
CyMMapHas IIoIaab S ero 60KOBOM MOBEPXHOCTH U IBYX TUIOCKUX JHUILL. TakuM 0Opazom,
HEOOXOIMIMO MUHHUMU3HUPOBATH yenesyro @yukyuio S=2nR(H+R) npu ocpanuuenuu muna
pasencmea TR’H= V, T.e. peLINTb 3a0a1y HEMUHELHO20 NPOSDAMMUPOBAHUS

Ecnu u3 neneBoii yHKIMY TIpU TIOMOIIM OTPaHUYEHHS UCKITIOYUTh H 1 3amucarth ee
B BHJIE

S(R)=K+K+27rR2,
R R

TO IMIPOU3BCACHHUC CJIaIaCMBIX HC 6y,ueT 3aBHUCCTDH OT R, Hn 1)1 HaXOXJICHUI €€ MUHUMAJIb-
HOI'O 3HA4YCHMUI YIIO6HO HCIIOJIB30BaATh TO 7K€ HCPABCHCTBO MCKAY I'COMCTPHYCCKHM H
apI/I(l)MeTI/I‘-IGCKI/IM CpCAHHNMM, YTO 1 B 3a1a4C 3:

SR =L+ v omrr >3V o 27 = s..
R R RR

v_ 2R’
PaBEHCTBO MMEET MECTO TOJBKO [IPH PABEHCTBE CIIAraeMbIX, T.C. IPH R ’

TOTraa R = / L .
27

Y4uTeiBas OrpaHUYCHUE, IOJIy4aeM H = 4 _, 4 — 2R T.c. BBICOTA
* * 9
ONTUMAJILHOTO 0aKa paBHA €T0 TUAMETPY. 7R} /4

[Tpu M3rOTOBJIEHUHM OJHOTO 0aka HYXXHO YYHUTBIBATh, YTO JIJISI 3aTOTOBKU KPYTJIOTO
JIHAIIA [UTOIAABI0 TR IPUAETCS B3SITh KBAAPATHBIN JIMCT ILTOMAABI0 TR, IPHUYEM TI0CITE
packposi OCTaBIIYIOCS YacTh JIMCTAa HC- . TOJBh30BaTh OyJIET MPAKTUYECKU HEBO3-
MokHO. [ToaToMy Gosiee 000CHOBAaHHO B Ka- S gectse LENEBOi MUHAMH3UPOBATh (PyHK-
o =2nRH + 8R* npu npexHeM orpaHudeHnn R-H= V.

~ 1
Torna B pe3ynbTarte MpoLEayphl, aHATOTUIHONW PACCMOTPEHHOM, Mmo- R, = 5 AV,

JIy4YUM §* — 63 VZ , ﬁ* :gﬁ*
T

Ecnu mpencTonT u3roToBUTH KPYITHYIO MAPTHIO OAKOB, TO PACKPOM JIMCTOBOM CTaJIN
TIPU 3arOTOBKE JHUII] MOXKHO MPOBECTU O0JIee paIOHAILHO, pactioyiarasi COCETHIE IIEHTPBI
JTHUII B BEPIIMHAX NMPAaBUIIBHBIX TPEYTOJLHUKOB CO cTOpoHOM 2R. Torma pacxos nucTa Ha
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KaXXJI0€ JHUIIE OYJeT COOTBETCTBOBATH ILIOIIAIN 23R’ MIPABWJILHOTO IIECTUYTOJIBHUKA,
OMKMCAHHOTO OKOJIO OKPYKHOCTH paauyca R. IIpu 3TOM clieqyeT MUHMMU3UPOBATH Iielie-

BYIO (DYHKIIHIO S =27RH + 43R’ IIPU TOM K€ OTPAaHUYCHHH.

S, =3R/V*4./3, ﬁ*zﬂ’ﬁ*.
v/

B urtore nosyunm

OTMeTHM, YTO TIPH MTOCTAHOBKE 3aJ1a4 ONTHMAJIBHOTO MPOCKTHPOBAHUS Ba)KHO, YTO-
OBl Mamemamuyeckas Mooelb 00vbeKma onmumusayuu A0CTATOYHO IIOJIHO OTpakasa
UMCHHO T€ CBOMCTBAa OOBCKTA, YIYUIICHHE KOTOPBIX SBJISICTCS LIEIbI0 ONTHMHU3AINHU. Pa3-
paboTKa TaKkoW MOJIEN OOBIYHO TPEOYyeT MCITOJIL30BAHMS CBEICHUN U3 COOTBETCTBYIOIINX
WH)KEHEPHBIX JUCIUTUINH WA 00JIACTEeH TEXHUKH.

3agaua 7.

N3 Kkypca cOonmpoOTHBICHUS MAaTEpUATIOB M3BECTHO, UYTO JIONMyCTUMAas Harpyska, BOC-
IpUHUMAaeMas MPSMOJIMHEHHBIM CTEp)KHEM, pabOTarolMM Ha PacTsDKCHHUE WU CKaTHe
(6e3 morepu YCTOMYMBOCTH TMPSMOJIMHEHHONW (POPMBI paBHOBECHS), IPOIOPIIMOHATLHA

wionaau £ ero monepeuHoro ceueHus. [lpu cxarum crep-

¥4 JKCHb MOXKET MOTEPATh YCTOHUNBOCTD, N3THOAsICh B HEKO-

ol TOpOM TUIOCKOCTH. C)KMMAFOIIasi CHJIA, BBI3BIBAIOIIAS T10-
h TEPIO YCTOWYMBOCTH CTEPXKHS, IMPOIOPIUOHAIBHA 2eo0-
2

MENPUHECKOMY MOMEHMY UHEPUUU I ero ceyeHus: OTHOCH-
TCIBHO lxleHmpa]ZbHOlz ocu meidq, HCpHCHI[HKyJIHpHOﬁ

= [IIOCKOCTH M3rHoa.

o] Pd

Puc. 10

Ot 3HaueHus [ TakyKe 3aBUCHUT MPOTUO CTEPIKHS, U3rndae-
MOTO B 3TOM IJIOCKOCTH, HO 3aBUCHMOCTh 3Ta 00paTHO MporoplroHansHas. Jlomyctumas
Harpyska IpH U3rude CTepKHs MPOMOPIMOHAIbHA MOMEHTY comnpoTuBieHus W = I/y,, ero
CEYEHUsI, TJIE ), — PACCTOSIHUE 10 HanOoJiee yIaJIeHHOW OT LEHTPAJIbHOW OCH TOUKH Cede-
HUS. DTH CBEJICHHS BOKHBI JIJIS1 BEIOOpA KPUTEPHUS ONTUMATBHOCTH TIPH TIPOSKTUPOBAHUA
OTJENBHBIX DJIEMEHTOB KOHCTPYKIIUH, BOCTIPUHUMAIOIINX HArpy3Ky.

[Ipennonoxum, 4To U3 KPyriioro OpeBHa paanyca R HE0OX0UMO BBIMUIUTH OATIKY C
NpSMOYTOJIbHBIM ToniepeuHbIM ceueHreM (puc. 10) Tak, 4ToObl ee MOKHO ObLIO Hanbosee
3¢ (HEKTUBHO UCIIONB30BaTh B CTPOUTENLHONW KOHCTpYKIMU. Eciu Oanka Oyner ucnosib3o-
BaHa B KA4eCTBE CTOMKH, paboTaromiell Ha ckatue 0e3 OMaCHOCTH MOTEPH YCTONYMBOCTH,
TO 11€7€c000pa3HO MAaKCUMHM3MPOBATH TUIOMIAIb I ee ceueHus], BBIOpaB €ro B BUJE KBaJ-

para co CTOpOHOMN RA~/2 , BrCaHHOTO B OKPY>XHOCTb paauyca R.
MakcuMasbHOE 3HaYEHHE IUIOIAH cedenus oyaer F, = 2R’ (cm. 3agauy 1).

TakuM e JOHKHO OBITh CEYEHHME CTOMKH, €CJIM BO3MOXHA TIOTEPsI €€ YCTONYUBOCTH
B JITOOOM TIOCKOCTH, IPOXOASAIIEH yepe3 ee och. JleHCTBUTENbHO, HETPYIHO MOKA3aTh,
YTO B 3TOM CJIy4a€ MOMEHT MHEPIIMM CEUEHHS OTHOCUTENLHO JII00OW OCH, JIeKaIleld B
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IJIOCKOCTH KBaJpaTa U MPOXOSIIEH yepe3 ero LEHTP, MOCTOSHEH U PaBEH I=R"/3. Ecu
K€ TUIOCKOCTh M3rhba CTOMKU MPH BO3MOXKHOW MOTEpE YCTOMYMBOCTH MpPEIOIpeeieHa
YCJIOBUSIMU €€ KPEIUIEHUs, TO 1eJieco00pa3Ho BhIOPATh TAKOE OTHOIIEHUE CTOPOH MPSIMO-
YTOJIbHUKA, YTOOBI MOMEHT MHEPIUU CEYEHUsI OTHOCUTEIILHO €ro IEHTPabHOW OCH, Mep-
NEHIUKYJISIPHOM 3TON TJIOCKOCTH, ObLT MakcHUMaibHbIM. O003HaUUM uepe3 b MupUHYy ce-
YeHUs BJIOJIb 3TOM OCH, a uepe3 /1 ero BeicoTy (cMm. puc. 10).

hi2 bh3
Torma momyanm [ =b I yidy=—.
~h/2 12

2,12
Ho CTOpOHBI TPSIMOYTOJBHUKA MOIDKHBI YIOBICTBOPSITH OrPAHMYCHHIO b +h’<4R’.
Taxum 06pa3oM, IPUXOIUM K 3a0aue HeNUHEUHO20 NPOSPAMMUPOBAHUSL

3

I =—— > max;
12

b> +h><4R’,b,h,R>0.

1
HecnoxHO yCTaHOBUTB, YTO MAKCUMAJILHOE 3HAYEHUE I*ZZ V3R OyZAeT JOCTUTHY-

TO [IPH ONTHMATIBHEIX BEICOTE /1, = R+/3 U tmpnse b= R cedeHus Gaki.

Takoe ke IoIepeyHoe ceucHue OalakH clieayeT BBIOpaTh, €CIM OHA HarpyKcHa B
paccMaTpuBaeMoll ITUIOCKOCTH M3ruOaromei Harpyskou. IIpm Takom BEIOOpE »KECTKOCTh
Oanku OymeT MaKCHMAalbHOM, a €€ Mpornd — MHUHUMAIbHBIM. IIOCKONBKY IS pac-
CMaTPUBAEMOTO NIPAMOYTOJILHOTO CEYEHUS oanku y,, = h/2, 1o JULSL MOMEHTA COMPOTHBIICHHsI
nonyuanM W = I/y,, = bh’/6. B naHHOM ciiyuae 3a1a4a HEIMHEHHOTO MporpaMMHPOBAHHS
MIPUHUMAET BU/I;

W =—— — max;
6
b> +h><4R’,b,h,R>0.

8 22
Ee pemenuem oyner W, =——R’, h, =N R=2b..
P g 93 NE

3agaua 8.

N3 xypca ¢u3Mku ¥ TEPMOAMHAMHMKH H3BECTHO, YTO padoTa, Sana‘H/IBaCMaH B
KOMITIpECCOpPE Ha CKaThe | Kr BO3ayXa OT HAYAJIbHOTO I[aBJ'IeHI/IH ;/RT
Po 10 JABJICHUA p > po, paBHA (( ) - 1)

rae ¥ - kKodh UIUEHT, XapaKTepu3yIoUui nporecc cxarus (mpy aanadaTHYecKOM Ipo-
uecce i Bo3ayxa ¥ = 1,4); R — ra3oBas noctositHHasi Bo3ayxa; Ty — €ro remmneparypa
10 cxkatus. UToObl yMEHBIIUTH 3aTpaurBacMyl0 pabOTy B Clydae BHICOKOUM CTENeHU
CXKaTUs K = p/po, TPOCKTUPYIOT MHOTOCTYIEHUYAThIE KOMIIPECCOPHBIE YCTaHOBKH,
COCTOSIIIIME U3 HECKOJIbKHX IMOCJIEN0BATEIBbHO COEAUHEHHBIX KOMIIPECCOPOB (CTYyIe-
HEil) C TPOMEXKYTOUYHBIMU XOJOJUIBHBIMU YCTPOUCTBAMU MEXKAY CTYIEHSIMHU, B KO-
TOPBIX OXJIAXKAAIT BO3/yX, HATPEBIIUNCS MPHU CHKATHU.
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[TycTe TpebyeTcsi CIPOEKTHUPOBATh KOMIPECCOPHYIO YCTAHOBKY M3 m CTyIEHEH
B TPEANOJIO0KEHUH, YTO BO3AYX, NOCTYNAIOIIUN B i-t0 CTYIEHb, i = 1,m, OXJaXIeH 10
OJMHAKOBOHW TeMIepaTypsl 1, U UMEET JAaBIIEHUE p; |, PABHOE JABJICHUIO HA BBIXOJE U3
npensiaymeil crynenu. Heobxoaumo mpu 3ajaHHOM 00IIeil cTeneHu cKaTtusd f Tak
BBIOpATh CTEMEHU CXKATUA OTACIBHBIX CTYNEHEH L4 =p;/pi., i = 1,m, p,, = p, 4TOOBI

paborta, 3aTpauriBaeMasi Ha BeCh MPOIIECC CKATUsI BO3AyXa, OblJla MUHUMAIbHOM.
Pab6oTa, 3aTpaunBaeMasi Ha ckaTue B i-il CTyIIEHH, paBHA

1= T e = th,

z—l

a pa60Ta 3aTpaduBacMada Ha BCCh IIPOLCCC CKATUA, - A= 7RT Z(,U

Tak kak 4yuclIO m CTYNEHEH 3aJaHO0, TO MUHUMM3UPYEMYIO IEIEBYI0 (QYHKIIUIO
MOYKHO NPEICTABUTH B BUJIE

HpaBa;I YacTb 3TOIr0 paBCHCTBA ABJACTCA CPCAHNUM apI/ICI)MeTI/I‘-IeCKI/IM HCU3BCCT-
r-1

HBIX YHUCEN .’ , i= 1, m. I'eoMeTpU4eCKOEe CpEeIHEE 3TUX YHCEI PABHO
-1
y-1 = -1 y-1
m RA— m p my p —_— —_—
m/ —_ my s — (L \Nmy __ my
alaZ"am _Hlle _H( ) _( ) - °
i=l =P Py

Hcnonb3ys HEpaBEHCTBO MEXKIY F€OMETPUUECKUM U apU(PMETHUECKUM CPETHUMM,
MIOJTy4aeM

y-1

A m ) /4 71
A=y H .
Aom =1l M

Orcrona cieayeT, 4TO HAUMEHbIIIee 3HAaUYCHUE paOOThI MPH 3aJIaHHOW CTEIICHHU
M cxaTus 1 Kr Bo3ayxa B m-CTyleHYaTON KOaneccopHoﬁ YCTaHOBKE PaBHO

A, = Agm(u™ DmﬂT« V“—)

U MOXET OBITh JOCTHUTHYTO JIMIIb IIPH PABEHCTBE BCEX ClIaraéMbIX B IIPABOM YacTH
1[eJIEBOU (PYHKIIMH, T.€. IPU @; = const, i=1,m. ITO BO3MOXHO TOJBKO MpHU BbIOOpE
OJIMHAKOBOM IS BCEX CTYINEHEHW CTEIEHM CHXKATUs, PABHOH 1 D 1
H=u"=)"
Po
Takum oOpaszom, 3aTpaumBaemas paboTa MUHHMAJIbHA, ec-
7Y 3HAYEHHMS JABJIICHUW Ha BBIXOJIC€ M3 CTYIMEHEH 00pa3yloT reoMeTpUUECKYIO IMpo-
TPECCHI0  CO  3HAMEHATENEeM/: p =Ji- p, p,=fi-p, HTL
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Hekoropsie mapaMeTpbl ONTUMHU3AINMU MOTYT NPUHHMATh JIMIIb JTUCKPETHHIC
3HadYeHHs (Hampumep, IeJoduciieHHble). B aTom cnyuae auddepeHmupoBanue 1o
TaKUM TapamMeTpaM IpU MOUCKE AKCTpeMyMa IeJIeBOM (PYHKIIMM HOCHT YCJIOBHBIM
xapakTtep. [Tocae ¢popMaIbHOT0 HAXOXKICHUS TOYKH KCTpEMyMa B MPEANOJIOKCHUN
HETIPEPHIBHOIO M3MEHCHHS STHUX IapaMEeTPOB I HUX CIACAYST IPUHATH OJrKalIme
K HaWJICHHBIM JUCKPETHBIC 3HAUYCHUSA. SICHO, YTO 3TO IMOBIHUSACT HA SKCTPEMaJbHOE
3HAYCHHUE 1IeJICBON (DyHKIIHH.

3amaua 9.

ITycTh TpeOyeTcst cCOeAMHUTH N OIUHAKOBBIX UCTOYHUKOB MOCTOSSHHOTO 3JIEK-
TPUYECKOTO TOKa B OaTapero TakuM 00pa3oM, 4TOObI OaTapes mMmelia HanOOJIBIIYIO
AJIEKTPUUYECKYI0 MOIIHOCTD, BBIACISIEMYIO0 Ha BHEIIHEH HArpy3Ke C COMPOTHUBIEHUEM
R. Tlpennonaraercs, YTO KaKIblii MCTOYHUK UMEET AJIECKTPOJABUKYILYIO cuily E u
BHYTPEHHEE CONPOTHUBIIEHHUE 7.

Ecnu 3TM UCTOYHUKUA COEAMHUTH TOCIEI0BATEIBHO, TO TOMYyUYUM OaTapero ¢ dJeK-
TPOJABWXKYLIEN cuiiol NE 1 BHYTpeHHUM colpoTusiieHreM Nr. Torma npu noaxkimroYeHun
BHEIIIHEN HArpy3KH CHJIa TOKA NE

v Nr+R
1p (NE)'R
" (Nr+R)

[Ipu mapanienbsHOM COEAUHEHUH TIOJIyYUM OaTapero ¢ JIEKTPOABUKYIIEH cuioi £
U BHYTPEHHHUM COIPOTUBIICHUEM 7/N.

, a IlepeaBaeMasi MOIHOCTD W =

B 3TOM ciydae npu NOAKIIFOYEHUHU BHEIIHEN HAarpy3Ku E NE
e, _ (NEY'R M * r/IN+R r+NR
* (r+NR)

B vactHOM cimyuae » = R o0e GaTapeu aayT OJWHAKOBBIN pPe3ysbTat, HO Ipu » < R
nonyuum W, < Wy, u Haobopor (ripu N>1).

MOoO>KHO HCIIOIB30BaTh KOMOMHMPOBAHHYIO CXEMY COETUHEHUS] MICTOUHUKOB TOKA.

[IpeanonoxuMm, 4to N IONYyCTUMO U3MEHATHh TaK, YTOOBI JJiI HEKOTOPOIO HaTy-
paNbHOIO YHUCHa 17 4uCio N/n Takxke ObUIO HATypalbHbIM M OOJibllle €AWHULBI. Toraa
MOKHO MapajyielbHO COeTUHUTH N/n BETBEH, Kaxaas U3 KOTOPBIX OYIET COCTOSITh U3 1
MOCJIEIOBATENBHO COETMHEHHBIX UICTOUHUKOB TOKa K UMETh AJIEKTPOJABIKYILYIO CHITY nE 1
BHYTpEHHEE CONPOTUBIIEHUE nr. BHyTpeHHEee CONpOTUBIICHHUE TaKOM OaTaper paBHO  , a

nro 1% OVCKTPOJBIDKYIIAS CHIIA PABHA 1.
N/n N
o nk
[Ipy MOAKIIOYEHMH BHEIIHEH HArpy3KM CHJIa TOKa cOCTaBUT J = —— ,
nr/N+R
a TiepenaBaeMasi MOIITHOCTh Oy/IeT paBHA , (nNE)’R
W=JR=—; =
(n"r + NR)

®ukcupya N u npeanosaras, 4To # U3MEHSETCS HENPEPBIBHO, IMOIBITAEMCS HAUTH
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MaKCUMYyM IepeaBaéMOi MOIIHOCTH. Eciau Todka n+ MakCMMyMa CYIIECTBYET, TO B HEW
JIOCTUTaeT MaKCUMyMa U CUJIa TOKa, KOTOPYIO IpencTaBuM GyHKuue J ot n

nNE
n’r+ NR

U3 Heobxomumoro ycioBust J () = 0 MakcumyMa (GyHKIHE ToTydaeM opu n>0 ee

J(n)=

€/IMHCTBEHHYIO CTAllMOHAPHYIO TOUKY 7, =~/ NR/r. IIpoBepka 10CTaTOYHOTO yCIOBUS
MOKA3bIBAET, YTO 7+ - TOUKA JIOKAJBHOTO MakcumMyMa (GyHKIMH J(7). DTOM TOUKE COOTBET-

E NE*
CTBYIOT MaKCUMaJIbHbIE 3HAYCHUS J, = ———= u W, = )
R 4r
2 [
N

CpaBHuM cuily TOKa O0atapei B 3aBUCUMOCTH OT CIIOC00a COCTMHEHUSI HCTOYHUKOB
toka. CHauana pacCMOTpUM citydail » = R.

E~N S E

E
[Tpu aTOM n*:\/ﬁ,J*:Tnle J(N)<—.

*TRA+1/N) R

Haumensbiniee 3HaueHue N, Mpy KOTOPOM MMEET CMBICTT KOMOMHUPOBaHHAsI CXeMa CO-
eauHenus, pasHo 4. Torga n- = 2 (IBe mapajuiebHbIE BETBU MO JIBa MMOCJIEI0BATEIBHO CO-

E
€IMHCHHBIX UCTOYHUKA TOKa) U J, = z >J(4). Cnenyrormiee 3HaucHHE N, TTO3BOJISIONICE

OCYIIIECTBUTh KOMOMHUPOBAHHOE COEMHEHHE, PaBHO 6 (TPH BETBU 110 JBAa UCTOYHHUKA WU
JIB€ BETBH I10 TPU UCTOYHUKA), HO ()OPMAIbHOE BBIUMCIICHUE JA€T JIJIS 71+ UPPALMOHATBHOE
YHCIIO MEXKTY HAaTypaJbHbIMU YKiciiaMu 2 U 3. Eciu npussTh n = 2 wiu n = 3, TO MOJTYYUM

J :g% > J(6). IIpu N=8 (opmasibHOE BBIYMCIIEHUE 71+ TAKXKe MPUBEIAET K HPpPaALHO-

HAaJIbBHOMY YUCIIy, HO B 3TOM CJIy4aC UMCIOT CMBICJI 3HAUCHUSA 1 = 2umin = 4, JJIs1 KOTO-

4E
pBIX HalgeM J = IR > J(8). CpaBHEeHUE OrpaHUYUM BbIOOpOM 3HaueHuss N =9, mid ko-

3E .
Toporo n+==3u J, = >R T.€. CHJIa TOKa MpU KOMOMHUPOBAHHOM cxeme Oosiee ueM B 1,5

pasa npesbIaeT 3HaueHue J(9).
Tak kak npu 7 < R BbINONHIETCS HEPABEHCTBO J, < .J; , TO KOMOMHUPOBAHHYIO CXe-
My COEIMHEHHUS MCTOYHUKOB TOKA JOCTATOYHO CPABHUTH C HUX IOCIEIOBATEIBLHBIM CO-

J. _Nr+R_2Nr+R

J, JNrR  2JNR
Y 1Bo€HHOE OTHOIIIEHHE CPETHEr0 apuU(PMETHIECKOTO K CPEeTHEMY T€OMETPUUECKOMY YH-
cen Nru R He MeHbIIIE €IMHULIBI, IPUYEM OTHOLIEHHE paBHO | Tonbko ripu Nr = R. Cre-
JOBATEIBbHO, J+ > 2 J| 1J1sl BCeX MPUEMIIEMbBIX 3HaYeHU N, IPU KOTOPBIX BO3MOMKHA KOM-
OMHUPOBAHHAS CXeMa COCIMHECHUSI. AHAJIOTMYHO MTOKa3bIBACTCS, UTO TIPH » > R 11 BCEX

npyuemMieMsIX 3HadeHud N cripaseyinso J, =2J, >2J,.

CAUMHCHHCM. Hpe}lCTaBI/IM OTHOIICHUEC CHJI TOKOB B BHIC:

MartemaTudeckas MOIOCIIb 00BEKTa OIITUMH3aOUN MOKET OKa3aTbCA CTOJIb
CHO)I(HOI;'I, 4TO pCHICHHUC 3adadMd OIITHMH3AIMHU C HCIIOJIb30BAHHCM TaKkou MOACIN
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MOTPEOyET CIMIIKOM MHOTO BpeMEHH. B TakoMm ciydae clieayeT MOMBITAThCS YIIPO-
CTUTh MOJIEIb, HO TaK, 4TOOBI B YNPOIIEHHOM BHJE OHAa OTpa)kaja CBONUCTBAa 00b-
€KTa, CYLIECTBEHHbIE C TOYKU 3pEHHUS LIeJIU ONTUMHU3ALUU, BBIpAXKaeMON KpUTeE-
pueM onTtumaibHOCTH. [locie BpIOOpa 3HAYEHHUHN MapaMeTPOB ONTUMU3ALMUM IIeTIe-
c000pa3HO MPOBECTU MOBEPOYHBINA pacyeT C MCIOJIb30BaHHEM OoJiee MOJHON Moje-
JIA ¥ OLIEHUTH MOTPELUIHOCTD, CBA3aHHYIO C €€ YIPOIICHUEM.

3apayva 10.

JInst uHTeHCU(UKAINU TEII000MEeHa MEX1y HarpeToi MOBEPXHOCTHIO U OXJIa-
KJAIOIIE cpelod YBEIMYMBAIOT IUIOIIAAb TOBEPXHOCTH MyTeEM ee opebpenusi. Pac-
CMOTPHUM IIJIOCKYIO CTE€HKY, K KOTOPOW MPHUCOEIWHEHO JOCTAaTOYHO JIMHHOE Pedpo
NPSMOYTOJIBHOTO TTpoduiis BeicOoTOM [ 1 Tonuuuoun 24 (puc. 11).

[ToMuMO mepenayn TEMIOTHI OXJIAKIAIONIEH cpene
C U3BECTHOU TeMIIepaTypou 7. HENOCPEACTBEHHO C IIO-
BEPXHOCTHU CTEHKH, UMewllen temneparypy 1o, > T,
HEKOTOpasi 4acTh TEIUIOTHI PACHPOCTPAHAETCS MyTEM
TEIIONPOBOJHOCTA OT OCHOBaHHWS pedpa K €ro Bep-
IIMHE U MEPEXOJUT B OXJaXJAIOUIYI0 cpely dyepe3 0o-
KoBbIe TToBepxHOCTHU. [lenecooOpa3zHo Tak moaoOparth
MaTtepuan pedpa u pasmepsl [ u h ero npoduis,

Puc.11

YTOOBI TEMJI0BOM MOTOK (O (KOJWYECTBO TEIJIOTHI B €IMHUIY BPEMEHHU), NepeaaBa-
MBI OXJIaXKJaroUe cpesie yepe3 y4acTok pedpa eIMHUYHOW JJIMHBI, ObIT MaKCH-
MaJbHBIM.

75 u3roToBIeHUsA pedep KelaTelbHO MCIOJIb30BaTh MaTepual C JOCTATOY-
HO OOJBIITUM KOA(POHUITMEHTOM TEILUIONPOBOJIHOCTH A.
T 7 5 o Torma TtemmepaTypa OOKOBOW MOBEpPXHOCTH pedpa
; OyZeT B MEHbIIIEH CTENEeHU OTIMYAThCS OT TeMmIlepa-
TYpbl €T0 OCHOBAHMS, YTO MOBBICUT 3(PHEKTUBHOCTD
HCIIOJIb30BaHUsI 3TOM MOBEPXHOCTU. Macca pebpa,
MPUXOISIIAACS HA €IUHUILY €TO JUIMHBI, IPOMOPIIU-
oHalibHa miomanu F = 2/h ero cedeHus.
CrnenoBaTenbHO, OJWH W3 BAapUAHTOB TMOCTAa-
X HOBKH 3aJ1a4d ONTUMAJIIBHOTO MPOSKTUPOBAHUS Pe-
Opa, M3roTaBIMBAEMOTO M3 BBHIOPAHHOTO MaTepHa-

jla, MOXKET OBITH TAKHM:

Puc.12

KpUTEpUEM ONTUMAJbHOCTU SBJSIETCS MAKCHUMYM IepeJaBaeMoro 4depes3 pedpo
TEIJIOBOTO MOTOKa (J, a OrpaHUYEHUEM TUIla HepaBeHCTBa Oynet 2/h < F, rue F
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— 3aJlaHHO€ 3HaueHue mionaau. llapamerpamu onTHUMHU3AIMU B 3TOM CilyYae sB-
astotest [ u h.  TloaToMy HEOOXOIMMO YCTAaHOBHUTH CBSI3b TUX MapaMeTpPOB C Be-
JTUYUHON (), T.€. MOCTPOUTH IeNEeBYI0 (PYHKIHIO. ODTO MOTPeOyeT UCIOJb30BaAHUS
MaTeMaTHYECKOW MOJICJIM TMpollecca Iepeaadd TeIuIoThl OT CTEHKH uepe3 pedpo
OXJIAXKIAIOIIEH cpelie.

Ecnu ycnoBus TemnooOMeHa ¢ OXJIaXJaroIel cpeoi MOCTOSHHBI BIOIb 10-

CTAaTOYHO JUIMHHOTO pedpa, TO peKHUM TEII0O0OMeHa OyAeT YCTaHOBUBIIMMCS BO

BPEMEHH, a TEMIICPATypHOE 10JIe B peOpe — IUIOCKHUM, OIPEACaIeMbIM (PYyHKIIH-
et T(x,y), x € [0,I], y € [-h, h] (puc.12).

N3BecTHO, 4TO 3Ta GYHKIOMSA HIpU A = const yAOBICTBOPSCT ABYMEPHOMY YpaBHE-
0’T(x,y) N O’T(x,y) 0

2 2

ox oy

BcenenctBue cUMMETpUYHOCTH Ce€YeHHUsl pedpa OTHOCUTENbHO ocu Ox MOXKHO

paccMaTpUBaTh JIUIIL MMOJIOBUHY 3TOTO CEUCHUS W 3a7aBaTh TPAHUYHBIC YCIOBUS B
BUJIE

guro Jlamraca

1001, 2752 sal ) =aT,y [0,1);
CI)| 0, 2T ot by =G, v <[00,
y

rae a;, a, — KodpPuuueHTs Termoo0MeHa ¢ oxXJiaxaarollei cpegoil Ha O0KOBOH Mo-
BEPXHOCTU peldpa U Ha MOBEPXHOCTH €ro TOpila COOTBETCTBEHHO. PerieHue kpaeBoit
3agaun (8) — (10), 3anucanHoe B BHUjE ABOWHOTO Psijia MO OPTOTOHAIBHON CHCTEME
GbyHKIIHUN, MOXET OBITh HAWJEHO OJHUM U3 MU3BECTHBIX METOJIOB, HAIIPUMEP METO-
noM @ypbe WIM C MOMOIIBI0 MHTErpaIbHBIX Mpeobpa3zoBanuii. [locie ee permrenus
ISl TETJIOBOTO MOTOKA, MEPEAABAEMOro yepe3 pedpo oXJIaKIarouen cpeae U paBHoO-
ro TCHJIOBOMy MOTOKY, MPOXOJAIIEMY Yepe3 €ro OCHOBAaHHUE, MOJIYyYUM ypaBHECHHUE

2j( /15T(xy)|x:0)dy ujaT(xy) dy.

PaCCMOTpeHHaH MaTteMaTudecKkasi MOJAEb ABJSETCA JTOCTATOYHO CJIOKHOW U HE
MO3BOJIET MPECTaBUTh 3aBUCUMOCTh (J OT MapamMeTpoB ONTUMHU3AIUU [ U h B y1100-
HOM BHJE. DTy MOJEJIb MOXXHO YIPOCTUTh, COXPAHUB TOYHOCTbh, JOCTATOUYHYIO JJIS
WHXKEHEPHBIX MPUJIOKEHUU. J[e10 B TOM, 4TO U3 COOOpakKeHUM Ka4YEeCTBEHHOTO Xa-
pakTepa mpu orpaHuyeHHON momanan F = 2/h ceuyenus pebpa 1enecoodbpa3Ho yBe-
JUYUATH €r0 BBICOTY [/, 9TOOBI YBEIWYUTH TUIOIIAAh OOKOBOW MOBepXHOCTH. [Ipm
3TOM peOpo CTaHET JOCTATOYHO TOHKUM W Mo ero tonmuue 2k = F/I < Fy/l, B
HampaBlieHuu ocu Oy TeMInepaTypy MOKHO MPUHSTh MPAKTUYECKA HEU3MEHHOM.

Wurerpupys nesymepHoe ypaBHeHue Jlammaca o y B npenenax ot 0 g0 2 npu rpa-
HU4YHOM ycioBuu (10) Haxoaum

| x=0
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h N2 2
o Ox oy
©0°T(x, oT (x, oT (x,
:J‘ (2y)dy+ ( y)|x:h_ ( y)|x:0:
0 ox a)/
h A2 _
:J‘aT()zay)d al T(X,h):()
o Ox

Orcrona, mojarasi TeMIEpaTypHOE IOJ€ B pedpe OJHOMEPHBIM, OMPE/ICICHHBIM
dbynkmuen 7(x), npuxoauM K OOBIKHOBEHHOMY JH(depeHIIMaATFHOMY YPaBHCHHUIO BUJIA
2 J—
d T(Zx) +05T" T(x,h)
dx Ah
P 0T (x)

=0. IIpu sToMm rpanuunsle yciaoBus npuMyt Bug 7'(0)=

|, +aT(l)=al.. Ho mepenadeil TEmIOTHl ¢ MOBEPXHOCTH ToplLa pebdpa

yalle BCEro MOXXHO MpeHeOpeub MO CPaBHEHUIO C Mepedadyeil yepe3 OOKOBYIO IO-
BEPXHOCTH, T.€. TIOJOKHUTh B ypaBHeHUH & = (0. DTO OymeT COOTBETCTBOBATH HJC-
aJIbHO TETJIOU30JIMPOBAHHOMY TOPILY M NMPUBEAET K HECKOJBKO 3aHUKECHHOM OLIEHKE
IUIsl TIepe1aBaeMoro yepe3 pedpo TEmIoBOro MOTOKA, AJIsi KOTOPOTrO BMECTO TENEph

nonyuuMm Q =-21h o) |, (14).
Kpaeas 3a/1aya (12), (13) npu o =0umeer penieHue
T'(x)=T +(T,-T )M, m= /1. Orcrona, ucnosnb3ys (14), Haxoaum
chml Ah

shm(l — x)

chm

0 =22h(T,~ T )m o= 2 A (T, ~ T )thml

Takum 00pa3om, MbI UMEEM TIENIEBYIO (DYHKITHIO, 3aBUCSIIIYIO OT IBYX IMapaMeTpOB OI-
tumm3ayu [ u h, u orpanndenue 2/h < F,. Iloacraemnss BepxHIOw olieHKY [ = Fy/A2h) nis
BBICOTBI pedpa B IEJIEBYIO (byHKIHIO, MoJTy4yaeM (byHKIUIO

O =2a (T, ~T)ih "

Heobxomumoe  ycnoBue

O'(h)=0 w™akcumyma dTOoW (QYHKIMH JaeT TPAHCICHICHTHOS YpaBHCHHUE —

shg =3¢, ¢ =, /%FO, KoTopoe mpu C > 0 uMeeT eMHCTBEHHOE pelieHne C* ~ 2,8384.

HGCJIO)KHO HpOBepI/ITB yToO COOTBGTCTBYIOHIGC 3TOMy PECIICHUTIO 3HAUYCHHUC
h=¢i|%
i Qﬂl)-

W3 orpaHuyeHus: mojiyyaeM BEPXHIOIO OLIEHKY Ui ONTHUMAJbHOM BBICOTHI pedpa

1 [RAL F y
L, —53 ——— ~1,0024;|—— . Ilpu 3TOM OTHOIIEHHE ONTUMAJIbHBIX 3HAYEHUIN BBICOTHI
o o

23

~ 0,4994;

YJIOBJIETBOPSIET JIOCTATOYHOMY YCIIOBUIO MakCMMyMa (DyHK-



.1
pedpa K TONIIUHE NPUMET BUA —— =—3

, @ MAKCUMAaJIbHOE 3Haye-
2h, 4

HHUC TCIIJIOBOI'O ITOTOKA —

“gF (T, — T, )th 9; ~1,25633/a*AF, (T, — T..).

*

Q* = Q(h*) =23

IIpakTuyeckoe 3ansaTre Ned
3agaym ONTHMAJIBHOIO IJIAHMPOBAHMSA

3aoauu mamemamuyecko2o NpoOSpPAMMUPOSAHUs YACTO BO3ZHHKAIOT B SKOHOMHUKE,
IpU IUIAHUPOBAHUU TIPOU3BOJICTBEHHBIX NPOIECCOB U KOJIMYECTBEHHOW OLICHKE aibmep-
Hamue, CBS3aHHBIX C NPUHITUEM YIpaBleHYeCKUX pemieHud. [locTaHOBKa 3THX 3amay
OOBIYHO OCHOBaHA Ha aHAJIM3€ U COMOCTABJIEHUH PACXOIyEMbIX PECYPCOB M MOIYYEHHOIO
pesynbraTta. Takoil moaxod MPUHATO Ha3bIBaThb METOJIOM «3aTpaTbl — 3(PPEKTUBHOCTHY.
[IpumeHneHue 3TOro MOAX0a MPUBOIUT, KaK MPaBUIIO, K IBYM CBS3aHHBIM MEXTY COOOM
THUIaM 3a]1a4: 100 MaKCUMHU3UPOBaTh Y(PPEKTUBHOCTD MIPU OTPAHUYCHHBIX 3aTparax, JH-
60 obecrieunBaTh YPPEKTUBHOCTH HE HIDKE 33JaHHOM MPH MUHUMAJIBHBIX 3aTpaTtax. Ta-
KUM 00pa3oM, Kpumepuem OnmumaibHOCMu MOMKET ObITh KOJIMYECTBEHHOE BBIPAKECHUE
3arpaT Wi 3PpPeKTUBHOCTH. PaccMOTpUM HECKOJIBKO IPUMEPOB.

OBIIASI 1 OCHOBHAS 3AJTAYM JIUHEMHOT' O TIPOTPAMMUPOBAHU S

PaccMoTpeHHbIe BbIIIE TMpUMEPHI 337a4 JIMHEWHOTO MPOTrPAaMMHUPOBAHUS MO3BOJISIOT
chopMyIMpOBaTh OOIIYIO 337a4y JIMHEHHOTO MPOrPaMMHUPOBAHUSI.
Omnpenenenue. O6meit 3JII1 Ha3pIBaeTCs 3a7a4a, KOTOPasi COCTOUT B ONPEETICHUN OIl-
TUMAJILHOTO (MaKCHUMAaJILHOTO WJIM MUHUMAIBHOTO) 3HAYCHUSI IMHEWHON (QyHKIIUN

n

L=>cx, (1)

IIPU YCIIOBUAX

Max,=b, (i=k+L...,m), )

i=1

XJ.ZO.

Oynkuus (1) HaszpiBaetcs ueneBoit ¢yukiueit 3JII1, a ycinoBus (2) — orpanuye-
Husimu 3JII1.
Onpenenennel. COBOKYITHOCTh YHCE X =(x;X,;...;X,), YAOBICTBOPSIOMNX OTPaHHUCHH-
sm 3JII1, Ha3bIBAIOT AOMYCTUMBIM PEIICHUEM (HJIH ILJIAHOM).
Omnpenenenune2. OntumanbHbiM pemieHueM 3JII1 Ha3pIBalOT [OMYCTUMOE pEUICHHE
X =(x};x};...:x)) , TP KOTOPOM TienieBast QyHKIUS MPUHAMAET MaKCHMAJIbHOE WJIH MUHU-
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MaJIbHOE 3HAYEHUE.

Onpenenenue3. OcHoBHoOM (mu kaHoHU4eckoi) 3JII1 Ha3pIBaeTCs 3a1a4a, KOTOpasi CO-
CTOUT B OIpPEACIICHUH ONTUMAJIBHOTO 3HAYEHUS 1EJIEBON (YHKIUU, TPU YCIOBUH, YTO
CUCTEMa OTpaHUYCHHM MpeCTaBIeHa B BUIE CUCTEMbI YpaBHEHU N

n
L= ZCJXJ‘ ,
=

ITpHU OTPAHUYCHUAX

Zaﬁszbi, i=12,...,m),
=1
X, 20.

CranpaptHoit (unu cummerpuaHoit) 3JII1 Ha3piBaeTcs 3aa4a, KOTOPasi COCTOUT B
OTIpeIeTICHIH ONTUMAJILHOTO 3HAYCHUS 1IeJIEBON (DYHKIIMH, TIPU YCIIOBUH, YTO CUCTEMA
OTPaHUYECHHI MPEICTABIEHA B BUJIE CUCTEMBI HEPABEHCTB

n
L= ZCJXJ"
)

D ax <b,(i=12,..m),
IIpU OrpaHUYCHHUAX | -
x;20,(j=12,...n).

3agaua 11.

[Tpeanonoxum, 4To MPEANPHUATHE MOXKET BBIITYCKATh IMPOIYKIIUIO 77 HAMMEHOBAHUH,
JUTS. TIPOU3BOJICTBA KOTOPOM TpeOyeTcs 7 BHUAOB PECYPCOB (CHIPhS, SHEPTUH, 000PYI0Ba-
HUS U T.11.). O003HauUM 4epes3 a;; 3aTpaThl i-ro BUAA PECypcoB, i = 1, m, Ha MPOU3BOA-
CTBO €JMHUIIbI IPOAYKLIMH j-T'O HAUMEHOBaHusL, j = 1, n, a yepe3 b; U x; MOJIHbIE 0OBEMBI pac-
1oJIaraéMbIX PECYPCOB U IIAaHUPYEMble 00BEMBI BBIITYCKa TPOIYKIIUH COOTBETCTBEHHO. Ec-
T K TOMY € TI0 K&KJIOMY HAaMMEHOBAaHUIO MPOAYKIIMHU 33aJaHbl HUKHSSI @ U BEPXHAA A;
rpaHuilbl 0ObEeMa BBIMYCKa MPOAYKIIMU, TO MOXHO 3alUCaTh O2PAHUYEHUs MUuna Hepa-
8eHCmMEa

ax <b,i=lm,a <x <A, ,i=n.
y J 1 J J J
j=1
Ecin 3 pexTuBHOCT TPOM3BOJACTBAa MPOAYKLIUH XAPAKTEPU30BATH CYMMAPHOM
BBIPYYKOM OT MPOJAXH MPOAYKIIMH, TO ONTUMAIIbHBIN TUIaH X = ( X;..., X,) BBIIIyCKa IIPO-

AYKIUN JOJDKCH YIOBJICTBOPATH 3TUM OI'PaHUYCHUAM U 00eCITeunBaTh MaKCUMyM L!€Jl€6012

Qyuryuu "
S = ;djxj,

IJ€ d; - 1IeHa eAMHULBI IPOAYKIIMH j-T0O HAUMEHOBAHMS.

B nanHOoM ciydae u nieneBast (DyHKIMS, ¥ OTPAHUYCHUS JTMHEHHBI OTHOCUTENLHO nd-
pamempos onmumuzayuu x; j=1,n. IloaToMy paccMoTpeHHas 3aqada ONTHMAIbHOTO TLa-
HUPOBAHUS BBITYCKA MPOTYKITUH SIBISICTCS 3a0ayell TUHEUHO20 NPOSPAMMUPOBAHUS.
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3agaua 12 (mpancnopmmuas 3adaua). I1lycth HE0OOXOIUMO COCTABUTH TUIAH Tie-
PEBO30K HEKOTOPOIO TOBapa C 7 CKJIaJI0OB B # Mara3uHOB Tak, YTOOBI 3aTpaThl HA ITH Iie-
PEBO3KHM OBbLIM MUHUMAaJIbHBIMU. [Ipenmnonoxkum, uTo Ha i-M cknane, i = 1, m, umeercs q;
€IMHHUI] TOBAPA, a j- MarasuH, j=1, n. coenan 3aKa3 Ha b~ €MHUILL ATOTO TOBapa, MIPUUEM CTO-
UMOCTb €r0 MEePEeBO3KH C i-T'0 CKJIaJa B j-i mMarasuH paBHa c;. O003HaYMM yepes Xx;; Ma-
HUpPYEMOE KOJMYECTBO TOBapa, MEPEeBO3UMOE C i-I'O CKJIajJa B j- MarasuH, TOT/Ia CTOM-
MOCTb €r0 TIEPEBO3KH COCTABUT cCjxji. OOwue 3ampamvl Ha IEPEBO3KU — 3TO CyMMa 3aTpar
Ha MIEPEBO3KH CO BCEX CKJIAJOB BO BCE MarazuHbl. [103TOMy ONTUMANBHBIN TU1aH TIEPEBO-
30K COOTBETCTBYET MUHHMYMY II€JIEBOU (DyHKITUH m .
S = ;;cyxi} —> min,
YTO JIOJDKHO OBITH JOCTUTHYTO BBIOOPOM mn 3Ha4EHUH X;; > 0, KOTOpbIE B JaHHOM CIIy4ae
SBJISIIOTCST TTapaMeTpamMu ontumuszamu. Ho nmpu 3ToM HeoOXoauMo 00ecreynTh moTpeo-
HOCTH Mara3uHOB, T.€. IOJDKHBI ObITh BBITIOJTHEHBI OTPAHUYEHUS THIIA PABEHCTBA

ixl.j =b,, j=1,n.
i=l

OpHako ¢ 11000r0 CKJIaZa HeNb3sl BBIBE3TU TOBapa OOJbIIE, YEM TaM €ro HaXOIUT-
cs1. CenoBaTenbHO, JOJDKHBI OBITh BBIIOJIHEHBI OTPAaHUYEHUS THIIA HEPABEHCTBA

n

>x,<a, i=1m.
Iy 1

j=1

OtmeTM, 4TO COpMYJIMPOBAHHAS 33Jaya ONTHMH3AIUHM, OTHOCAIIASICS K KIAcCy
33J1a4 JMHCHHOTO IMPOrPaMMHPOBAHHMS, UMCET PEIIICHUE, €CIIM CyMMa 3aKa30B Mara3uHOB
HE MPEBBIIIACT CYMMapHOI'O 3araca ToBapa Ha Bcex CKjaaax, T.e. .

Zlbf < Zlal..
r= P

3agaua 13 (3a0aua o oueme). PaccMoTpuM 3a7auy MOCTPOCHUS] ONTUMAIBLHOTO
parriona nutanus. O003HAYMM: # — YKCIIO BUIOB MUIIEBHIX MPOIYKTOB; /11 — YUCIIO BU-
JIOB MTUTATENbHBIX BEIIECTB; @;; — YMCJIO €IUHHIL i-TO MUTATETHLHOTO BEIIECTBA B CIUHH-
1€ J-TO MPOAYKTA; b; — €XKeroaHas NOTpeOHOCTb B 1-M MTUTATEILHOM BEILECTBE; ¢j — CTO-
MUMOCTb €IMHMIIBI J-T0 MPoaAyKTa. CKOJIBKO €UHUI] KaXI0T0 MUIIEBOr0 MPOIyKTa HYKHO
yIIOTPEOUTh 3a paccMaTpUBaeMbIid TIeprol (B TAHHOM CIIydae 3a roji) TaKuM oOpa3om,
4TOOBI, 00ECIeYnB MOTPEOHOCTH B KaXKJIOM MHUTATELHOM BELIECTBE, 3aTPAaTUB MUHH-
MaJIbHOE KOJIMYECTBO JICHET.

Ha3zoBeM pammoHoMm BeKTOp X = (X X3 X3 ... X,), TJI€ Xj - €XKEroJHOE MOTpeo-
JIEHHE j-TO MHUILEBOTO MpoAykTa. TakuM oOpa3oM, HEOOXOAUMO MOCTPOUTH PALUOH
MUHUMAJIBHOW CTOMMOCTH. MaTeMaTH4YeCKH 3Ta 3ajada MOXeT ObITh chopMyIHpo-

BaHa CIEAYIONIUM 00pa3oM: MUHUMHU3UPOBATH IEJIEBYI0 (YHKITUIO Zcix]. — min
=i
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MpU OTPAHUYECHUSX /!
x;20, j=Ln.

3anaua 14 IIpeanpustre MOXKET MPOU3BOAUTE N U3JCIHIL, IPUYEM 3aTPAThl HA
IIPOM3BOJCTBO X; SAUHMUIL i-TO U3AEIHSA COCTABISIIOT i
P 1 S(x,)=ax

re a; — 3aTpaThl Ha MPOU3BOJCTBO OAHOTO i-ro U3Aenus (IPH MEIKOCEPHIHHOM WIIH
MHIMBUIYaJbHOM HPOM3BOACTBE 0OBIYHO k; > 1, a mpu KpymHOCcepuitHom — k; < 1).
HpeI[HOJ'IO)KI/IM TAaK¥XKC, 4YTO AOJJIXKHO OBITH BBITIOJIHEHO TaK Ha3bIBACMOE YCJIOBHC Ha
ACCOPTUMCHT: NPCANPUATUC JOJI’KHO BBIITYCTHTbL HC MCHCC bi CAUHUIL 1-TO U3aCIuAd,
T.C. IMEEM 1 OIPAHHYCHHUI THIIA HEPABCHCTBA ,
x,2b,i=1n.

Ecnu s hexTuBHOCTD POM3BOJCTBA H3/CIHN ONPEISIUTh KaKk CYMMapHYIO BBIPYY-
Ky OT UX IPOJIa’kKH, TO MOJTY4YHM ellie OJHO OrPaHHNYCHHE THIIA HEPaBEHCTBA

Sdx >b,

rae di, i=1,n, — 1eHa eIUHULBI i-I'0 U3Jenusi, a b — 3aJaHHbII HUX-
HUM ypoBeHb 3P (PekTUBHOCTH. [Ipu 3THX OrpaHMYEeHUSIX HEOOXOAUMO MUHUMHU3HPO-
BAaTh HEJIMHENHYIO 1EJEBYI0 (YHKIHUIO S n .
(x) = Z;, ax;’,
P

XapaKTEPHU3YIOIIYI0 CYMMAapHBIE 3aTpaThl HAa MPOU3BOACTBO U3EIIUN.
CrnenoBaTenbHO, CPOPMYIHPOBAHHAS 33]a4a ABISIETCS 3a0aueli HeIUHelH020 NPocPaMm-
MUPOBAHUSL.

3agaua 15 [lycTh ceTh Ta30MPOBOJOB CBA3BIBAET MEXKAY COOOM m MECTOPOXK-
nenuil A;,, i=1,m, raza u n nyHktoB B;, j = l,n, ero noTpebyieHUs] C U3BECTHBIMU
3HaYeHHSIMHU p;= (0 pacxoja rasa B eIMHULY BpeMeHHU. [Ipon3BOAUTENBHOCTD g; I-TO
MECTO POXKACHHA, [=1,m, orpaHnyeHa 3aJaHHbIM 3HadeHuem G, T.€. 3aJlaHbl
orpanuyenus tumna HepaBeHcTBa 0 < g; < Gy. 3arpaThl Ha A00bIYY ra3a Ha i-M Me-
cTopoxaeHuu, i = 1,m, saBuarorcs QyHKuen @(g;) nmpousBoautenbHocTH g;. CeTh
cocTOUT U3 K y4yacTKOB, MPUYEM CTOMMOCTH MOJAYM ra3a no k-My y4actky, k = 1, K,
saBisgeTcs pynkuuen fi(qy) pacxoaa gy 4epes 3TOT y4acTok. B myHKkTax moTpebiaeHus
ra3za MMeeM OrpaHuuYeHUs TUIA PABEHCTBA

qu :pj + qua J =1,n,
keB? keB~

B+ 87 J J
rne / W 7/ — MHOXECTBa YY4aCTKOB CETH C BXOASIIMMHM B j-i IIYHKT M BbI-
XOOAIIINMMHA U3 HET'O ITIOTOKAMHU ra3da COOTBETCTBECHHO.

AHaAJIOrM4HO JJIS MeCTOPO)KI[eHI/Iﬁ rasza moJjJiydacm OrpaHHM4YCHUA THUIIA PABCHCTBA

OnTuManbHBEIM iasomMm £ = kZ qg.- i =1m. noOBIYM Tra3a Ha MECTO-
€A;
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POXACHUAX U PACIHPCACIICHHUA ITIOTOKOB ra3a 110 y4aCTKaM CCTH Ira30IIpOBOIAO0B 6y,HeT
I1JIaH, KOTOprﬁ YAOBIICTBOPACT YKAa3aHHBIM OIPaHUYCHUAM H obecrieynBaeT MHUHU-
MyM O6HII/IX 3aTpaT Ha I[O6I>ILIY H I1oaavy ra3a COCTaBHT:

S :igpi(g[)-'_ kﬁ;jrk(qk)

Bce orpanuyenus B copmMynupoBaHHOU 3ajaue JuHelHble. [loaToMy B yact-
HOM ciIy4dae JTUHEHHBIX GyHKIUN @(g;) u fi(gx) oHa Oynmer 3adaueti auHeuHo020 Npo-
2PaMMUpoO8anus, HO B OOIIEM Cllydae — 3a0auell HeIUHelUHO20 NPO2PAMMUPOBAHUS.

IIpakTueckoe 3ansitue Ne5

Knaccnpuxkanus YucJIeHHbIX METOA0B ONITUMU3AIUU

B npaktrueckom 3ansaTun No5 00CyK1at0TCsl pa3IMYHbIE METOIbI PEIICHUS 3a1a4
ONTHUMH3ALUH, TPUYEM HCIOJIb3YETCS KiacCU(PUKaluusg METOAOB ONTHMH3ALUH, HPEa-
JoXKeHHas B padotax [2,3].

CymectByeT kiaccupuKkanys METOJI0B ONTUMHU3ALUH 110 HATMYMIO UH(pOpManuu
O MPOU3BOJHBIX (PYHKIMHU, METObl ONTUMH3ALUHN MOJPA3AEIAIOTCS HA METO/Ibl HYJIEBO-
ro, IEPBOr0 U BTOPOIO MOPSJKA, COOTBETCTBYIOIIAs KiacCU(UKALUI METOAOB IpEJ-
CTaBJieHa Ha puc. 13.

Bce memoowr nynesoco nopsoka ucnoab3yloT B MPOLECCE ONTUMU3ALMH TOJIBKO
3HayeHUs! PYHKIMH B 00JaCTU 3HAYCHUM M 3HAYEHMs apryMeHTa B 00JacTH ompesene-
HUsI; OHU HE UCIIOJB3YIOT 3HAYECHHSI IPOU3BOIHBIX IIEPBOTO, BTOPOTO WIIN 71-TO MOPSAA-
KOB. Bce 3T MeTobl OTIMYHO U3JI0XKEHBI B UCTOYHHKAX [1-4]. OHM TpeOytoT oT PyHK-
LA yIOBJIETBOPEHUS OIPEIACIEHHBIM YCIOBHIM, HAPUMEDP, YHUMOAAIBHOCTh HEMpE-
PBIBHOM BBIMYKJION (YHKUMH JJI1 METOJA TUXOTOMUHU WJIM METOJa JENIEHUs OTpe3Ka
00J1aCTH OTpeeNIeHHs] B OTHOUIEHUH «30JI0TOTO CEYEHUSD.

Memoowvlr nepsoco nopsioka (TpagueHTHbIE) TPEOYIOT CYIIECTBOBAaHUS IEPBOM
IPOU3BOAHON ONTUMHU3UPYEMON (GYHKIUU I aHAJTUTUYECKOTO BUAa ONTUMU3UPYEMOit
(YHKIIMM WIM YHUCICHHOM MPUOIMKEHHOM BMJIE JJIS KOHEUYHBIX pasHocTed. [laHHas
rpynmna MeToI0B HCNOJib3yeT MH(GOPMALMIO O HAIpaBJICHUU CIIyCKa K MUHUMYMY IO
AHTUTPAIUEHTY, HE HACTpaWBas IPU 3TOM BelIU4uHy 11ara. B merone ®neruyepa-Pusca
IIOMCK BENETCS BIOJIb B3aMMHO CONIPSDKEHHBIX HAlpaBieHUW, B Merone JlaBuacona-
®neruepa-Ilaysnna HeoOXoaMMa MONOKUTEIbHAS ONPEACIEHHOCTh 1 CUMMETPUYHOCTD
MaTpPHUILIbI BTOPBIX MPOU3BOIHBIX, 3TH METO/AbI HanboJiee ObICTPO CXOASATCS, €CIIU ONTH-
Mu3rpyemasi QyHKIMS KBaJpaTHUYHasl.

MeTonbl BTOporo mopsiika (HbIOTOHOBCKHE METO/bl) TPeOYIOT CYIIECTBOBAHUS
NEepBOM U BTOPOUM MPOU3BOAHON ONTUMHU3UPYEMOM PYHKIUU (HAIIpUMED, AJI BbIUMCIIE-
HUsi Matpuipl ['eccuana) B aHAIMTHUYECKOM WJIM YHUCJICHHOM MPUOIMKEHHOM BUJIE.
JlanHast rpynna METOJOB HCIMOIb3YeT MHPOPMALIUIO O HAMPABICHUU CIyCKAa K MUHH-
MyMy MO aHTUTPAJUEHTy U MH(OpMAIUIO O BBIMYKJIOCTH (YHKIMA, HacTpauBas Mpu
STOM BEJIMYMHY IlIara.
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YuceHnbple METOABI OIITUMHU3 AN

[epBoro nopsiaxa(rpaareHTHEIE)

Merton JaBuncona-®dneruepa-Ilaysimia

Meton dneruepa -Pusca

I'pagueHTHBIN METO TEOPUH INIAHUPOBAHMS DKCIIEPUMEHTA

Broporo nopsinka
(HBPIOTOHOBCKHE METO/TBI)

OpToroHanbHOE KOMIIO3UIIMOHHOE ITaHHUPOBa-
HUE (BTOPOTO MOPSIKA)

AHaIUTUYECKUI METO/I KOHEUHBIX pa3HOCTEH

Hawuckopeiimero ciycka mo aHTUTPaIUSHTY

r ﬁmh&omﬂmgw METOA C aAallTUBHBIM IIaroM

I'pagueHTHBIH MeTOA ¢ (GPUKCHPOBAHHBIM IIIarOM

Hynesoro nopsinka

Meron Hennepa-Muna
(mehopMuUpyeMOro MHOTOTrpaHHHKA)

I'eneTnyeckuii anroputm

ITocmemoBaTeNnbHBIA CUMITIIEKC-METO

IHoxoopaunatHslii ciiyck I'aycca-
3elinens

Meron Xyka-/[xusca

Hcnons30BaHue MOCIIEN0BATEb-
nocty Oubonayun

Juxoromun

30J10TOr0 CeUYEHUs

Puc. 13. Knaccudukanus 4MCICHHBIX METOJI0OB ONITUMU3ALIUHU 10 TOPSIKY MTPOU3BOI-

HOU

(v

, HO ABJIICTCA YHUMO/IAaJIbHOU,

BBIITYKJIOM W HCIPCPBIBHOMW, TO BO3MOKHO IMPUMCHCHUC MCTOJOB HYJICBOI'O IOpPsAIAKA.
MeTOI[BI OIITUMH3AllHU IICPBOT'O K BTOPOI'O MOPAAKOB OUYCHb MCIJICHHO CXOIATCA BOJIH-

3ameuanue: Eciu ¢pynkiusa He quddepennupyema

(v

(v

31 OKPCCTHOCTH OINITHUMYMaA, TaK KaK WU I'PaIuCHT OJIM30K K HYJIIO, WJIM MaTpula BTO-
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PBIX MPOM3BOAHBIX TIOXO O0ycioBiIeHa. Kpome Toro, maHHbIE METOMBI CXOIATCS HE K
r100aJbHOMY ONTHUMYMY, a K ONukaillieMy JOKaJIbHOMY 3KCTpeMyMy (T. €. OYEHb 3a-
BUCAT OT BbIOOpa HAYaJIbHOM TOYKH), YTO HEAOMYCTUMO MPH PEIICHHUH MHOTO3KCTpe-
MaJbHBIX 3aJlad BBUJIy CYHIECTBEHHOM MOTPEIIHOCTU BbIYMCIICHUN. Takke IpagueHT-
HBIE METOIbl MEJIJIEHHO CXOJATCSI HA OBPAXKHBIX TUIOXO MACIITAOMPOBAHHBIX (DYHKIIUSX.

CymecTByeT U Apyras Kiaccu(pUKaus METOJ0B ONITUMHU3ALINN, OHA IIPEJICTaBIe-
Ha Ha puc.14.

Mertoasl OITUMHU3ALNT

CroxacTudeckue ,HCTepMHHHpOBaHHHe
(BepOﬂTHOCTHHeIICTaTHCTquCKHG)

Nl

LeHUIIAOOX

BUHOHIOAOA WOXOLOW KUITBEUWULIIO BBHAIBQOL! |
Windodrre UUNOOhMLIHS

UUAIDIHAD nogorral eiHoured: uurenwnoModiIe ToLaA

Puc.14. Knaccudukamms METo10B ONTUMHU3AIUN
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PA3JEJ II

JJABOPATOPHBI TIPAKTUKYM I10 METOJIAM
OIITUMHA3ALINU
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JlabopaTtopnas padora Nel
Yuc/ieHHbIe METOAbI PellIeHU 3a1a4 OJHOMEPHOI onTuMuU3anuu. Meroa 1uxoro-
MHH M 30J10TOT0 CeYEeHHUS JJI HAXO0KIAEHUSI ONTUMYMA YHUMOAAJIbHOUH (PYHKIMH.

MeToabl pelieHus 3a1a44 OJTHOMEPHON ONTUMHU3 AU U
Metoa quxoToMuH (METO/I MTOJIOBUHHOTO JICJICHUS ).

. a, +b, a, +x,
KoopauHaTel TOYEK BBUHCISIOTCS MO (dopMmynam: x, =—4—%  y =—k —k
2 2
_ Nt
Z, = 5 .

Jlasiee BBIUUCISAIOTCS 3HAYEHUS] (DYHKIIMHM B 3TUX To4kax. Cleayromui mpoMexKy-

TOK HEONPEAEIEHHOCTH OIPEEIISECTCS IO MPABUIIY:
1) ecmm f(y) <Axk), TO a1 =ax, br1=xi;
2) ecmn flzy) < f(xk), TO as1=Xx, Dxr1=by;

3) eciu f(yy) = flx) v fz) = flxw), TO A1 =Vi, Dxi1=2x;

Pabota anropurma 3akaHUMBAETCS, KOT/Ia JUIMHA TEKYIIETO MPOMEXKYTKa HEOIpe-
JICTICHHOCTH OKa3bIBAaeTCsA HE 0oJiee HEKOTOPOW BEeMWYMHBI £>0, KOTOPYIO HA3BIBAIOT
TpeOyeMOl TOUHOCTBIO METOAA.

Coznamum daitn-pyakmuo B8 MATLAB halfdiv.m, B koTopoii peaii3oBaH ajiro-

PHUTM BBIYHMCIICHUS MUHUMYyMa (byHKL[I/II/I METOIO0M JUXOTOMUMH:
function halfdiwv
clear all
eps=0,01;
disp (‘--ak--yk--xk--zk--bk--Lk---f (yk) -———f (xk)-——-f (zk) ") ;
a=0;
b=1;
n=-1;
while ( (b-a) >eps)
x=(a+b)/2;
y=(a+x)/2;
z=(x+b) /2;
dispLine=[a y x z b abs(a-b) fun(y) fun(x) fun(z)];
disp (dispLine) ;
if fun(y)<fun (x)
a=a;
b=x;
end
if fun (z)<fun (x)
a=x;
b=b;
end
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if (fun(y)>=fun(x)&& f(z)>=fun(x))
a=y;

b=z;

end

n=n+1;

end

xXxmin=x;

fmin=fun (x) ;

disp (‘Umcio urepauun’ )
disp (n)

xmin

fmin

end

3ameuanue. [lepen 3amyckom halfdiv.m HeoOxoaumo Hammcats QyHkimio fun,
peaNM3YIONTYI0 caMy (DYHKIIMIO, 1JIsi KOTOPOH OIpeesieTcss MUHUMYM.

MeToa 30J10TOr0 ceYeHust

MeToa 3070TOT0 CEUEHHUSI OTHOCHTCS K MOCIEI0BaTeIbHBIM METOJaM HyJe-
BOT0O nopsifika. B MeToie 3010TOro ceyeHus 1B BHYTPEHHHE TOYKH, KOTOPbIE UCIOJIb-
3YIOTCS I COKPAILEHUSI MPOMEXYTKa HEOINPEIEIEHHOCTH, BBIOMPAIOTCS TaKUM 00-
pa3zoM, 4TOObI OJIHA M3 HUX HCIIOJIH30BAJACh C TOM K€ LEIbI0 M Ha CIEAYIOIIEM YXKe
COKpAILlEHHOM NpoMeXyTKe. Takoe mpaBuio BbIOOpAa TOYEK MPHUBOJIUT K TOMY, YTO
YHCJIO BBIYMCICHUN (PYHKIIMU COKpAIlaeTcs BJBOE M OJHA WUTEpallMU TpeOyeT pacuera
TOJILKO OJIHOTO HOBOTO 3HayeHWs] (QyHKUMH. TakuMu CBOMCTBaMHU OO0JaJar0T TOYKH,
Ha3bIBAEMbIE TOUYKAMHU 30JI0TOTO CEUECHHUS.

AJNTOpUTM METOAA aHAJIOTHYEH alrOPUTMY METOJa MOJOBUHHOTO Aenenus. [lep-
BOHAYaJbHO OMpPEEseTCs MPOMEKYTOK HEOMPEAEIEHHOCTH, Ha KOTOPOM (YHKITUS

SIBJISICTCS YHUMOJIabHOU. BBIUMCIAIOTCS KOOPAUHATH TOYEK 10 (popmyram:

yk:bk_(bk_ak)a Zk:ak"'(bk_ak): (/’:1_|—\/g
¢ ¢ 2

- 30JI0TOC CCUCHUC.

Crnenyromuii MpoMexXyTOK HEONPEACICHHOCTH OMPENEIsiicss 0 MpaBULy: €ClH

f()/k) Zf(Zk) I/If(Zk) Zf(xk), TO Ax+1=Vk, by+1=2k.
PabGora anropuTMa 3akaH4YMBAaeTCsl, KaK TOJIBKO JJIMHA TEKYIIETO WHTEpBaJla HE

CTaHET MCHBIIE 3aJJaHHOM Harepea TOYHOCTH £>().
[Ipu sToM momarawT x,;, =(a, +5,)/2, fmin = f{Xmin), TAE k-HOMEp MOCIETHEN

ATEpALUH.



Crnenmyer OTMETUTh, 4YTO Ha KaXIOM UTEpalid  METOAa BBIYMCIICHHE
3HaueHUs (PYHKIHUHU TOJBKO B OJHOU HOBOW Touke. IIpu 3TOM K k-uTepanuu IJiKHA

I/IHTepBaHa HCOHpeI[eHCHHOCTI/I CTAHOBUTCA paBHOﬁ BCIINYHUHC.
51
b, —a, :( 5 J (by—ay) -

Torma, npwu 3amaHHOM TOYHOCTH &>0, MOXKHO PacCUUTATh KOJIMYECTBO UTE-

paunﬁ ME€Troaa, HGO6XOI[I/IMBIX A1 JOCTHMXKCHUA Tpe6yeM0171 TOYHOCTHU, KaK HAMMCHb-

1né&:fg
&

ln—ii—.
J5-1

mee HeJI0C YUCII0 YAOBICTBOPAIOIICC HCPABCHCTBY: N >

Coznanum daitn-pynkimo B MATLAB golddiv.m, B koTopoii peann3oBaH airo-

PUTM BBIYHMCIICHUS MUHUMYMa (DYHKITUH METOJOM 30JI0TOTO CEUCHUS:
function golddiv
clear all
eps=0,01;
disp(‘-—-ak--yk--xk--zk--bk--Lk---f (yk) - ——-f (xk) ——-f (zk) ") ;
a=0;
b=1;
n=0;
fi=(l+sqgrt(5))/2;
while ( (b-a) >eps)
y=b- (b-a) /fi;
z=a+ (b-a)/fi;
displLine=[a y x z b abs(a-b) fun(y) fun(z)];
disp(dispLine) ;
if fun(y)>=fun (x)
a=y; else
b=2z;
end
n=n+1;
end
xmin=(a+b) /2;
fmin=fun (xmin) ;
disp (‘Umcmo urepauun’)
disp (n)
xmin
fmin
end

Meton ®uooHAYIMN
B nanHoM MeTone Takke peann3oBaHa CTparerusi, oOecreuuBaroiias MaKCH-
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MaJbHOE TapPaHTUPOBAHHOE COKPAIICHHE WHTEpBaja HEOMPEICICHHOCTH MIPH 33JIaHHOM
KOJUYeCTBE BhIuMCIeHUN PyHKIMu. CTpaTterus MeToJia onrupaeTcs Ha ynciia @uboHad-
Y.

Onpeoenenue. Yncna Gubonauuu onpenenstorcs o popmyne: Fo=F =1, F,.=F,.
1+ (n=2.3,..)).
ITocnenosarensHocts Gudonayvun: F,=1,1,2,3,5,8,13,21,34,55,89,144,233,. ..

Meton OoTHOCUTCS K TIOCJIENOBATENbHBIM cTpaterusM. [lepen HagamoM pabOTHI
anropuT™Ma CJaeAyeT BBIUMCIUTL 4uciao N BeluuciaeHud Qynkiuu. I[lycTs u3BecTeH
HauaJIbHBIM TIPOMEXKYTOK HEONpEeACTICHHOCTH Ly = [ay,by] M 3a7aHa TOUHOCTD & - JJIMHA

KOHCYHOI'O IMPOMCIKYTKAa HCOIIPCACIICHHOCTH. Torna N BBIUHCIISIETCS KaK HauMMEHb-

L b, —a
IIee 1eJI0€ YKCII0, IPH KOTOPOM BEPHO HEPABEHCTBO: F) > Il _ -0,
£

&
Htepanuy anroprtMa OCyIIECTBISIOTCS MO cheayromemMy anroputmy. Ha k-it ure-
panyy MeTo/1a BEIYUCIIIFOTCS. KOOPAUHATHI TOUEK:

F +Xx F +Xx
k=2 Tk (p —a), z, =a, + L2 (b, —a,).

Vi = a;
Fy Fy

F +x
OueBUHO, CIIPABENTNBO z, = b, — %2 "k (p —q,), TO €CTb TOUKH Yy U Z; BHIOU-
N—k

paroTcs CHMMETPUYHO BHYTPH OTpe3Ka [ay, by], mpuueM yy < 7.

Crnenyroniuii mpoOMeKyTOK HEOIPEACIICHHOCTH ONPEACIISIETCS 10 MPABIITY:
1) ecmu f(yx) <Af(zy), TO Axs1=ax, bx+1=2k, A Zk1=Yi;
2) ecmm f(zi) < f(), TO A 1=V, b1 =Dy, Yxr1=7i;

3) ecmn fy) = Azi), TO A1 =Vi, b=z
Pabota anroputma 3akaHUYMBaeTCs, Kak TOJBKO k& = N-2, IpH 3TOM BBINOJIHAETCS

yCIIOBHE, YTO JJIMHA TEKYIIEro WHTEpBajia HE CTaHET MEHbIIE 3aJJaHHOW Hamepe TOY-
HocTH €>(), KOTOPYIO Ha3bIBAIOT TpeOyeMoil TOYHOCThIO MeTona. [Ipu 3ToM momararoT
X = (@, +5,)/2, fmin = f(Xmin), TI€ k-HOMEp MOCHEIHEN UTEpaAIUU.

Coznamum daiin-pynkuo B MATLAB fibonacci.m, Beraucsonyto uucia Oudo-
Ha4Yu:

function t=fibonacci (x)
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n(l)=1;

n(2)=1;

for 1i=3:x
n(i)=n(i-2)+n(i-1) ;

end

t=n(x);

end

Coznanum ¢ain-pynkuuto B MATLAB fibonaccimethod.m, B koTopoii peanu3oBan

ITOPUTM BBIYUCICHUSI MUHUMYMa QYHKIKUK MeTogoM DuboHnauyu:

function fibonaccimethod

clear all

eps=0,01;

a=0;

b=1;

Fn=max (b-a) /eps;

N=1;

while (fibonacci (N)<Fn)

N=N=1;

end
disp(‘--ak--yk--xk--zk--bk--|Lk|---f (yk) -——-f (xk) -———f (zk) ") ;
for k=1:N-3

v (k) =a+ (b-a) * (fibonacci (N-k-2) /fibonacci (N-k)) ;
z (k) =b- (b-a) * (fibonacci (N-k-2) /fibonacci (N-k)) ;
dispLine=[a y (k) z(k) b abs(a-b) fun(y(k)) fun(z(k))]1:;
disp(dispLine) ;

if fun(y(k))<fun(z(k))

a=a;

b=z (k) ;

end

if fun(z(k))<fun(y(k))

a=y (k) ;

b=b;

end

if fun(y(k))=fun(z(k))

a=y (k) ;

b=z (k) ;

end

end

xmin= (a+b) /2;

fmin=fun (xmin) ;

disp (‘Umcyio murepaumun’ )

disp (N)

xXmin

fmin

end

3/



IIpencraBinenne pe3ynbTaToOB pacu€TOB TPEMS METOJAMH.

Tabnuma 1 - Pe3ynbraThl pacyeToB
Merton x fx) Ywuco ureparuit
MeTo/1 TOJOBUHHOIO JAEJICHUS 0,125 0,0375 3

MeTo 30710TOT0 CEeUeHHUS 0,1008 | 3,97*1 0° 5
0,125 | 0,0375 7

Merton ®ubdoHauun
CJ'IGI[OB&TGJIBHO, HaI/I60HCe 3(1)(1)GKTI/IBHI)IM METOAOM ABJIICTCA METO/ ITOJIOBUHHO-

ro ACJICHUA, B KOTOPOM AJOCTHUIACTCA HYKHAA TOYHOCTH 3a MCHBIICC YHCJIO HTepaHHﬁ.

3axaual.

~ ~ 2
s pynkuuu ogHoM nepemeHHo f(x) = 50(x — 0,12)” onpeaenuts 3KCTpeMyM Tpadu-
YeCKH, KJIacCU(UIMPOBATh TOYKH HKCTpemyma. PellieHwe 3agauv ONTUMM3ALUU B

MathCad.
[TocTpoum rpaduk pynkuuu u Haiitem MmuaumyM B MathCad

«z) 0
'='. ."l
g(P) I"--, I,.J".J
or - .‘f." :f{
1 | |
0 02 04 0.6 0.8
z
[pocroe pemenne B MathCad
2(x) :==50(x—-0. 132*
x:=0.0. Giver
x<1
P=0.12 gP)=0

P :=Minimizég, x)

3ananue k JadopaTopHoii padorte
1. Pemmtsh 3amauy ontumusanuu (MUHUMH3AIM QYHKIIMK), UCTIONB3Ys pa3HbIE MaTe-
38
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No | dynk1MHK No | dynknun

1 | fix)=53(x—0,13)’ 2 | fix)=100(x — 0,25)"

3 | fix)=110(x — 0,22)° 4 | fix)=55(x—0,15)

5 | fix) =60(x — 0,10) 6 | fix)=105(x— 1,25)
7 | fix) =2,5x°~50x+0,13 8 | flx)=55x"—0,3x+7

9 | fix)=-17x"—55x 10 | fix) = -10x°—5,8(x+7)

CpaBHuTthb pemrenue 3anaun ontumuzanuu B MathCad u MATLAB. Pemuts 3amauy on-
THMH3ALUHN aHAIUTUYECKUM METOJIOM, YePe3 YCIOBHUE ONTUMAIBHOCTH MEPBOTO MOPS/I-
Ka.

2. CpaBHUTH METOJBI MOCJIECIOBATEIILHOTO MOKCKA (JIMXOTOMHUH, 30JI0TOIO CEUEHUS U

®duboHayun) A1 PYHKIMHU, BHIOPAHHOW W3 TAaOJWIIBI BapUAHTOB, IPH 3aJaHHOM
3HauYeHUU ToyHOCTH €* = 0,1 HanboJbIIeH TOMYCTUMON IJTMHBI UHTEPBaIa HEOMpe-
JICTICHHOCTH TIPH OTBICKAHWW MUHUMyMa YHUMOJANTbHBIX (DYHKITHI 3aJaHHBIX Ha
otpeske [0, 1]. 3amanue BeimosnnTs B MATLAB.

METOAUKA BbITIOJIHEHUSA PABOTbI

OTkpbITh paboyee okHO mporpaMmmbel MATLAB 6.

2. Coznath m-daiinsl 1yt HeOOXOIUMBIX (PYHKIUN 1 aJrOPUTMOB.

BBIITOJIHATE IPAKTUYECKOE 3a/laHUE U CPABHUTH AJITOPUTMBI 10 BBIUMCIUTEIBHOMN CII0KHO-
CTH.

—

W

JlabopaTopHnasi padora Ne2
Yucaenubie MeToabl onTuMusauui. Meroa HeroToHa 1u1s1 pelieHus1 ypaBHEHUN U
3a1a4 ONTUMHU3ALMH.
Oco0eHHOCTH METO/I0B BTOPOTI0 MOPSAKA

Meton HeroTona sBnsieTcss QyHIaMEHTaIbHBIM HHCTPYMEHTOM B YHUCICHHOM
aHaJM3e, UCCIEIOBAHNHN OIEpalnii, ONTUMHU3ALMU U YIIPaBICHUHA. Y HETO €CTh MHOXe-
CTBO MPWJIOXKEHUH K WHXEHEPHbIM, (DUHAHCOBBIM M CTAaTHUCTUYECKUM 3agadyaM. Ero
pOJIb B ONTHUMHU3aLHUKA HEBO3MOXKHO MEPEOLICHUTh: OOJBIIMHCTBO Hambosee 3¢ exTuB-
HBIX METOJIOB B JINHEWHOM U HEJIMHEHHOM MPOTrPAMMHMPOBAHUM CTPOSATCS Ha €ro OCHO-
BE.

MeToasl 6€3yClOBHOW ONTHUMM3AIMHA BTOPOTO TIOPSAKA HCIONB3YIOT BTOPHIE
YaCTHbIE MPOU3BOAHbIE MUHUMU3UpYyeMor QyHKIUU f(X). CyTh 3TUX METOJOB COCTOUT B
CJIeIyIOLEM: HEOOXOAUMBIM yCIIOBUEM 3KCTpeMyMa (YHKIMH f(x) B TOUKE X * siBIIsieTCS

PABEHCTBO HYJIIO €€ MEePBOU MPOU3BOJIHOM.
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HtepannoHHBIN MpoLece i MOCTPOSHUS MOCIEI0BATENbHBIX MPUOIMKEHUN K pellie-

Sf'(x)

HUIO 33/1a4d MUHUMM3AIUU (YHKINHU f{X) OMUCHIBACTCS BBIPAXKEHUEM X, = X, — —— L2

S(x0)
[Tony4ueHHBIH METO T MUHUMHU3AIIMU HA3bIBAIOT Memooom Hviomona.
[Tpn MuUHMMU3AMKA OBPAXKHBIX (PYHKITUH CKOPOCTH cxoauMocTu MeToaa HeroTona 60-
Jiee BBICOKA MO CPABHEHUIO C TPAJAMEHTHBIMU MeToAaMU. CyIIeCTBEHHBIM HEIOCTATKOM
MeTona HeroTOHA SBISIETCS 3aBHCHUMOCTH CXOJIWMOCTH JIJIsl HEBBITYKIBIX (DYHKIIUNA OT
HavganpHOTo TpubmmxkeHus x(0). Ecmu x(0) HaxoauTcst JOCTaTOYHO AAEKO OT TOYKHU
MHUHUMYMa, TO METOJ MOXKET PacXOAUThCs, T. €. MPU MPOBEACHUN UTEpPALMU Kaxaas
cienyromas Touyka Oyner OoJjiee yJajie€HHOW OT TOYKM MUHUMYyMa, YEM MpeIbLaylias.
CxoauMOoCTh METO/1a, HE3aBUCUMO OT HayaJbHOI'O MPUOIHKEHUS, 00CCIIEYNBACTCS BbI-
OOpOM HE TOJIbKO HamlpaBJICHUsS CITyCKa, HO M BEJIMYHUHBI 11ara /Ay BJIOJb 3TOTO HAIpaB-
neHusi. COOTBETCTBYIOIIUM alTOPUTM Ha3bIBAIOT Memodom Hvromona ¢ pezynuposkoti

uwaea. I/ITepaI_[I/IOHHHﬁ mpounccc B TaKOM ClIydac OIIPCACILICTCSA BBIPAXKCHUCM

_hk f,(xk) .
S'(x0)

WU f(X) 110 & B HAIIPaBJICHUM JBUKEHUS, T. €. B PE3YJIbTATE PEIICHUS 3a/1a4u OJHOMEP-

X =X, Benuuuna 1mara /i, BeIOMpaeTcss M3 yCIOBUS MHUHUMyMa (PYyHK-

HOU MUHUMHW3AIINH.

Cozmamum (aitn-¢pynkuuu B MATLAB dfun.m u d2fun.m, Bo3Bpariatoriue 3HadeHus
MepBOif M BTOPOi MPOM3BOAHBIX GyHKmAH fx)=(x-1)*, MuHHEMYM KoTOpOii HeoGXoaMMO

ONPEACIINTE.
function y=dfun (x)
y=4* (x-1) ."3;

end

function y=d2fun (x)
y=12* (x-1) .%2;
end

Cozmamum dain-pynkiuio B MATLAB newton.m, peanusyroriieit alropuT™ BbIYKC-
nenns MuaIMyMa Gyrkrmn fx)=(x-1)".

function newton
clear all
x0=0,1;
eps=0,001;
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x (1) =x0;

disp (x(1));

k=1;

n=0;

while abs (dfun (x(k)))>=eps
x (k+1)=x (k) -dfun (x (k)) /d2fun (x (k)) ;
disp (x(k+1))
k=k+1;
n=n+1;

end

xmin=x (k) ;

fmin=fun (xmin) ;

disp (‘Umcyo murepaumumn’ )

disp(n)

xmin

fmin

end

3agava 1.
Meronom Herorona Munumuzupyem ¢yHkuuo h(x), T.e. HailieM TOUKY X+ HAMMEHBIIIE-
ro 3nadenust (yHkuun h(x) = 2(x-1)’sin(x) Ha oTpeske YHUMOIATLHOCTH DYHKIHUH [a,
b].

DTO pellleHre 3a/1ayd MUHUMU3AIUK QYHKIIUKA OJHOM MEPEeMEHHOM, Kak B Jabo-
paTopHoit padote Nel

h(x) =2 (x— 1)-sin(x)

x:=0.0:
Given
x<1 P :=Minimizéh,x) P=-2.138 h(P) = —16.61
R .‘.‘J‘,ﬂ"’"ﬁ’
0 ff" T
/
/
f
4
4
h(z) ! A
h(P) X /
10 \X! *;'
\ 7
Y /A
\ ;’:
N

ITo rpaduky QyHKIIMM OTPE30K YHUMOAAIBHOCTH IpuMeM [-2.5, -1.5]
Brruucnum npousBogHbIe GYHKIIUH A(X):
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h'(x)= 2(x-1)sin(x)+(x-1)*cos(x), h"(x)= 2sin(x)+4(x-1)cos(x) —(x-1)’sin(x)

3ananue Kk 1adopaTopHoi padore

1. O3HaKOMHUTBCS C MPUMEpPaMH MCIOIb30BaHUs IPOrpaMMHOro nakera Optimization
Toolbox B onrTUMHU3aIIMOHHBIX 3a7a4ax.

2. MunumuzupoBath pyHKIHU MeTogoM HproToHa.

No | dynk1mu No | dyHk1Un

1 [ flx)=(x—-2)(x—1,5) 6 | fix)=(x—2)sinx

2 [ f) = (-1 (x-2) 7 | fix)=(x-1,5)sinx
3 |f)=@-1" 8 | Ax)=(x—1)"cos2x

4 | fix)=(x-2.2)(x - 1,6)’ 9 | fx) = (x— 1)*cosx

5 | fix)=(x—1,9)°sin 2x 10 | flx)=(x— 1) (x— 1,5)

CaMocCTOsATENBHO ONPENETUTh OTPE30K YHUMOJAIbHOCTH PyHKIMU. Takxke omnpene-
JUTH HYJU (QYHKIIIH.

3. Kakoii u3 MeTog0B — 30510TOro ceueHus, HproTroHa min KyOn4eckoi HHTEPHOISAUUN
OKaxkeTcsl Hanoosee 3PHEKTUBHBIM, €CIIM IPOU3BOIHBIE BEIYUCIISIOTCS MPUOIMKEH-
HO 4Yepe3 pa3HOCTb 3HAUCHUHN (PYHKIMU B OJM3KUX TOUKaAX?

METO/IUKA BBIIIOJIHEHUA PABOTbBI

1. OtkpsITh pabouee okHO mporpammbl MATLAB 6.

2. Wzyuas teopetndeckue cBeneHus o makere Optimization Toolbox, BBoauTh B pa-
06oueM OKHE KOMaH/Ibl, PUBOANMBIC B ONTMcaHuu nakera. Haiitu pynkmuto, pea-
JIM3YIOIYIO TOMCK ONTUMAIBHOIO pemeHust MerogoM HeroToHa.

3. 3akoHYMB U3YUYEHUE TEOPETUUECKUX CBeJeHU 0 makeTe Optimization Toolbox,
BBINIOJIHUTD MPAKTUYECKOE 3a/IaHHUE.

JlaGoparopHasi pabGora Ne3
MeToabl NOJIHHOMHAJIBLHON annpokcumanuu. KBpaaparnunas annpoxkcumanus

[IycTh B OrpaHMYEHHOM HMHTEpBae (PYHKUUIO f(X) MOXKHO amIpOKCUMHUPOBATH
KBaIpaTUIHBIM MMOTMHOMOM. IlycTh 3a7aHa TOCIE0BAaTEIIBHOCTD TOUCK X1, X;, X3 U U3-
BECTHHI 3HaueHus1 PyHKIMHN B 3TUX Toukax: f(x;) = 1}, f(x,) = f;, f(x;) = f;3. Torna moxxuno
OTIPENICUTh MOCTOSTHHBIE KOA(DPUITMEHTHI ag, a; U a; TAKUM 00pa3oM, YTO 3HAYCHUS
KBagpaTUIHOIO IIOJIUHOMA ¢@(x) =a, +a,(x —x,) +a,(x —x,)(x —x,) COBOAaAyT CO 3HAYCHU-

aMu QyHKIMM f(x) B TpeX yKa3aHHbIX TOYKax. J[Jis 3TOro BBIYMCIUM 3HAaY€HUE j(X) B
Tpex 3aJaHHBIX TOYKAX:
(o=t) . _ 1 [ﬁ—ﬁ _fz—flJ

aozf(xl)a a=—7, 4a,
(x; —x)) Xy =X \ X3 =X Xy =X
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Ecnu Tounocts annpokcumanuu GpyHKIuHU f{x) Ha OTpe3Ke [X;, X;| KBaAPATUIHBIM
MTOJIMHOMOM OKa3bIBAE€TCS JIOCTATOYHO BBICOKOW, TO IMOCTPOCHHBIN MOJIMHOM JaJIee MC-
HOJIB3YETCS ISl OLIEHUBAHUS KOOPAMHATHI TOUKHM MUHUMYyMa (PYHKIMH f{(x).

CranyroHapHbIe TOYKU MMOJTMHOMA ONPEAEIIIOTCS MMOCPEACTBOM IPUPABHUBAHUS K
HYJIIO €T0 NEPBOM NMPOU3BOJHON U MOCIEAYIOIINUM HaX0XKIEHUEM KOPHEW MOJIYyYEHHOTO

TakKUM 00pa3oM ypaBHeHUs. J[Ji OLIEHKHM KOOpJAWHATHI TOYKHU MUHUMYMa (PyHKIUU f(Xx)

A

uMeeM Qopmyny x = l(x2 +x,)——.
2 2a,
[IpuBeneM omucaHUE aJITOPUTMA METOa IOCIICIOBATEIFHOTO OLICHUBAHUS C HC-

MOJIb30BAaHUEM KBAAPATUYHOW ammpOKCUMAIIHH, pa3padotannoro [layammom.

1. Ilycts f(x) — ontumu3zupyemas (yHKIUA, x| — HadaidbHas To4yka, Dx — BeaudymHa
mara mo ocu adcuucc. Beraucinuts x, = x;+Dx u 3Hauenus pyakuun f(x;) u f(x,).

2. Ecmm f(x;) >f(x,), To monoxuts x3 = x; +2 Dx. Eciu f(x;) < f(x;), TO MOJOXKUTB X3 =
x; -Dx.

3. Beruucnuthk 3Hauenue ¢GyHkuuu flxz). Halitu fo, = min{f(xy), f(X2), f(X3)}, Xmin —
TOYKa, KOTOPOH COOTBETCTBYET fmin.

« 1 a
4. Tlo Tpem TOUYKaM X1, X,, X3 BRIYUCIUTH X* 10 popmysie x = E(x2 +x,)— 2—‘ .
a,

5. Ilpou3BecTn MpOBEPKY HAa OKOHYAHUE IMOMCKA MUHUMyMa. EciM pa3sHOCTH fuin-
SxX*) U Xppin-X* SABISIOTCS TIOCTATOYHO MAJILIMHA BEJIUYMHAMHM, TO 3aKOHUYHUTH TIOWCK;
WHaye MepenTH K 1. 6.

6. BpiOpaTh «HaMITYUYIIYI0» TOUKY (Xmin WM X*) U ABE TOYKU MO 00€ CTOPOHBI OT HEE.

O003HAYHUTH 3TU TOYKH B ECTECTBEHHOM TOPSIKE U MIEPEUTH K 1. 3.

3aganue K jaboparopHoi padore
1. O3HaKOMHUTBHCS C MPUMEPAMU UCIIOJIb30BaHUS TporpaMmMHoro nakera Optimiza-
tion Toolbox B onTMMHU3AIIMOHHEIX 3aa4ax.
2. 3amnporpammMupoBaTh GOpMYITy KBaAPATUYHON onTuMu3anuu A GyHkuu f(x) B
OKPECTHOCTU TOYKH JIOKAIbBHOTO MUHUMYMa.
[TocTpouts rpaduk pynkumn f(x)
4. TloctpouTh TaOIUIy BBIYMCICHUN METOJ1a KBAAPATUYHOM alMpOKCUMALIMH JIJIS

(98}

HAXO0X/ICHU MUHUMYMa (DYHKIIHA:
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DOyHKIUU DyHKINU

Ax) = (x—2)*(x— 1,5) x) = (x — 2)’sin x

Ax) = (x—1)"(x - 2)* fx)=(x— 1,5 sinx

(e XN
z

fx) = (x—1)* Ax) = (x— 1) cos 2x

Ax) = (x-2,2)(x — 1,6)°

N[ [W(N|—
z

fx) = (x— 1,9)sin 2x

METO/IUKA BBIIIOJIHEHUA PABOTbI

. OtkpbITh paboyee okHO nporpammbl MATLAB 6.

. Cozaatb m-(aiisiel 17151 HEOOXOAUMBIX (PYHKIIUN U aJTOPUTMOB.

. Nzyuas teopetnueckue cBenenus o nmakere Optimization Toolbox, BBoauTh B pa-
004yeM OKHE KOMaH/Ibl, MPUBOJAMMBIC B OMTMCAHUH TTAKETA.

4. Haiitu (QyHKUIMIO, pEeATU3yIOUIyI0 TMOUCK ONTHUMAJIBLHOIO PEIICHUS METOJIOM

HproToHa, ecnu HAlTH PYHKIMIO, TO COCTaBUTh (PDYHKIIUIO CAMOCTOSTEIBHO.
5. 3akoHYMB M3y4YCHUE TEOPETUUYECKUX CBeleHui o makere Optimization Toolbox,
BBIIIOJIHUTH MPAKTUYECKOE 3a/1aHHUE.

—

(ST \)

JlaGoparopHasi pabora Ne4

MeTtoabl JiMHEeHHOT0 nporpammupoBanus. I'pagpuuecknii meroa. TadbauvHbIi
CHUMILJIEKC-METO/

IIpumep. Pemienue 3aaun TUHEWHOTO MPOTrPAMMHUPOBAHMS C UCIIOIb30BAaHUEM
aneKTpoHHbIX Tabnui Microsoft Excel

3agaya onTUMAJBHOIO IJIaHUPOBaHuMsA npousBoacTtBa 3A0 «bMK» mpows-

BOJUT JIBa BUJA MPOIYKIIMHM: MOJIOKO M cMeTaHy. MoJjoko npoaaercs 1o mneHe 20 pyo.,
cMmetana 1o 1eHe 30 py6. [y nmpon3BoacTBa 000MX MPOJYKTOB UCIOJIB3YETCS JIBa BUAA
CBIPbSI: 1IEJIBHOE MOJIOKO M caxap. 3aTpathl ChIPbsi HA TPOU3BOACTBO HNPOTYKIIMH ITPUBE-

JIEHBI B TA0JIMIIE, 3aMachl ChIPbI MOJIOKa LebHOro cocTaBiisaoT 300 ToHH, a caxapa 430

TOHH.
CoIpbe IIpoxykr 3anachl ChIpbS,
Mosnoko Cmerana TOHH
Mosoxko (1epHOe) 0,3 0,6 300
Caxap 0,45 0,4 430
Ilena, pyo0. 20 30 Max

Heobxoaumo ompenenuTs ONTUMaIbHBIM 00BEM MPOU3BOJCTBA, MPU KOTOPOM

0X0J1 OyJ1IeT MaKCUMaJIbHBIM.
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Pewenue:

CocTaBUM MaTEeMaTHYECKYIO0 MOJEINb IO WCXOJHBIM JaHHBIM 3aJa4d ONTHUMAalb-
HOTO TTAHUPOBAHUS POU3BOACTBA. [IyCTh X — KOMTMYECTBO MPOU3BEICHHOTO MOJIOKA, a
X, — KOJIMYECTBO MPOU3BEICHHON CMETaHHBI.

Hrak, MaTeMaTHUECKYIO0 MOJIETb 33Ja4l MOXHO 3alHcaTh CACAYIONINM 00pa3oMm:
W= 20 x; + 30 x, > max (ueneBas QpyHKIHs, BbIpaKaOLIas JOXO MPEANPUATHS) IPU
OTpaHUYECHUSX:

0,3 x; +0,6 x, <300,
0,45 X1 + 0,4 X2 < 430,
x;1=>0,x,2>0.

Dedaan LAY §BRBR-<C -0 - @ -4 5 040

®afin Mpaeka Bwa EBcraska ®opmat  Cepeuc fJaHHele  OkHo  COpaeka

Arial Cyr -0 - K KU EEE & oz o0 8 % £ iE
F23 A f
& | B | C o | E | F | & |

1 Ilepemennme
2 |Hma Monoxo CmeTaHa
3 |[3HaueHHe
4 |Fosh OI 20 30 max 0
5
5 | OrpaHu4eHHa SHaK
7 |Monoxe nenczoe 0,3 0.6 0 == 300
8 |Caxap 0,45 0.4 0 “= 430
g

Pucynok — McxonHble JaHHbIE 3a/1a4n

DSt ERY §FRER-<L v-o- @ 24 4 [0 -3,

daiin  Mpaeka Bua Boraska Qopmat  Cepemc  fdadHele  OkHo  Cnpaska EBeawTe Bonpoc

arial Cyr -0 - R KU IEE=EE T %m RS EE @B-DA
F23 - o
A | B | C o] | E F
1 IlepemennLe
2 |Hwma MMonoxo Cuetana
3 |Imauenue
4 |Kosp. ITD 20 30 max =CYMMIPOM3B(B4:C4:B3:C3)
5
|6 | CrpaHuyeHNA 3HaK
7 |Monoko yenenoe |03 0,6 =CYMMNPOWM3B(E3: C3,B7:C7) <= 300
8 |Caxap 0,45 0.4 =CYMWMMWITPOHIB(B3.C3,B.CE) <= 430
9

Pucynox — ®opma jy1st BBOIA IaHHBIX B pexuMe HopMyJ
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=T

Y¥CTEHOBMTE LENEEYHD AUEAKY !

2lx|
BLINOAHHTE I

PaEHOM: (% MAKCMMANEHOMY SHEYEHHID  © SHAYEHHHD! |IZI
£ MMHHMANEHOMY SHAYEHHMD

AsMEHAR AYEHKH:

|$B$3:$C$3 j_] MpeAnNono¥HTE |
FOrpaHHYEHHA!

$643 ==0 ;I AofaEHTE |

$053 ==0

igi; :: iii; HZMEHHTE |

;I ¥AANHTE

Pucynok — @opma 17151 BBOJA OrpaHUYEHHIN

Fd Microsoft Excel - Monck Pewenws.xls

hedat RV §BR-I w-o- &

@ dafin  Mpaeka Bua Bcraska dopmat  Cepedc  fadHele  OkHO  CNpaeka

RS <

Atial Cyr S0 - kKU EEE L7 |
E4 - Fe =CYMMMPOK3E(BA:C4;B3:C3)
A | B | o o | E | F |
1 Ilepemennze
2 |Hma Monoro CMETaHa
3 |3uauenne 920 40
;1 Eosnd T 20 30|max I 1BEEIEI.I
& | OrpaHuYeHHA IHAK
7 | Monoro menrHOE 0.3 0% 300 == 300
8 |Caxap 0,45 0,4 430 <= 430
Pucynoxk — Pemenue 3anaun
Al B | C | D | E | F | G

ol | Bt P | = | == | =5 | == | = | = | == | == | —= [ == .
SR Gl I ikl ksl Sl el

]
%]

Microsoft Excel 10.0 Ot4eT no pe3syneTaTtaM
Pabo4unit nuct: [Monck Pewenna.xls|lMuctl
OTyer cozpan: 22.09.2013 8:56:08

Ueneean Avedka (Makcumyn)
Ayveiika Hun HcxopHoe zHaveHwe Pesynerar
TES4 max 0 19600

MameHARMEIE AMEAKK

Huenka Hun HcxopHoe zHavedmne Pesynbrar
$B%3  3navenue Monoko n 920
FCE3 3HaveHWe CMeTaHa 0 40
DrpaHuyeHua
A4eika Hun JHa4eHue Dopuyna Cratyc  PaszHuua
$0§7 Monoko ueneHoOE Max 300 $D%7<=%F%7 cenazanHoe a
3055 Caxap max 430 F0%5<=%F 8 ceAzaHHOR a
B3 3HaveHue Manokg 920 $B%3==0 HE CEAZaH. 820
FC53 3HaYeHWE CMeTaHa 40 FC§3==0 HEe CEAZaH. 40

Pucynok — Otuer 1o pe3ynbraTaMm
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W3 pucyHka 5 BUIHO, YTO Pacue€THOE MaKCUMAJIbLHOE 3HAUYCHHE 11€JIEBON (PYHKITUU
paBHO 19 600 py0. Mckomble 00bEMBI BBITYCKAa MPOAYKIMH PaBHBI COOTBETCTBEHHO:
MoJsioka — 920 mT.(ynakoBok), cMeTanbl — 40 mT.(ynakoBok). MIcXoiHOE ChIpbE UCTIONb-
30BaHO MOJHOCTHIO.

Alwap | C | o | & | & | & | H |

_1 |Microsoft Excel 10.0 OTyet no ycTroW4MBOCTH
_ 2 |Padoquit nuct: [Mouck Pewennn.xisjMucti
_ 3 |Ortyer cozaan: 22.09.2013 8:56:08

4
5|
B |MamenAemeie Aaueiikn
7 Pezynstr.  Hopuup. Lleneeoit Donycruvoe [onycturoe
B | Hueika Huna 3Ha4eHHe cToMMocTs Koaddguwument ¥YeenuvyeHwe YWeHbweHwe
9 Bf3 3HadeHue Monoko 920 1] 20 13,75 5
10 FCE3 IHAMEHWE CMETEHS 40 ] a0 10 12 2220020
i
12 | OrpaHn-enua
13 Pezynbtr. Tenepas  Orpanudenue [onyctumoe [onyctmoe
14| Hyeika Hua ZHAYeHHE LeHa [lpagaa 4yacte Yeenu4eHWe YHeHbWEHWE
e BD¥7 MWonoko UenEHOE max 300 36 BEBREERY 300 345 1333333333
16| $0%8  Caxap max 430 20 430 20 230

Pucynok — OTuer 1o ycTon4nBOCTH
Hopmuposannwiii epaduenm — 3TO ABOUCTBEHHBIE OIICHKH, KOTOPBIE MOKa3bIBa-
10T, HACKOJIbKO M3MEHUTCA IieieBast (DyHKIUS MPU NPUHYIUTEIBbHOM BKJIIOYEHUU €U-
HUIIBI 3TOW MPOJYKIIMU B ONTHUMaNIbHOE pemieHue. [Ipu yBennduennn oobeMa mpou3Bo-

CTBa MOJIOKA Ha €IMHUILY, 1ieJieBast PyHKus yBenuuutcs Ha 13,75 pyo.

B HmwxHel Tabiuile npeacTaBieH MHOXUTENb JlarpaHka, T.e. TEHEBBIE OIEHKH
(1BOMCTBEHHBIE OIEHKH ), KOTOPHIC MOKA3BIBAIOT, KAK U3MEHUTCS 1ieJieBas PYHKIUS MIPU
M3MEHEHUHU COOTBETCTBYIOIIETO pecypca Ha eMuHUIly. J[1s orpaHUYEeHHS 110 TETHbHOMY

Mosoky 300, mHOkuTeNb Jlarpanka paBeH 36,67 pyoO.,

Al B [ ¢ | b ] F [ & [H | g
_1 |Microsoft Excel 10.0 OT4er no npesenan
_2 |Pabouuii nuct: [MNonck Pemenua.xls]OTyer no npenenau 1
_3 |OTver coznan: 22.09.2013 8:56:08
4
)
B | Ueneeoe
7 | Hueika Hun 3Hauenue
8| $ER max 19600
9]
0
A1 HzMenaemoe Huxnuit Ueneeoi Bepxuuin Ueneeoi
12| Hyeika LR 3Ha4yeHue npenen pesynsrar npeaen pesynsTat
13| kB%3 3Ha4venue Monoko 920 0 1200 920 15600
14| FCE3 ZHadende CmeTada 40 1] 18400 40 19600
15
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Pucynok — Otuer no npenenam
JlaHHBIM BHUJI OTYETa MOKA3bIBAET, B KaKUX MpeeiaX MOXKET MEHATHCS BBITYCK
POJYKIMHU, BOILIEIICH B ONTUMAIbHOE PEIICHHE MPU COXPAHEHUU CTPYKTYpPbI ONTHU-
MaJIbHOTO PELIEHNUs, T.€. OT HUKHETO NPeIena, 10 PACUETHOTO 3HAYEHUS.
3ananue Kk 1adopaTopHoi padore

Haiitu MuUHMMyM/MakCUMyM B 3a/iaue€ JIMHEMHOrO MPOrpaMMUpPOBaHus rpaduyecKuM U
CUMIUIEKC MeToAoM, ucnonb3ys <llouck pemenuit™> B MicrosoftExcel (anamormuno

IpUMeEpY).

3aganue 1.

Permuthb 3a1a4n TMHEHHOTO MPOrPaMMHUPOBAHHSI TPAPUUECKUM METOJIOM.

1 L =3x, + X, — min; 2 L =3x, +0,5x, — max;
x, <2, 4x,+x, 25,

X, =2, —3x, +10x, <50,
2x, +5x, 212, X, 20,x, 2 0.
x, 20,x, 20.

3 L =2x, —5x, — min; 4 L =x, —4x, - min;
3x,+5x, 28§, 3x,+4x, <6,
—-3x,+10x, <16, 2x,+3x, <4,
x,20,x,>0. x,20,x, >0.

5 L=x, +x, > max; 6 L =2x, +2x, > min;
X, +X,21, X, +3x, <30,
-X,+x, <1, 2x, +x, <20,

x, 20,x, 0. x, 20,x,20.

7 L =2x, +3x, —> max; 8 L=x,—x, - min;
X, +X,<3, X, 24,

-X,+2x, <5, X, 23,
x,20,x,2>0. X, +x, <8,
x,20,x,20.

9 L =x, +4x, - max; 10 | L=x, +3x, > max;
2x, +4x, <09, X, 24,
3x, <1, X, 25,

X, <1, 3x,+x, <15,
x, 20,x, =0. x,20,x,>0.
3ananmue 2.

PemuTe 3a1aum IMHEHHOTO MPOTPAMMHUPOBAHUS TAOJIUYHBIM CUMILIEKC-METOJIOM U

ITPOBCCTHU aHAJIN3 HAa 9YBCTBUTCIIbLHOCTD

1

‘ L =x, —2x, +2x, +3x, — max; ‘2

‘ L =3x, +2x, +3x, + X, > min;
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X, +X, +2x, +2x, =§, 2x, +3x, +3x, =10,
2x, +2x, +x,+x, =10, X, +2x,+x, =4,
X, —2X,+X,+2x, =1, X, +2x, +2x, +2x, =8,
x;20,j=1,..4. x;20,j=1,...4.

3 L =x, +2x, +3x; + X, = max; 4 L =3x, +2x, + X, + X, —> min;
2x, +x, +3x,+x, =12, 2x,+2x,+3x, =9,
X, +2x,+X,+2x, =8, X, +2x,+x, =4,
3x,+3x, +x, +3x, =15, X, +2x, +2x, +2x, =8,
x;20,j=1,...4. x;20,j=1,...4.

5 L =2x, +X, +X, +2x, - max; 6 L =2x, +X, +2X, +2x, — min;
X, +2x, +X, +2x, =16, 2X, +x, +2x,+Xx, =8,
2x, +X, +2x,+x, =14, X, +2x, +Xx, +2x, =10,
2x, +2x, —-2x, +x, +4, 2x, +x, +2x, +2x, =10,
X;20,j=1,...4. X,20,j=1,..4.

7 L =2x, —x, +3x, —2x, - max; 8 L=x, +2x, +X, +X, — min;
X, +X,+2x,—-X, =3, X, +X,—X,+x, =4,
2x,+X, - X, +2x, =4, 2X, +Xx,+2x,-Xx, =4,
X, +2x,+x,+x, =5, X, =X, +X,+X, =2,
x;20,j=1,..4. X, 20,j=1,..4.

9 L =3x, +x, +Xx, — max; 10 | L=4x, +2x, +2x, + X, —> min;
X, +2x,+2x, =6, X, +X, +X,+2x, =8,
2x, +2x,+x, =7, 2x, +x, +x, +2x, =10,
X, +X, +X,+2x, =7, X, +X,+2x,-2x, =6,
x;20,j=1,...4 x;20,j=1...4

JlabopaTopHasi padora NeS
MeToabl HeJIMHEITHOT0 MPpOorpaMMupoBanus. MuHuMHu3anua 0e3 orpaHn4YeHni

IIpuMepsbl peieHUst ONTUMHU3ANMOHHBIX 32124
Munnmu3anus 0e3 orpaHuYeHn i

PaccmoTpum 3a7auy HAXO0XKJICHUS 3HAYEHUM TIEPEMEHHBIX X| U X,, 00ecTieunBaro-
IMX PEUICHHUE 331a4¥ MUHUMHU3ALNT

min f(x)=e" (4)c12 +2x +4x,x, + 1)

HaxoxaeHnue penieHus Mpou3BOJINUTCS B COOTBETCTBHM CO CIACAYIOIIMMHM dTara-
MHU.

Jran 1. Cocrarienue m-daitsia (¢ UMeHeM obj fun), peai3yrOIIEro BhIUYHUCIIEC-
HUE 3HaYCHUS 1IEeJICBON QYHKITNN:

function f = objfun (x)

f = exp(x(1l))*(4*x (1) "2+2*x(2) "2+4*x (1) *x(2)+2*x(2)+1);

Oran 2. CocraBjieHHE MPOTPaMMbl C HUCMOJBb30BAHUEM MOIAXOJAIICH (YHKIIUU
nakera (B JaHHOM ciiy4yae — QyHKIUHU fminunc):
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>> % CTapToBOE 3HaAUeHUe
>> x0 = [-1,1];
>> § 3BazmaHue ONUUM MCIOJIb30BAaHMSA aJilOpPMUTMa CpelHEM pasMep-—
HOCTU
>> options = optimset ('LargeScale','off');
>> % IloMCK peleHUsd
>> [x,fval,exitflag,output] = fminunc('objfun',x0,options)

BrinonHeHne nporpaMMbl IPUBEJIET K CIEIYIONIEMY PE3YJIbTaTY:

Optimization terminated successfully:

Current search direction is a descent direction, and magni-
tude of directional derivative in search direction less than
2*options.TolFun

x =
0.5000 -1.0000
fval =
1.3031e-010
exitflag =
1
output =
iterations: 7
funcCount: 40
stepsize: 1
firstorderopt: 8.1995e-004
algorithm: 'medium-scale: Quasi-Newton line search'
3HaueHus x = [0.5000 -1.0000] mfval = 1.3031e-010 —HCKOMOE

penieHue 3a1aun. 3HaueHne exitflag = 1 gaeT uH(GOpPMAIMIO, YTO HalJileHa TOYKa
MUHHUMYMa (BO3MOXHO, JIOKAJIbHOTO).

BoixoniHas ctpykTypa (MHbopMalys o pe3yibTaTaX ONTUMHU3ALMH ) ONpeaeseTcs
UACHTU(PUKATOPOM output:

YUCJIO BBITIOJIHEHHBIX UTEpalMi (iterations) : 7;

YUCJIO BBIYMCICHUNA PyHKIIMU (funcCount) : 40;

[Iar mouckKka (stepsize) : 1;

CTEIIEHb OINTUMAJbHOCTH HAWJEHHOTO peleHus (firstorderopt) — HOpMa
BEKTOpa-IpaJM€HTa B TOYKE HAUJECHHOTO peleHus: 8.1995e-004;

MCIIOJIb30BaHHBIN aITOPUTM (algorithm) : KBa3UHBIOTOHOBCKHMM C OJHOMEPHOU
onTuMm3anuel ('medium-scale: Quasi-Newton line search'), OTHOCSIIUI-
Csl K UHCIIy aITOPUTMOB CPEIHEN Pa3MEPHOCTH.

3ananue k JabopaTopHoii padorte
1. O3HAaKOMHUTHCS C MPUMEPAMU UCIIOJIb30BaHUS TporpaMmMHoro makera Optimiza-
tion Toolbox B onmTMMHU3aMOHHBIX 3a1a4dax.
2. Jlns mpemyiosKeHHBIX 3a7a9 PEaTn30BaTh AITOPUTM PEIICHUSI B COOTBETCTBHUH C
PACCMOTPEHHBIMU TTPUMEPAMH.

3.
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METOAUKA BbITIOJIHEHUSA PABOTbI

1. OTkpbITh pabouee okHO nporpammbl MATLAB 6.

2. W3yuas teopetuueckue cBeaeHus o nakere Optimization Toolbox, BBOAUTH B
paboueM OKHE KOMaH/Ibl, IPUBOANMBIEC B ONTMCAHUY TTAKETA U BbIJICIICHHBIC
KEJITHIM [[BETOM.

3. 3aKOHYUB U3Yy4YEHUE TEOPETUUYECKUX CBEJEHUH 0 makeTe Optimization
Toolbox, BEINOJHUTE TPAKTUYECKOE 3a]JaHUE.

JlabopaTtopnas paGora Ne6
MeToabl HETMHEHOI0 NPOrpaMMHUPOBaHusA. MUHUMH3ALUA C OTPAHMYCHUAMMU.

Temeps  paccMOTpMM  3ajady ~ MHHAMHM3AIUM  LEIEBOH  (DyHKIUH
. X 2 2 o
min f(x)=e 1(4361 +2x; +4xx, + 1), HO IIPY HAJIMYUM OTPaHUYEHMI B (GOpMe HemH-
X
HEWHBIX HEPABEHCTB:

XXy — X1 — X» < —1,5,
X1X2 > —-10.

Jannas 3agada (cM. Tabnuity 1) MOXeT ObITh pelieHa ¢ MpUMEHEeHUEeM (QYHKIIUH
fmincon B COOTBETCTBHUU C TEMH K€ dTalmaMu, 4TO W mpensiaymias. [lockoapky mpu
UCIIOJIb30BAaHUU JJAHHOW (DYHKIIMK HEJIMHEWHBIC OTpaHUYCHUS JOJIKHBI OBITh MPEICTaB-
neHsl U BUzE ¢(x) < 0, mepenuiieM X COOTBETCTBYIOLIUM 00pa3oM:

X1 Xo— X1 — X2 + 1,5 SO,
— XXy — 1020

Jrtan 1. CocraBnenue m-daiina (c UMeHeM confun), BO3BpAlIAIOIIET0 3HAYCHUS
JIEBBIX YaCTEH OrPaHUYUBAIOIINX HEPABEHCTB:

function [c,ceq] = confun (x)

% HenmHelHEIE OTpaHMYeHMs B QOopMe HEepaBEHCTB

c = [1.5 + x(1)*x(2) - x(1) - x(2); -x(1)*x(2) - 107];

% HemnmHeVHBIEe OTpaHMUEeHMS B GOopMe PaBEHCTB

ceq = [];

Jran 2. CocraBieHue NporpaMMbl MUHUMU3ALUU:

>> x0 = [-1,1]; % BamaHMe HAUYAJILHEIX SHAUYEHUMN
>> options = optimset ('LargeScale','off'); $ 3BamaHme onuum
>> % IloMCK peleHusd

>> [x,fval] = fmincon('objfun’,x0,[1,[1,[1.[1,[], [],'confun’, options)

Pe3ynbTaThl BRIUMCICHUIN COOOIIAIOT O HAWIEHHOM PEIICHUU, KOJUYECTBE Orpa-
HUYECHUHU U T. 1.

Optimization terminated successfully:
Search direction less than 2*options.TolX and maximum con-
straint violation is less than options.TolCon
Active Constraints:
1
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x =
-9.5474 1.0474
fval =
0.0236

MuHuMH3a1KA ¢ OTPAHNYEHUSIMHU B ()OpMe HeJIMHEHHBIX HEPABEHCTB

Teneps paccMOTpuM 3a7a9y MHHHUMH3AIUNA TOW K€ 1eJIeBOM (PYHKITUU (B TPEIbI-
nyien adopatopHoi padote: PaccMoTpuM 3ajiauy HaxOXKJIEHUs 3HAYEHUU MEePEeMEH-
HBIX X] U X, 00ECIIEUUBAIOIIUX PEIICHUE 3a]]ayl MUHUMU3AINH

. x 2 2 o
min f(x)=e" (4361 +2x; +4xx, + 1)), HO IPH HAJIMYHMYU OTPaHUYEHHN B (hopMe
X
HEJMHEHHBIX HEPABEHCTB:
XXy — X1 — X» < —1,5,
X1X2 > —-10.

JlaHHas 3a/1aya MOXKET OBITh pelleHa ¢ NpuMeHeHueM (YHKIMU fmincon B CO-
OTBETCTBUU C TEMU K€ 3TallaMu, 4TO U mpeApiaymas. [IoCKobKy Mpu MCIOIb30BaHUN
JTaHHOW (YHKIMU HEIMHEWHbIE OTPaHUYEHUS JTIOJKHBI OBITh MPEJCTABICHBI U BUJE €(X)
< 0, mepemnuiieM uX COOTBETCTBYIOIIUM 00pa3oM:

X1Xo— X1 — X2 + 1,5 SO,
— XXy — 1020

Jran 1. CocraBienue m-daitna (¢ UMeHeM confun), BO3BPAIIAIOIIETO 3HAYCHUS
JIEBBIX YaCTEH OTPaHUYMUBAIOIINX HEPABEHCTB:

function [c,ceq] = confun (x)

% HenwmHelHBIe OTpaHMUeHMS B GOpMe HEPaBEHCTB

c = [1.5 + x(1)*x(2) - x(1) - x(2); -x(1)*x(2) - 10];
% HemnmHeVHBIE OT'pPaHMUEHMS B GOopMe PaBEHCTB

ceq = [];

Jrtan 2. CocraBieHre TporpaMMbl MUHUMU3AIUU:

>> x0 = [-1,1]; % BamaHue HAUYAJBbHEX SHAUYEHUMN
>> options = optimset ('LargeScale','off'); %
>> % llouCckK peleHus

>> [x,fval] = fmincon('objfun',x0,[1,[1,[1,[1,[], [],'confun’, options)

BamaHue OIILUM

Pe3ynbpTaThl BRIUKMCICHUN COOOIIAIOT O HAWIEHHOM pEIICHUU, KOJIUYECTBE Orpa-
HUYECHUHU U T. 1.

Optimization terminated successfully:
Search direction less than 2*options.TolX and maximum con-
straint violation is less than options.TolCon
Active Constraints:
1
2

-9.5474 1.0474
fval =

52



0.0236

MuHuMH3a1HS € JONOJHUTEIbHBIMUA OTPAHUYCHUAMHU HA THANA30HbI
U3MEHEHMS MePeMeHHbIX
OyHKIMSA fmincon MOXET ObITh MPUMEHEHA U JJIA MOMCKA PEIICHUs B 3ajaue
MHUHUMM3ALMH, B KOTOPOH JOMYCTUMbIC 3HAUCHHUSI MEPEMEHHBIX OTPAaHUYEHBI HEKOTO-
pbiMu quanazoHamu: Ib < x < ub.
[TpogomKkuM pacCMOTpPEHHE NTPUMEPA, BBEIA JOTOJIHUTEIbHBIC OTPAHUYEHUS X| >
0, x, > 0, yTO PKBUBAJICHTHO 33JaHuI0 1b = [0 O0],ub = [].

HporpaMMa OIITUMH3AlINU U PC3YJIbTAThI BBIUMCIICHUI I JaHHOTI'O Ciiydas IIpHu-
BCIACHBI HNKC:

>> x0 = [-1,1]; % 3amaHmMe HadvaJIbHBEIX S3HAUEHUN

>> 1b = [0,0]; % 3amaHMe HUMXHUX TPaHUL TTepPeMeHHBIX

>> ub = []; % CeBepxy I[IepeMeHHEEe He OI'PaHNUEHEH

>> options = optimset ('LargeScale','off'); $ 3BanmaHue onuum
>> % llouck pelmeHmsa

>> [x,fval] = fmincon('objfun',x0,([1,I[1,I[1,1[1,1b,

ub, 'confun', options)

Optimization terminated successfully:

Search direction less than 2*options.TolX and maximum con-
straint violation is less than options.TolCon

Active Constraints:

1

3
x =

0 1.5000
fval =

8.5000

HaiinenHoe pemeHne yaoBIETBOPSIET OTPAHUYEHUSIM, HAJIOKEHHBIM HA IMAIa30-

Hbl U3MEHEHUs1 epeMeHHbIX. [[poBepuM Teneph BHINOJHEHUE OrpaHUYeHHil B (popme
HEPaBEHCTB:

>> % I[lpoBepka BHIIOJIHEHMSA OTPaHMUEeHMM B QOopMe HEepaBEHCTB
[

>> [c,ceq] = confun (x)
c =

0

-10
ceq =[]

Kak cnemyer w3 mpuBeIEHHOTO pe3ysibTaTa, OrpaHU4YeHUs B OopMe HEPABEHCTB
BBITIOJIHEHBI (OTpaHUYCHUS B OPME PaBEHCTB OTCYTCTBYIOT).
JlabopaTopHnasi padora Ne7

OnrumajibHOe ynpasieHue. 3aa4a oNTUMAJILHOI0 YIIPABJIEHHUS 10 ObICTPO/IE-
CTBHIO.
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3agaya JOCTHKEHUS eI

PaccmoTpum crenyromuii mpumep.

[IycTh HEKOTOpask 3aMKHYTas JIMHEWHAs TWMHAMUYECKAsl CHUCTEMa YIpaBJICHUS 3-
ro MOpsiJIKa OMUCHIBAECTCA YPABHEHUSIMU

x=(A +BKC)x + Bu, y = Cx,
I1€ MaTPULBI

05 0 0 1 0
1 0 0
A= 0 -2 10| B=|-2 2| C= :
00 1

0o 1 -2 0 1

OTpaxkarolllue JMHAMUYECKUE CBOMCTBA O0BEKTA yNpaBIICHHUS, SIBISIOTCS 33JaHHBIMU, a
Matpuna K—perynaropa u3mMeHseMOM.

Kak u3BecTHO, KauecTBO pabOThl MOJOOHBIX CUCTEM (Ka4e€CTBO MEPEXOIHBIX MPO-
[IECCOB) ONPEIEISIETCSA PACIOIOKEHNEM Ha KOMIUIEKCHOM MIIOCKOCTH COOCTBEHHBIX YU-
cest Matpunibl A + BKC. IloctaBuM 3agauy onTuMu3anuy TakuM o0pa3oM: Mpu 33aHUU
Jrana3oHa BO3MOXHBIX U3MeHeHu# aneMeHToB MaTpulbl K ot -4 1o +4 mogo6pats atu
AJIEMEHTHI TaKUM 00pa3oM, 4TOObI yKa3aHHbIE COOCTBEHHBIEC YHCIIa PaBHSUIUCH BEIMYHU-
HaMm [-5, -3, —1]. B nmogoOHo# dhopmMyIHpoBKe 3a/1aya SIBISETCS MHOTOKPUTEPUATbHBIN
(3 kpuTepus) 1 COOTBETCTBYET 3a7a4€ TOCTHXKEHUS 1€JIH, TPUBEAEHHOM B [7].

Pemenne 3amaum, Kak ¥ paHpLie, IPOBEAEM ITOITAITHO.

dran 1. Coznagum m-daiin (c *MeHeM eigfun) A BBIYUCICHUS U YIIOPSI0YH-
BaHUS M0 BeJIMYMHE COOCTBEHHBIX uncen maTpullsl A + BKC:

O

function F = eigfun(K,A,B,C) $ HaxoxmeHue COOCTBEHHBEIX UMCEJ

[©)

F = sort(eig(A+B*K*C)); % YnopsmoumBaHMUE COOCTBEHHBIX UMCEJ

Jrtan 2. CocraBieHNE ONTUMU3UPYIONIEH TPOTrPaMMBbI:

> A = [-0.5 0 0; 0 -2 10; O 1 -271;

> B = [1 0; -2 2; 0 1];

> C = [1 00, 00 1];

>> KO = [-1 -1; -1 -1]; % 3BapmaHmMe HaYaJIbHBEX YCJOBUM

>> % 3BamaHue BeKTOpa LeJeMt

>> goal = [-5 -3 -11];

>> weight = abs(goal) % 3BazmaHuMe BekTOpa BECOBEX KO3QQULIMEH-—
TOB

>> 1b = -4*ones(size(K0)); $ HwxHMe T'PaHMULB BJIEMEHTOB MaT-—
puuer K

>> ub = 4*ones(size (K0)); % BepxHMe TPaHULB BJIEMEHTOB MaT-—
puuer K

>> % YCTaHOBKa OILUMM BEBOIa MHbOpMaLMUM

>> options = optimset ('Display','iter');

>> [K,fval,attainfactor] = fgoalattain(@eigfun, KO, ...
goal,weight, [],[1,[],([],1b,ub, [],0options,A,B,C)

% Pe3ynbTaThl BEIYUCICHUIN:

Attainment Directional
Iter F-count factor Step-size derivative Procedure
1 6 1.885 1 1.03
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3 20
4 27
5 34
6 41
7 48
8 55
9 62
10 69
11 76
12 83

1.0061
0.4211

-0.06352

-0.1571

-0.3489

-0.3643

-0.3645

-0.3674

-0.3806

-0.3862

-0.3863

o

o

-0.679
-0.523

-0.053

-0.133
-0.00768

-4.25e-005

-0.00303

-0.0213

0.00266

-2.73e-005

-1.2e-013

Optimization terminated successfully:

Search direction less than 2*options.TolX and maximum con-
straint violation is less than options.TolCon

Active Constraints:

-0.

.0000
.0000

.9313
.1588
.4099
attainfactor

3863

-0.2564
-4.0000

BriBeennas uagopmaiys UMEET CISAYIOIINN XapaKTep:

e Tter — HOMEp UTEpAlIUH;

® F-count — KOJMYECTBO BBIYUCICHUN (DYHKIINH;

Hessian
modified
Hessian
modified
twice

Hessian
modified
Hessian
modified
Hessian
modified
twice
Hessian
modified

Hessian
modified
twice
Hessian
modified
twice

e Attainment factor —kod3(duimeHt (ypoBeHb) JOCTHKEHUS IETICH;



® Step-size — 1Iar MOUCKA,;
® Directional derivative — HOpMa IpaIU€HTA;
® Procedure — BBINOJHEHHas mpouenypa (Hessian modified — reccuan
MoanmuI/IpOBaH, Hessian modified twice — reccuan MO,III/I(i)I/IHI/IPOBaH
JIBAK]Ib1 );
e Optimization terminated successfully — ONTHUMH3AIUS IIPOBEJCHA
YCIIEIITHO;
® KOHEYHOE 3HAUCHHUE MATPHUIIBI
K =
-4.0000 -0.2504
-4.0000 -4.0000

® HTOTOBBIE 3HAYECHHS COOCTBEHHBIX YHCEI

fval =
-6.9313
-4.1588
-1.4099

® UTOrOBOE 3HaueHUE KOd(PUIIMEHTA TOCTWKEHUS Lele attainfactor = -
0.3863, 4TO TOBOPUT O «IIEPEBBINOJIHEHUN 3aJaHHBIX LENer B cpeaHeM Ha 38%
(cpaBHEHUE WTOTOBBIX 3HAUYEHUN COOCTBEHHBIX YMCEN C 3aJaHHBIMU 3TO MOJ-
TBEPKIAET).

[TonyueHHBIC pe3yIbTaThl HE CIIMIIKOM OJIM3KH K I1eJieBbIM. [loaToMy miis momy-
yeHus 0oJiee MPUEeMIIEMOTro pe3yJbTaTa BHECEM KOPPEKIHMIO B MPOrpaMMy ONTHMH3a-
MU — 33]1aJIUM OTIHI0 TOYHOTO JIOCTHXKEHUS BCEX TPEX LIEIICH:

>> options = optimset ('GoalsExactAchieve', 3);

ITOCJIC YCT'0 ITOBTOPUM ITOUCK OINITHUMAJIBHOT'O PCIICHUSA:

>> [K,fval,attainfactor] = fgoalattain('eigfun', KO,goal,
weight, (1, [I],[],[]l,1lb,ub,[] ,options, A,B,C)

Optimization terminated successfully:

Magnitude of directional derivative 1n search direction
less than 2*options.TolFun and maximum constraint violation 1is
less than options.TolCon

Active Constraints:

9

10
12
14

-1.5954 1.2040

-0.4201 -2.90406
fval =

-5.0000

-3.0000

-1.0000
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attainfactor =
0

Tenepb pe3ynbTar SBISETCS BIOJHE yIOBICTBOPUTENbHBIM. [101p0OHYIO 1EeMOH-
CTpALMIO TPUBEACHHOTO MPUMEPA MOKHO MOJIYUHUTh, UCTIONB3YS (YHKIHIO goaldemo.
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PA3JIEJI 11

METOJMYECKOE OBECIIEHEHUE CAMOCTOSI-
TEJIbBHON PABOTDI
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3AJAYAN [JIA CAMOCTOATEJBHOI'O PEIHIEHUSA

B sTom pa3aciic npcaACTaBJICHBI 3a1da49M I10 HHHGﬁHOMy IIpOrpaMMHpPOBAHHUIO U
OIITUMAJIBHOMY VIIPABJICHUIO I CAMOCTOATCIBHOI'O PCIICHUA. 3a,Z[aHH}I BBI6I/IpaTI> 110
BApHAHTY, 3aJlaHUC 1 mo HHHeﬁHOMy MMpOrpaMMHPOBAHUIO BBIIIOJIHATE C IIOMOIIBIO
IMIpOorpaMMHBIX CpEACTB U OQ)OpMHSITB B BUJC OTUYCTA B JJICKTPOHHOM BHIC, 3adHUC 2
MpCAHA3HAYCHO IJIA 3aKPCIUICHUA MAaTCpHaJid 110 OIITUMAJIBHOMY VIIPABJIICHHUIO, BBIIIOJI-
HATH Ha MMPAKTUYCCKUX 3aHATHUAX U O(I)OpMJI?ITB B BUAC OTUYCTA.

3agaHus Mo JUHEHHOMY MPOrPaAaMMHPOBAHUIO

3amaun TUHEHHOTO MPOTrPAMMHUPOBAHUS B3ATh U3 yueOHMKA [2] M BBINOIHUTH 3a-
nmanusg 1,2.

Saz[amle 1. CocTaBUTh Y3KOHOMHUKO-MaTEMaTUYSCKHE MOJCIIN 3ada4 U PCIINTh UX
HCIIOJIB3YA TaOJIMIHBINA CHUMIIIICKC-MCTOM. HOJ’IY“IGHHI)IG PE3YIIbTAThl IIPOAHAIU3UPO-
BaTh.

Saz[amle 2. Ilo cocraBiIeHHOM SKOHOMHKO-MaTE€MaTH4YECKOM MOICIN HaIIMCaTb
HpOFpaMMHLIﬁ KOO HJIM HCIIOJb30BATb 3JICKTPOHHBIC Ta6JIPIIlI>I HIN MaTCMAaTHYCCKHC
IMaKCThI IJIA pCalin3allvii IIPpOrpaMMbI TaOJIMIHOTO CHUMILIICKC-MCTOAA.
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3aga4m oNnTUMAJIBHOIO YIIPaBJIEHUS

3aganme 1. Pemiuth npeasio’)KeHHBIE 33/1a4M, UCIIOJIB3YSl KJIACCUYECKUE METO/Ibl Bapua-
IIMOHHOI'O UCUMCIICHHUS [2].

|x| <l,x(xx)=0.
Tr/4
Ix -sintdt — extr;
0
|x| <1,x(0)=0.
4
I()'cz + x)dt — extr;
0

i <1,x(4)=0.

Ty

j()'cz + x)dt — extr;
0

4 <1,x(0)=0.
.Tf()'c2 + X)dt —> extr;
|0x| <Lx(0)=¢.
](;‘cz + x)dt — extr;
0

i <1,x(0) =¢.

Ty

j()'cz + x)dt — extr;
0

<1, x(T)=¢.

Ty
j()'cz + x)dt — extr;
0

[ <1,x(0) =0,x(7;) = 0.

T

j(xz + x)dt — extr;
0

i <1,x(0) = 0,x(T) = ¢&.

Ty
j(xz + x7)dt — extr;
0

X[ <1,x(0) = ¢.

V4 Ty
i Ix-sintdt—>extr; i1 I(x2+x2)dt—>exﬂ;
. ° 0

X <1, x(T,) =&.

1
12 det — extr;
*0

%[ < 2,x(0) = %(0) = 0.

1
J.xdt — extr;
13.4

%[ < 2,x(1) = x(1) =0.

1
14 det —> extr;
*0

¥ < 2,x(0) = x(1) = 0.

2
det — extr;
15.4

1] < 2, x(0) + x(2) = %(0) = 0.

2
det — extr;
16.4

[ < 2, x(0) + x(2) = %(2) = 0.
17 j)'xdt —> extr;
€] < 2, x(0) + x(1) = £(0) + (1) = 0.
18 Z[xdz —> extr;
1% < 2, x(0) = x(2) = %(0) = 0.

19 det — extr;

°0
% < 2,%(0) = %(2) = x(2) = 0.
20 det — extr;

*0

€] < 2, x(0) + x(4) = 0,(0) = %(4) = 0.
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3amanue 2. PemuTh nNpeasioxKeHHbIE 3a/1a4l, UCIOJIb3Yys MPUHIUI MakcuMmyma [ToHTpsi-
rusa [2].

I T — nf;
C <2, x(-D)=Lx(T)=-1,%(-1) =x(T) = 0.
) T — nf;
T <2, x(-)=-Lx(T)=1,%(-1) =x(T) = 0.
3 T — inf;
C ¥ <2,x(0) =1L,x(T) =3,%(0) = x(T) = 0.
4 T — inf;
C[§<3,x(0) =1,x(T) = -1,%(0) = x(T) = 0.
5 T — inf;
T =38 <1, x(0) =3,x(T) =-5,%(0) = x(T) = 0.
6 T — inf;
©0<E<1,x(0)=&,%(0)=&,,x(T) = x(T) =0.
7 T — inf;
2
I|)'é|dt — inf;
8.
¥ >-2,x(0)=x(0)=0,x(2) = 3.
2
J.|)'c'|dt — inf;
9. %
¥>-2,x(0)=x(2)=0,x(2) = 3.
2
dt — inf;
10. ! 1+ x2 f—>mb (adpoaHAMUYECKAS

x>0,x(0)=0,x(Ty) =&
3agadya HproToHa).
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BapuanTsbl 3a1aHUi K 324E€THOMY 3aHATHIO

BapuanTt 1

3amaua 1.
Uccnenosars pyukmuo f:R* SR,
f(x)=3x12+x23-2x1x2 Ha CyIIIECTBOBAHME JKC-
TpeMyMa, UCTIOJIb3Ys YCIOBHE IMEPBOrO MOPS/I-
Ka ONTUMAaJIbHOCTH.
3amaua 2.
Onpenenutsb J0KaIbHbIE SKCTPEMYMBbI (PYHK-
197051 f:R2—>R, f(x)=3x12+x23-2x1xz. J1ns1 BBISIB-
JICHUS JIOKAIbHBIX SKCTPEMYMOB HEOOXOAMMO
BOCIIOJI30BaThCS YCIOBHEM BTOPOTO MOPSIIKA
ONTUMAJIBLHOCTH (TIOCTPOUTH U IPOBEPUTH
marpuiy ['ecce).
3agaua 3.
Pemmth 3a1a4y onTHMH3AIH, UCTIONB3YS
npuHiun Jlarpamxa:
fR’>SR,
fx)=1/2x"+2x,%;
D={xeR2 |x12+x22 =1}.
3agaua 4. Pemuts 3a7a4y 3, ¢ U3SMEHEHHBIMU
ycnoBusimu D= {xeR2 | x1+x2 =6, x12+x22 <1}
MetonioMm Kyna-Takkepa.
3agaua 5. CuMIUIEKC METO/IOM PEUIUTh 331a4y
JUHEHHOr0 MPOrPaMMHUPOBAHHUS.
L =2x, +x, +X, +2X, - max;

2X, +x, +2x,+Xx, =8,

X, +2x, +Xx, +2x, =10,

2x, +x, +2x, +2x, =10,

X,20,j=1,.4.

3agaua 6.

[To xpuTEepHIO ONTUMATHHOCTH PA3NUYAIOT TPU
3amaun: 3amauda bomnbia, 3amaua Maiiepa, 3a-
nada Jlarpamka. Kakoit ¢pyHKIMOHAT COOTBET-
cTByeT 3amave boinbma?

*J = Gylx(t, ). x(t )t o1, 1+ [ F et
o J = Gy[x(t, ) x(t )t o1 ]

b
oJ = IF(x,u,t)dt

t

H

3anava 7. Hanucats nporpaMMHBIA KO JUTSI
IIOJIYYEHUS PEeLIeHUs 3a7aun 2.

Bapuanr 2
3amaua 1.
Uccnenosars pyukuuo f:R* R, f(x)=
X17+x,%-3X1X,. Ha CyIIECTBOBAHME YKCTPEMYMa,
UCIIOJIb3YS YCIIOBHE IIEPBOTrO MOPSsIIKA ONTHU-
MaJIbHOCTH.
3agauya 2. OnpenenuTs JIOKaIbHbIE SKCTPEMY-
MbI GyHKIUH f :R2—>R, f(x)= x13+x22-3x1 X5.
J1ns1 BBISIBJICHUS JIOKQJIBHBIX IKCTPEMYMOB
HE00XO0IMMO BOCIIOJIb30BaThCS YCIOBUEM BTO-
pOro nopsJika ONTUMAIBLHOCTU (KpUTEPUIl
CunbBectpa).
3amaua 3.
Pemntsb 3a1auy onTUMU3AINH, UCTIONB3YS
npuHuun Jlarpanxa:
fR*>SR,
f(x)=2x12+1/2x,%;
D={xeR? | x;+x,> =1}.
3agaua 4.
Pemmts 3anauy 3, ¢ ”3MEHEHHBIMU YCIIOBUSIMU
D= {xeR2 | x1+x, =6, x12+x22 <1} merogom
Kyna Takkepa.
3agaya 5. CUMIUIEKC METO/IOM PELIUTh 3a/1a4uy
JUHEHHOT0 TPOrpaMMHUPOBAHUS.
L=x, +2x, +3x, +X, > max;
2x, +x, +3x,+x, =12,
X, +2x, +X, +2x, =8,
3x, +3x, +x, +3x, =15,
X, 20,j=1,.4.

3amaua 6.

[To xpuTepHIO ONTUMATHHOCTH PA3NIUYAIOT TPU
3amaun: 3amayda bombia, 3amaua Maiiepa, 3a-
nada Jlarpamxka. Kakoit ¢yHKIIMOHAT COOTBET-
cTByeT 3a7a4ye Maitepa?

*  J=G,[x(t,).x(t )t 1 ]+ fF(x,u,t)dz

1,

H

o J=G,[x(t,),x(t,).1,.t.]

o J= _[F(x,u,t)dt

3anaua 7. Hanucats nporpaMMHBINA KOJ AJIs
MOJTYYEHUS PENICHUA 3a]a4u 2.

Bapuanr 3
3amaua 1.
Wccrenosats Gynkmmio f:R* >R, f(x)=
3x7+2x,” - 6x1X,. Ha CYILIECTBOBAHUE IKCTpE-
MyMa, HCIIOJIB3YsI YCIIOBHE MIEPBOTO MOPSIIKA

Bapuanr 4
3amaua 1.
UccnenoBarh GyHKITNIO f:R2—>R, f(x)=x13+x23 -
X1X7 Ha CYIIECTBOBAHUE IKCTPEMyMa, UCTIOIb-
3ysl YCIIOBHE ITEPBOTO MOPSIIKA ONTUMAIBHO-
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ONTUMAJILHOCTH.
3agaya 2. OnpenenuTs JIOKaIbHBIE SKCTPEMY-
MBI QYHKIIHH f:R2—>R, f(x)=3x13+2x22-6x1x2.
J1J1 BBISIBJICHUSI JIOKAIBHBIX SKCTPEMYMOB
HE00X0IMMO BOCIIOJIb30BATHCS YCIIOBUEM BTO-
POro Mopsiika ONTUMAILHOCTH (TIOCTPOUTH U
poBepuTh Matpuiy I'ecce).
3angaua 3. Pemmth 3a1a4y onTUMHU3ALINH, HC-
noJb3ys npuHIMn Jlarpanxa:
f:R*>R,
for)=1/2x1"+1/2x,%;
D={xeR? | x;+x,> =1}.
3anaua 4. Pemuth 3a1a4y 3, ¢ ”BMEHEHHBIMU
yenoBmsimu D={xeR? | x;+x; = 6, x*+x,° <1}
metonioM Kyna-Takkepa.
3agaua 5. CuMIUIEKC METO/IOM PEUIUTh 331a4y
JUHEHHOr0 MPOrpaMMHUPOBAHUS.
L =2x, —x, +3x, —2x, - max;

X, +X,+2x,-x, =3,

2%, +X, X, +2x, =4,

X, +2X,+x,+x, =35,

X, 20,j=1,..4.

3agaua 6. [To kpuTepuio oNTUMAaIBLHOCTH Pa3-
JUYAIOT TpH 3a4a4u: 3anada bonbia, 3anaya
Maiiepa, 3agaua Jlarpanxa. Kakoit ¢pyHkimo-
HaJl COOTBETCTBYET 3as1aue Jlarpanxa?

* J=G,[x(, ),x(tK),tH,tK]+jF(x,u,t)dt
o J=Gy[x(¢,),x(t,).t,.t.]
i J:jF(x,u,t)dt

3anaua 7. Hanmcats nporpaMMHBINA KOJT JJIsT
MOJIyYEHUS PEIICHUS 33U 2.

CTH.
3agaua 2. Ilo kputepuro CunbBectpa u
YTBEPKACHUM O JIOKaTbHBIX MUHUMYMax OIpe-
JIEIUTh 3HAYEHUS MapaMeTpa G, IPU KOTOPbIX
3ajaua 0e3ycrnoBHON MUHUMU3AMK GyHKIMA f
‘R’5R umeer pemenne f(x)= 4x,*+ox,” +
dx x>+ x1+ox2.
3amaua 3.
Pemntsb 3a1auy onTUMH3ALMH, UCTIOTIB3YS
npuHuun Jlarpanxa:
f:R*>R,
£0r)=2x1+2x,%;
D={xeR? | x;+x,> =2}.
3anaua 4.
Pemmuts 3anauy 3, ¢ "3MEHEHHBIMU YCIOBUSIMU
D= {xeR2 | x1tx, =4, x12+x22 <1} meromgom
Kyna-Takkepa.
3agauya 5. CUMIUIEKC METO/IOM PEIINTh 3a/1a4y
JMHEHHOr0 IpPOrpaMMHUPOBaHUS.
L =x, —2x, +2x, +3x, — max;
X, +X, +2x, +2x, =8,
2x,+2x, +x,+x, =10,
X, —2X,+X,+2x, =1,
X, 20,j=1,.4.

3amaua 6.
[To xpuTepHIo ONTUMAIBHOCTH LIENEBON PYyHK-
LIUOHAJI BUJA

J = GO ['x(lH )’ x(tK )’ t

H2

I
t ]+ IF (x,u,t)dt coot-
Iy
BETCTBYET KaKOM 3a7a4ye
e 3anauva boibna
e 3anayva Jlarpanxa
e 3anaua Maiiepa

3anaua 7. Hanmcats nporpaMMHBINA KO AJIs
MOJIYYEHUS PEIICHUs 3a7auu 2.

Bapmuanr §
3agaua 1.
WccrenoBats yakmmio f:R* >R, f(x)=x>+x,’ -
X1X2 Ha CYIIECTBOBAHUE SKCTPEMyMa, UCTIONb-
3ysl YCIIOBHE MEPBOTO MOPSIIKA ONITUMAITEHO-
CTH.
3anayva 2. Ilo kpurepuro CunbBecTpa u
YTBEPKICHUH O JOKAJIbHBIX IKCTpEMyMax
OTIPENIENIUTh 3HAUCHHSI TTapaMeTpa G, TIPH KO-
TOPBIX 3a/1a4a OE€3yCIOBHOW MaKCUMH3AIHA
byHKIIUN f:R* >R umeer pemtenue f(x)=
x1+x2-4x22-6x12+4x1x2.
3agaua 3.

Bapuanr 6
3amaua 1.
HccnenoBats hynkmmio fR* >R, f(x)=x +x,” -
X1X2 Ha CYIIECTBOBAHUE 3KCTPEMyMa, UCTIONb-
3ysl YCIIOBHE MEPBOTO MOPSIKA ONTUMAITEHO-
CTH.
3anava 2. OnpenenuTs JIOKAIbHBIE YKCTPEMY-
mel pyskmun f:R* R, f(x)= x> +x,” - x1x5. Jns
BBISIBIICHUS JIOKAJIbHBIX SKCTPEMYMOB HE00X0-
JIIMO BOCITIOJIb30BaThCS YCIIOBUEM BTOPOTO TTO-
psi/iKa ONTUMAIBHOCTH (IIOCTPOUTH U IIPOBE-
puTh Matpuiyy ['ecce).
3agaua 3.
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Pemnth 3amauy onTuMH3aIug, UCIOJIb3YS
npuHuun Jlarpanxa:

f:R* >R,

f(x)=2x12+x2;

D={xeR? | x;* x> =1}.
3agaua 4.
Pemmth 3a1auy 3, ¢ "BMEHEHHBIMH YCIIOBUSIMU
D=~{xER2 | x1+x, = 6, x12+x22 <1} merogom
Kyna-Takkepa.

3agaya S. CuUMIUIEKC METOJIOM PEUIUTH 3a7a4y
JMHEUHOT0 TPOrpaMMHUPOBAHMUS.
L =3x, +2x, +3x, +Xx, = min;

2x, +3x, +3x, =10,

X, +2x,+x, =4,

X, +2x, +2x, +2x, =8,

X, 20,j=1,...4

3anaua 6.
ITo kpuTEepHIO ONTHMAIBHOCTH 1IEJICBOH (DYHK-
MOHAJ BHA

tk‘
J = Gy[x(t,),x(t,)t,.,t, 1+ | Fx,u,0)dt coor-
tH
BETCTBYET KaKOH 3aj1a4ye
e 3agaua boibia
e 3anaua Jlarpanxa
e 3anaua Maiiepa

3anava 7. Hanucats nporpaMMHBINA KOJ JJIs
TIOJTYYCHUS PEIICHUS 3a]1a4H 2.

Pemmts 3anauy onTUMH3AIMK, UCTIONB3YS
npuHuun Jlarpanxa:

f:R*>R,

£(x)=2x12+1/2x2;

D={xeR? | x;*+tx,2 =1}.
3anaua 4.
Pemute 3anauy 3, ¢ ”3BMEHEHHBIMU YCIIOBUSIMU
D={xeR2 | x1+x, =6, x12+x22 <1} merogom
Kyna-Takkepa.

3agauya 5. CUMIUIEKC METOJIOM PEIIUTD 3a]ja4y
JIMHEMHOTO MPOTPaMMUPOBAHUS.
L =2x, +x, + X, +2x, &> max;

X, +2x, +X, +2x, =16,

2X, + X, +2x,+x, =14,

2x, +2x, —2x, +x,+4,

X, 20,j=1,.4.

3amaua 6.

[To xpuTepHIo ONTUMAIBHOCTH LIENEBON PYyHK-
t

HHUOHAI BUAa J = J.F (x,u,t)dt cOOTBETCTBYET
tu
KaKoi 3ajaye
e 3anaua bonbua
e 3anauya Jlarpanxa
e 3anauya Maifepa TepMUHAIBHOIO yIIpaBiie-
HUSA

3anava 7. Hanucats nporpaMMHBINA KOJT IS
MOJTYYCHUS PEIICHUS 3a7a9u 2.

Bapuanr 7
3agaua 1.
HccnenoBath QpyHKIINIO f:R2—>R,
f(x)=2x13+2x23 + X1x2 Ha CyLIECTBOBAHHE JKC-
TpEeMyMa, UCIIOIB3Ysl YCIOBHE TIEPBOTO TTOPSII-
Ka OIITUMAJIbHOCTH.
3agaua 2. OnpeaenuTs JIOKaIbHbIE SKCTPEMY-
MBI (pyHKIIUU f:R2—>R, f(x)= 2x13+2x23 + x1%7.
J1J1s BBISIBJICHHSI JIOKATBHBIX SKCTPEMYMOB
HE00X0IMMO BOCIIOJIb30BATHCS YCIIOBUEM BTO-
POTo MOPSIJIKa ONTHMAITEHOCTH (TIOCTPOUTH U
poBepuTh Matpuily 'ecce).

3amaua 3.
PCHH/ITB 3a)1at1y OIITUMH3AIIUU, I/ICHOJ'II)?)YS[
npuHIun Jlarpanxa:
fR*SR,
f)=2x+2x2%;
]):{)C€1{2 | )C]2+)C22 =1 } .
3agaua 4.

Bapuanr 8

3anauva 1.
Wccnenosars yukmmo f:RZ R,
f(x)=x12+2x23 -4x1x; HA CYIIECTBOBAHUE IKC-
TpeMyMa, HCIIONIb3Ysl YCIIOBHE TIEPBOTO TIOPSI/I-
Ka ONTHMAaJIbHOCTH.
3agaua 2. OnpenenuTs JIOKaIbHbIE SKCTPEMY-
MBI pyHKIIUN f:R2—>R, f(x) = x13+2x23 -dx1x;.
J11st BBISIBTICHUS JIOKATBHBIX 3KCTPEMYMOB
HE00XO0IMMO BOCIIOJIb30BATHCS YCIOBUEM BTO-
POTO MOPSJIKa ONTHMAITBEHOCTH (TIOCTPOUTH H
mpoBepuTh Matpuily I'ecce).
3anaua 3.
Pemmuth 3a1a4y onTUMU3AINH, UCTIONB3YS
npuHuun Jlarpanxa:

fR*>R,

f)=2x2+2x27%;

D={xeR? | x;*+x,> =2}.
3amaua 4.
Pemmts 3amady 3, ¢ ”3BMEHEHHBIMH YCIIOBUSIMU
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Pemmts 3amauy 3, ¢ ”BMEHEHHBIMH YCITOBUSIMU
2 2,2

D={xeR" | x;+x; = 6, x;"+x,” <1} meTonom

Kyna-Takxkepa.

3apava 5. CuMILIeKC METOJIOM PELIUTh 3a/1auy
JIMHEWHOI'O0 IPOrPaMMUPOBAHMS.
L =3x, +x, +x, &> max;

X, +2x,+2x, =6,

2x,+2x,+x, =17,

X, +X,+Xx,+2x, =7,

X, 20,j=1,..4.

3agaua 6.
ITo kpuTEepHIO ONTUMATBHOCTH LIEJIEBOH (PyHK-

uuoHan Buga J =[¢, —t, ] COOTBETCTBYET Ka-

KOii 3az1aue
e 3agava boibia
e 3anayva Jlarpamxa
e 3anmaya Maiiepa MaKCUMaJIbHOTO OBICTPO-
IEUCTBUSA

3agaua 7. Hanucath nporpaMMHBIA KO 1JIs
TOJTYYCHUS PEIICHUS 3a]a4H 2.

D={xeR2 | x1+x, =6, x12+x22 <1} merogom
Kyna-Takkepa.

3agauya 5. CuUMIUIEKC METOJIOM PELIUTD 3a]ja4y
JUHEHHOTO TPOrpaMMHUPOBAHMSL.
L =3x, +2x, + x, + X, — min;

2x, +2x, +3x, =9,

X, +2x,+x, =4,

X, +2x, +2x, +2x, =§,

X, 20,j=1,.4.

3amaua 6.
ITo kpuTepuro ONTUMANBHOCTH LIEJIEBOM (PyHK-
nuoHan Buga J = Gy[x(t,),x(¢,),t,,t, ] coor-
BETCTBYET KaKOH 3aJa4ye

e 3agnauva boibna

e 3anaua Jlarpanxa

e 3anada Maiiepa TepMUHAJILHOTO yIIpaBJie-

HUS

3anaua 7. Hanucats nporpaMMHBINA KO AJIs
MOJTyYEHUS peLIeHHs 3a1a4u 2.

Bapuant 9

3agaua 1.
HccnenoBatsh pyHKINIO f:R?SR, f(x)=x>+x,°
+ 4x)1x, Ha CyIIECTBOBAaHUE IKCTPEMyMa, Hc-
MOJTK3YS YCIIOBHE TIEPBOTO MOPSIIKA OTITH-
MaJbHOCTH.
3agaua 2. OnpeaenuTs JIOKaIbHbIE SKCTPEMY-
MbI pyHKIIHN T :R2—>R, f(x)= x13+x23 + 4dx1x,.
J1J1s BBISIBJICHHSI JIOKATBHBIX SKCTPEMYMOB
HE00XO0IMMO BOCIIOJIb30BAThCS YCIIOBUEM BTO-
POTO MOPSIIKa ONTUMAITLHOCTH (KPUTEPUI
CunbBectpa).
3agaua 3.
Pemmtsh 3a1auy onTUMH3AIIH, UCTIONB3YS
npuHuun Jlarpanxa:

fR*5R,

f(x)=x12+2xz2;

D={xeR? | x;+x,> =1/4}.
3amaua 4.
Pemmmts 3amauy 3, ¢ ”BMEHEHHBIMH YCITOBUSIMU
D= {xeR2 | x1t+x =3, X2+ <1} metogom
Kyna-Takxkepa.

3agava 5. CuMIieKc METOIOM PELIUTh 3a1a4y
JIMHEWHOTO MTPOTrpaMMHUPOBaHUSI.
L=4x, +2x, +2x, + X, > min;

Bapuant 10

3agaua 1.
HccnenoBath QpyHKINIO f:R2—>R,
f(x)=1/3x13 Jr10x22 - 5x1x; Ha CyIIeCTBOBaHUE
IKCTPEMyMa, HCIIONIb3Ys YCIIOBUE TIEPBOTO TI0-
pSAKa ONITUMATBHOCTH.
3agaua 2. Ilo xputeputo CunbBectpa u
YTBEPKACHHUM O JIOKaTbHBIX MUHUMYMaX OTpe-
JISJIATH 3HAYCHUS TTapaMeTpa G, MPU KOTOPHIX
3ajjaua 0e3ycinoBHON MUHUMU3AIMK GyHKIMHU
‘R’5R umeer pemenne f(x)= ox;*+2x,” +
2x1x+ x1+x2.
3apaua 3.
Pemmth 3a1a4y ONTHMH3AIH, UCTIONB3YS
npuHnun Jlarpanxka:

f:R*>R,

fx)=1/2x17+1/2x,%;

D={xeR? | x;*+x,> =2}.
3anaua 4.
Pemmth 3amauy 3, ¢ ”3BMEHEHHBIMH YCIIOBUSIMU
D={xeR2 | x1+x, =3, X1 < 1} meTomom
Kyna-Takxkepa.

3agava 5. CUMIIIEKC METOJIOM PELIUTh 3a1a9y
JIMHEWHOTO ITPOrpaMMHUPOBAaHUS.
L=x, +2x, +X, +Xx, = min;
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X, +X, +x,+2x, =8,
2x, +X, +x, +2x, =10,
X, +X, +2x,-2x, =6,
x. 20,j=1...4.

J

3agaua 6.
[To kpUTEpHIO ONITUMATBHOCTH TIETIEBON PYHK-
uuoHan Buga J = Gy[x(t,),x(t,),t,,t, ] coot-
BETCTBYET KaKoi 3a/1aue

e 3anaya bonbia

e 3anauva Jlarpanxa

e 3anaya Mailepa TepMUHAIBLHOTO yIIpaBJie-

HUS

3anpaua 7. Hanucats nporpaMMHBINA KOJT JJIsT
MOJIyYEHUS PeleHus 3a1auu 2.

X, +X,—-X,+X, =4,
2%, +X, +2x,-Xx, =4,
X, =X, +X,+X, =2,
X;20,j=1,...4.

3angaua 6.

[To kpuTEpHIO ONTUMATBHOCTH EJIEBOH (DYHK-
I3

uuMoHan Buaa J = IF (x,u,t)dt COOTBETCTBYET
t;«
Kakou 3ajaye
e 3agauda bonbia
e 3apnaya Jlarpanxa
e 3agaya Maiiepa TepMHUHAIBLHOIO YIIpaBJie-

HHA

3agauya 7. Hanucath nporpaMMHbBINA KO J15
MOJTYYCHUS PEIICHUS 3a7a9u 2.
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